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PREFACE TO FIRST EDITION 

This book covers the ground of the third or final year of 
a three-year part-time course of instruction leading to an 
Ordinary Grade National Certificate in Mechanical Eng 
neering During the first and second years a student w 

have become acquainted with most of the few but 
principles of mechanics. In the find year the principles 
are developed and applied to problems which do net 

require much detailed technical knowledge of 
practice. But the emphasis is on application In tin 
course, the way is prepared for a more advanced study oj 
the theory of machines and the mechanics of matonaEand 
structures in the courses leading to the Higher National 

Certificate. 

The scheme for the award of National Certificates provides 

for some freedom of choice and difference, ^syllabus^ 

Thus an item may appear in the secon " 5 ’® ar , ly 

college and in the third year in another. Consequent y, 
this third-year text-book includes some .mall portion., 

t.g. in Hydraulics, which are substantially . 

a second year book such as “Mechanical En^conng 
Science " (Morley and Hughes). Such portions can easily be 
omitted by students who have studied them m an earh er 

course, but they are included for the use of .tudeut. of 
colleges which defer these sections until the tin y • 
Some work is also included, in the chapter on Struc 
tures, which may not appear in any year of some 
Mechanical National Certificate courses. 

The reader who has worked through this book 8ll ° u * d 
able to take the Applied Mechanics’ examination 
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Associate Membership of the major professional engineer¬ 
ing institutions. 

I wish to thank my friend Dr. Edward Hughes for 
valuable help in correction of proofs and suggesting 
emendations. 


Arthur Morley. 


Bath, 

March , 1943. 


PREFACE TO SECOND EDITION 

An Appendix of SO questions with numerical answers has 
been compiled from t ho Third Year, Senior (S 3 ) examination 
papers of four examining bodies viz East Midland Educa¬ 
tion Union, Northern Counties Technical Examinations 
Council, Union of Educational Institutions and Union of 
Lancashire and Cheshire Institutes. To these bodies 

I express my thanks for permission to reproduce their 
questions. 
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CHAPTER I 
PRELIMINARY 

1. Introductory. In order to apply and extend previous 
courses in mechanics, such as “ Elementary Engineering 
Science ” and “ Mechanical Engineering Science ” (Morley 
and Hughes), it is desirable as a starting point to have for 
reference some fairly definite statements of the terms used 
in the subject. This first chapter is devoted to definitions 
and brief restatements of important principles with which 
most readers will have had some prior acquaintance. 
These are partly reminders and partly a basis for application 

and extension. _ ... .. 

As the title implies this book is concerned with appbca- 

tion rather than logical development of principles, and it is 
permissible to choose in any problem the most convenient 
of several known relationships between quantities in order 
to obtain a solution. We can in effect take any established 
principles as tools for use in engineering problems without 
being obliged to make the tools. But practice.in the use 
of such tools will reveal the possibilities of their wider 

At about this stage in his studies a student will normally 
acquire some knowledge of the calculus. Even the notation 
will be useful to express briefly and clearly important 
relationships and principles. But as not all readers wi 
have this knowledge readily at their disposal "'hen begin 0 
this stage of their studies of mechanics, the use ot mo 
calculus notation in this chapter is presented only as an 
alternative form (Art. 15). It should, however, bo reali/.ed 
that it offers great advantages. 

2. Velocity. The velocity of a point is the rate of its 
displacement and, like displacement, it has definite diiec- 
tion as well as magnitude. Speed , or the magnitude o a 
velocity, without regard to direction, is measured in units 
of length per unit of time, such as feot per second or unlos 
per hour. 
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If displacements are all the same in equal intervals of 
time, the velocity is constant or uniform. In this case 

6peed=distance moved/time taken . . (1) 

which may be written, 

v=sjt ; or s =vt ; or t—s/v ... (2) 

where s is the magnitude of the displacement expressed 
in linear units and t is the time taken for the displacement. 
The commonest units are 


v=s ft./t sec. =s/t ft. per sec. 


(3) 


If the displacements in equal intervals of time are not 
equal, the velocity is variable and the above statements 
(1), (2), and (3) then refer to average or mean speeds, and 
the actual speed is the limit to which the average speed 
approaches when estimated over a very short interval of 
time. Or the numerical value of the speed at any instant 
is equal to the number of units of length which would bo 
covered in one unit of time if the speed ceased to change. 

When a rigid body is in motion, the different parts 
of that body generally have velocities differing from one 
another in magnitude or direction or in both, and the 
foregoing definitions will apply only to particular points 
and not to the body as a whole. 

The velocity of a point, like its displacements, can be 
represented completely by a straight line of definite length 
and direction, /.o. by a vector, and it is subject to vecto?ial 
addition of its component parts and is capable of resolution 
mto components in arbitrary directions generally chosen 
at right angles to one another. 

Angular velocity M of a point about an axis is the rate 
of angular displacement about the axis, and is generally 
measured m radians per second or revolutions per minute 

18 w! ; o,1 - v in ° f np plane, angular displacement 
and angular velocity are often referred to as being about 
a point in the plane instead of about an axis. 


radians 


arc 


or 


seconds radius x seconds 
o>=linear velocity /radius. 




(4) 
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3 Acceleration. The acceleration of a point is the rate 
3. Acceleration { when negative, t.e. when 

of increase of its ’ f chanpeis called retarda- 

velocity is decreas various points in a moving body 

acceleration / is constant, 

... (1) 

. . . (?) 


change of velocity 
time of change 

1*2 = V 1 +/** 


t'o —1’i 

l 


or 

" hore \C n ln l tial tT^ca a* only^bemetically ^ f the 

that ii. for n,„tihue 

In general, the change in t eto«ty ^ v( f ctoHal 

has direction, and t cl • j acceleration is a vector 

subtraction (A>rt 18 1 ^ well a8 mafr „itude. 

qU CSoffl a straight hue with constant acceleration /, 

the distance moved in time t is 


s = j ( c 2 +,, 1 )l = l(2e 1 +/0f=».‘ + i/' :! 


(3) 


Similarly for angular motion, the angular displacement, 0 
radians is .< 4 > 

, • initial angular velocity in radians per 

second “and a is the angular acceleration in radians per 

second per second. 

From (1) and (3) 

»**-*! f -2/». () 


( 6 ) 


and similarly 

2 2_ a , 1 2=2a 0 . 

where <u 2 is the Anal angular velocity. 

4 . Mass and Inertia. The reluctance of ™ body^o bake 
up motion or to Django i » ° expressed quantitatively, 

«^i U £naic£T- 1 body to change iu 
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linear velocity is called its mass. The force exerted upon 
a body by the earth’s attraction is called its weight. 

Units of Mass. The best known British unit of mass is 
the mass of the standard pound (of platinum), but a com¬ 
mon unit referred to below is about 32-2 pounds. 


5. Force. If we regard force as the cause of change 
in the velocity of a body (whether in direction or in mag¬ 
nitude or in both), i.e. the acceleration of a body, we may 
take as a measure of the force the acceleration it produces 
in the body. 

Let W lb. bo the weight of a body and let g feet per sec. 
per sec. be the acceleration with which it would fall freely 
towards the earth if dropped ; that is with a force equal 
to W lb. weight exerted upon it. Then if the acceleration 
of the same body when subjected to a force equal to P lb. 
weight is / ft. per sec. per sec., by experiment it is found 
that 


or 


/ P 



\V. 

. f=mf . 


(1) 

( 2 ) 


where m=XV/g, a factor which together with the accelera¬ 
tion measures the force, or XV/g is a measure of the inertia 
and can bo adopted as a measure of mass. This measure is 
constant for any body provided XV is measured in terras of 
the ratio of the force of the earth’s pull on the body at any 
particular place to the pulling force of the earth on the 
standard lb. of platinum at London and g is acceleration 
due to gravitation at the particular place. For then 

S r nd •? v ?7 from P Iace to place in the same proportion. 
The unit of force is then the weight of the standard pound 

mass in a standard place, viz. in London for the British 
Engineers unit of force. Thus, (2) becomes 



in lb. fnr ro - ff lb - f °rco 

g ft./sec. 2 


xf ft./sec. 2 



For academic purposes, 
that of the standard lb. 


if the unit of mass is taken as 
of platinum and the unit of 
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acceleration as one ft. per sec. per sec., the unit of force is 
the poundal, so that 

p (poundals)=m(lb) x/(ft./sec. 2 ). . • ( 3 ) 

a rtt I K 


P (dynes) =rn(gramme) x/(cm./sec. 2 ) 


(4) 


aU 6 *p^troTwhich T are mo"w“h°the same 7 velocity * is 
given by W ... 

momentum =mass x velocity =mu or . ( ) 

The relation of (1) and (2) of Art. 5 may be written 
Force=P=™/=™ xmte of change ° f TC '° Clty ’ )*{ 

=rato of change of mu. 

=rate of change of momentum ... (4) 

Like velocity, momentum is a vector quantity. 

on 7 -a I bo P dy Se ior T a h °time P Ms 0 ^Vanffrom°( 2 > of 

multiplying each side by t, . . . 

P t =m x total change of velocity in time . ( ) 

=total change of mu. 

=total change of momentum ....() 

If the force is variable, Urn bTfound as 

3T™ oY-^ber of ; r ts, the force 

BumraaUon' may^e carried out ^aphicaUy, or by arith¬ 
metical tabulation or by the calculus. 

8. Moment, Ton,u« 

of a force about any ax s P I multip u©d by the porpon- 
is the magnitude of the to the axi8 Tbia distance 

or leverage of the force about the aias. 
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In plane or two-dimensional problems it is often convenient 
to refer to moments about a point; such a point is the 
intersection of an axis with the (perpendicular) plane of 
the forces. 

The units of the moment of a force are pound-inches or 
pound-feet for forces in pounds and lengths in inches or 
feet respectively, and correspondingly for other units of 
force and length. The dimensions of moment are the 
same as those of work or mechanical energy, but it is 
convenient to distinguish them by putting the force first, 
as in pound-feet, for moments. 

The word torque is often used instead of moment of force, 
particularly when reference is made to a turning moment 
about a real axle rather than an imaginary line or axis 
used for calculation or argument in statics. 

Centre of Gravity and Centroid. If a body be divided 
into small parts of mass 7«j, m 2 , m zi etc., distant x u x 2 ,x 3t 
etc., respectively, from a plane, then 

-fm^o -fete.) or g 27(mj?)» 

as the parts are considered smaller without limit, may be 
called the plane moment of the weight of the body with 
respect to the plane. The mean distance of the mass of 
the body from the plane is 

x = Z{mx)l Z{m) .( 1 ) 

which is the distance of the centre of gravity or centre of 
mass from the plane. If all the elements of mass (m) are 
in one plane, then equation (1) may represent the distance 
of the centre of gravity from an axis in that plane. And 
similarly the distance of the centre of gravity of a lamina 
or the centroid of an area from an axis in its plane is 

x = Z{ax)l S(a) .(2) 

where the parts a are small divisions of the total area 27(a) 
aiul \ alues of x are their distances from the axis. 

9 Moment of Inertia. If the material of a body be 
divided into very small parts, the masses of which are 

° tC '' Sltu ? tcd at distances r„ r 2 , r 3 , etc., respec¬ 
tively, from some axis, then the limit to which the sum 

n h r iHw 2 r ,2 +m 3 r 3 2 -j-etc. 


preliminary 7 

tonda as tbo parts are considered smaller and smaller 
without Limitation, is called the moment of inertia the 
body about that axis and is generally denoted by I. i-hu 

1 = 27 (mr 2 ). ^ 

The same term and symbol is used for the moment of 

r r which might be dT^ided into small component areas 

“c? In this case, in the limit of subdivision 

moment of inertia of area=I = £(«r 2 ) . (2) 

ssa.- 5 t***srt*s' sx> z 

Theorem (1) of Appendix. 

- ^ rphA radius at which, if the whole 

Radi r? i r k were concentrated, the moment of inertia 
woSd W as in (1), is called the radius of gyration *. 

. « 

where W is the weight of the mass M, and 

=1/M or 27(mr 2 )/ —(m) i*) 

And in the case of an area 

fc 2 =//A or 27(ar 2 )/*"(«) . • • • 

For radii of gyration about different parallel axes, see 
Theorem (1) iu A I ) P e ^ 1 ^* . lf the pound is adopted 

.asu ^ 

==£f a as 

32-2 lb. is adopted), then thei unit oi Both 

r utd aud1h 3 e 2 Iit b used a for I should be speeilied. 

m . . Tf r% ri^id body is rotating 

about'“uiar velocity" » (see the notation 


(4) 


. (5) 
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of the preceding article), the velocities of the parts will be 
rjto, r 2 «u, r 3 oj, etc.; and their momenta miv lt m z v 2 , W 3 P 3 , 
etc., will be m^co, m z r z to, 7n- s r s cu, etc.; and the moments 
of the momenta about the axis of rotation will be 

w i r i 2 “, m z r 2 -io, etc., 

and the sum of these, since to is the same for all parts, will 
be 

Z(mr 2 co) —to U{mr~) —Ico or Alk-to . . ( 1 ) 

or Z(mr 2 cj) =(Wfg)k-to .(2) 

where W is the weight of the body. This quantity I<o, 
the total moment of momentum of the body, is also called 
the angular momentum of the body about the axis of 
rotation. 


11. Rotational Inertia. If the body referred to in the 
two preceding articles has an angular acceleration a about 
the axis of rotation, the linear accelerations of the masses 
m ij 1n 2 i etc., will be ar ly ar 2 , ar 3 , etc.; and the forces 
necessary to give these (see (2), Art. 5) will be 


m \ r i®, m 2 r 2 a, 7 ?i 3 r 3 a, etc., 

and the total moment or torque for the body will be 

T = 7 n,rj 2 a 4-?/J 2 r 2 2 a-f 7 w 3 r 3 2 a -fete. =a£(mr z ) =Ia . (1) 

which is a relation closely corresponding to ( 2 ) of Arfr 5 
referring to linear motion. Comparison of the two ex¬ 
pressions shows that I or Wk^/g is analogous to M or W lq 
and a is analogous to /. 

If T is in units of pound-feet, then I will be in units 
equal to 32-2 lb. at 1 ft. radius ; but if T is in poundal-feet, 
then I will be in units of 1 lb. at 1 ft. radius. 

12. Work. A force exerted through a definite distance 
against a resistance is said to do work. The amount of 
v.ork done is the product of the displacement or distance 
and the force, estimated in the direction of the displacement. 
Tims !f a constant force of P pounds is exerted through a 
length of s feet and is inclined at angle 0 to this displace- 

LLl 1311 ly 

V\ ork =Ps cos 6 foot-pounds . . . (l) 

And if 0=0, \Vork=P.s . ... ( 2 ) 
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K P is not constant but varies with the displacement, then 
Work =S X (average value of P cos 6 ) foot-pounds . (3) 

values of P and the horizontal ordinates represent the 

corresponding displacements^ ^ twQ ordinatcs represent 

forecTandMinea^disptaceuMnt^sspectively^ wiU^be^farnihar 

of (STis'done ‘ 8 b Jelf a^ase 

engine inSeato^dia^in^are well known examples of such 

graphical represeutat.om of a consta nt couple or 

tnrning moment°or toTque T pound-feet in turning through 
an angular displacement 0 radians is 


Work =T X 0 foot-pounds . 


(4) 


. . ( 6 ) 


and for a torque T which varies with 0, 

Work = 0 x average value of T . 

the average value b e m g , j ™ y erti c a ? *o rdin a tea repro¬ 
height of a diagram on v. h U o orizon tal ordinates 

sent the varying values o 1 andj e di )lacements . In 
represent the corresponding g rtion to the dm- 

particular, if T varies direc y P where T a is the 

placement 0, the average value of £ is * i i, 

maximum value and 

Work done = $Ti0. 

13. Mechanical Energy. (a) ^ d ^work by^a’changed 
which because of its position c energy. A change of 

position is said to possess f p ® j^tiona^orce is a very 
level under the action of■ fiT fc of potential energy 

toT bodyTIny pirtieular level depends upon some datum 
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level to which the body might be lowered, but we are 
mainly concerned not with the total reckoned from an 
arbitrary level but with changes in energy with changes in 
level. 

If a body of weight W lb. can be lowered through a 
height h ft., it can do work, viz. 

Work done =W. h foot-pounds . . (1) 

and is said to have stored or potential energy of W h foot¬ 
pounds. 

In a transmission or a transformation of mechanical 
energy the work done is the measure of the energy 
transmitted or transformed. 

( b) Elastic Strain Energy. When work is done by a 
force in straining an elastic spring of any kind, energy is 
transferred from some external source to the spring where 
it is stored as elastic strain energy which is a form of 
potential energy. The energy, thus stored, is measured 
by (i.e. numerically equal to) the work done in the transfer 
or in the straining of the spring, which may be the stretch¬ 
ing or shortening or twisting of a helical coil of wire or it 
may bo the bending or twisting of an elastic rod or beam. 

If a force increasing, say, from zero to a maximum value 
P lb. at a displacement of l ft. is exerted in straining a 
spring, the work done and the energy stored in strained 
spring are equal to the average force multiplied by the 
displacement. And if the force is proportional to the dis¬ 
placement, as it usually is for an elastic spring, the average 
fo-ce is IP. Hence, 

Elastic strain energy = IP lb. xl ft.=*Pf ft-lb. . (2) 

And if the force exerted, and equal opposing resistance, 
are at the rate of e lb. per ft. of displacement, P =el and 
substituting this in (2), 

Elastic strain energy =\el xl = ±eiz ft.-lb. . (3) 

Similarly, if a torque rising from zero in proportion to 
the angular displacement to a maximum value T lb.-ft. 
at an angular displacement 0 radians, strains a spring, the 
work done, and the strain energy stored are equal to the 
angular displacement multiplied by the average torque, 
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which is £T when the angle of twist is proportional to the 

torque applied. Hence, 

Elastic strain energy 

= |T lb.-ft. x d radians =\T0 ft.-lb. . . (4) 

An d corresponding to (3) this may be written, 

Elastic strain energy 

= |0X (torque per radian of twist x 6) 

= £ (torque per radian of twist) X 0- . 

(c) Kinetic Energy . When a force is exerted, against the 
Inertia resistance, in increasing the speed of a body, the 
energy transmitted is given to the body as energy of motion 
or kinetic energy. Similarly, when the speed of the body 
is reduced by an external resistance, kinetic energy is taken 

from the body. . it . .. „ 0 

If a particle of mass m moving with a ve ocitj r ; (or a 

body all parts of which move with the same Lmear velocity 

Vl ), has exerted upon it a constant force 1 , in the direction 

of the velocity v l} for a time t , then lrom equation (1) of 

Art. 7 v 

Pt=m{v 2 — t?i). w 

where v 2 is the velocity at the end of the time t And since 
by Art. 5, the constant force will produce a constaufc 
acceleration, the average velocity will be jU'g + i i) a u 
distance covered in the time t will be s i 

the work done will be 

p 8= m ( v 2— v llxb{ V2 + V i)t = hmv 2 2 — bmvr • ( 7 ) 

The quantity \mv 2 * is the energy required to give the mafia 
m the speed v 2 from rest (when ®i=0), and the f ^‘ l ltll > 
^mv 2 ^—\rnv^ is the increase in kinetic energy when 

speed of the mass m is increased from i'i to i’». , 

If the angular speed of a body about an axis be increased 

from uj 1 to u> 2 radians per second by the exoition o 1 

T about the axis, then the work done will bo 


W 


T0 = *Iw 2 2 — i I o>i 2 = i —^ 2 (^2 2 -^i 2 ) 


(8) 
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where 6 is the angular displacement and I is the moment of 
inertia of the body (Art. 9) about the axis. The quantity 
£Io> 2 2 or JWfc 2 w 2 2 /j is the kinetic energy of angular 
motion, or of spin, about the axis at the speed o> 2 , and 
Wft2 

\ -( ct>2 2 _ a , 1 2 ) ig the increase in kinetic energy with in¬ 

crease of speed from <oi to o> 2 radians per second. 

14. Power. Power is the rate of doing work or the rate 
of transmission of energy. The most obvious measure of 
power would bo foot-pounds per second, but for historical 
reasons the common unit is the horse-power. 

1 h.p. =550 ft.-lb. per sec. =33,000 ft.-lb. per minute . (1) 

The relation of this to the electrical power units of the 
watt and the kilowatt is 

1 h.p. =746 watts =0-746 kilowatt . . (2) 

The watt is a rate of one joule per second, the joule, or 
0-7374 ft.-lb., being the work done by a current of one 
ampere in one second at a potential difference of one volt. 


15. Calculus Notation. Many of the foregoing definitions 
and relationships can bo clearly and concisely stated in 
terms of the differential and integral calculus, which, 
where it is not a necessity, is a convenience and a simplifica¬ 
tion. Using the notation of the preceding articles, the 
following gives a summary in terms of the calculus, m being 
used in place of YV fg. 

Velocity v =ds/dt or gradient of graph of 8 on base t (1) 
at instant under consideration 


Distance moved s 


f't 

— v . dt, or area under graph 

J ‘ i 

of v on base t . 


( 2 ) 


where tj and t 2 are the initial and final values of the Time t 
(«! can generally be made zero). 


Angular velocity aj=d6/dt, or gradient of 0 — t graph . (3) 
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Angular movement 

. dt , or area under w —t graph 


(4) 


Acceleration 


'(!) « 

/-*/■“- V-5S ■ • ■ • 


(5) 


( 6 ) 




(7) 


( 8 ) 


Final velocity v 2 =i>i+f • • 

J / 1 

The last term being represented by the area under the 
graph of / on base t. 

Angular acceleration a=duj/dt 

f'i 

Final angular velocity oj 2 =^i+ 1 

‘I 

For constant acceleration /, equation (0) becomes 
Final velocity v 2 =v l +f{t. z —t l ) .... 

and from equation (2), since 

v=Vi~\~ft . 

=^'(y l +fi)dt=v l {t 2 —t^+UVi 2 —h 2 ) • ( u ) 

or if t x be take as zero, and t 2 =i 

s=v x t + ^ft 2 . 

and for constant angular acceleration a, equation (8) 

becomes 

OJ2 =CtJ l * 

and the total angular motion 6 in time t is 

6 =oj\t + 

Force P = m • dv l dt =m * d2 *l dl ~ 


(9) 


( 10 ) 


8 


( 12 ) 


(13) 


Impulse — J* P .dl=m £ l fdt or m 


d ^Ldl or rn 

q * 


r "*x 


dl 2 


(14) 

(15) 

dt (10) 
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Moment of Inertia of Mass 

I 

=J r*dm . 

• 

Moment of Inertia of Area 

I 

= h ia • 

• 

Radius of Gyration of Mass 


=f rz H 

• 

dm 

Radius of Gyration of Area 

A-2 

-W 

da 

Angular Momentum 

Icu : 

=M£2o> = 

fr2 cu 


Torque T=I a=jr~adm=ajr-dm . 

Work Total work of variable force P = j*P cos 9 
area under a graph of P cos 6 on a base 8 . 

Work of variable torque =j*Td0. 

Kinetic Energy of Rotation 

ij {roj)-dm r-dm . . . 


(17) 

(18) 

(19) 

( 20 ) 
( 21 ) 
( 22 ) 

ds , or 

(23) 

(24) 


(25) 


16. Vectors. A physical quantity which can bo adequately 
specified by a number representing its magnitude on some 
scale of measurement is called a scalar quantity. Examples 
of scalar quantities are time, length, mass, temperature, 
and energy. 

A quantity the complete specification of which involves 
a definite direction as well as magnitude is known as a 
vector quantity and can bo completely represented by a 
vector. Examples of vector quantities are displacements 
velocities, accelerations, and forces. 

A vector is a straight lino having definite length and 
direction, but not definite location in space. 


1 -7. Addition of Vectors. To find the sum of two vectors 
ab and cd, Fig. 1, set out ab of the given length and direction 
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preliminary 

and from the end b (on the right-hand side) set out be 

equal in length to and parallel to c , J • 

is the geometrical or vectorial sum of ab and cd. We may 

write , , 

ab d -be =ae 

or since be is equal to cd 

ab -f cd=ae. 

This will bo apparent if we take the given^vectors as 
representing successive displacernci n s o a P° cemeQt [ronJ 
displacement from a to b , followed b> I 

e 



t to * la exactly I”'”""'‘ “* 'Kit™"S 

also holds for accelerations and for forces 

18. Subtraction of Vectors . U ° t tfo^f-i as 

is to be subtracted from the y been reversed, 

for addition after the ^ ectlo "'\vn in tL triangle a'b'c 

that is dc is added to ‘ lS parallel to ab, and from b', 
where ab' is drawn equal and parallei^^ , 

b'e is drawn equal and paralle 

a 'e=a'b'-\-b’e=ab+dc=ab-cd. 

The order of the addedvectors r ight-hand 

alternative form of triangle d f ^ , g equal au(1 parallel 

to d l°ind e f~' n tVo && c’f is drawn equal and paraUol 

to ab, bo that , 

d'f=d'c' +c'f=dc +ab = -cd +ab. 
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If the two alternative vector 
a'b' falls on c'f, they form a 
common side is a diagonal. 


triangles are placed so that 
parallelogram of which the 



Fio. 2.—Subtraction of vectors. 


19. Relative Motion. A point B is said to hare motion 
relative to a point A if the line joining A to B alters in 
length or direction or in both. If the length alters, B has 
roctiiinear motion, or motion of translation, relative to A. 

“j 6 d f r ! ctlo T “ AB alters, B has angular or rotatory 
motion about A. It may have both. ^ 

Although all motion is relative, it is convenient to regard 



some points as fixed, say relative to the earth and tn 
rcfaUvJCtion e l ° SUCb r ° intS as ^solute’and not 
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preliminary 

displacement of B relative to A is ^ctonaUy .BB^ minus 
A A' Tf from anv point P, a vector PQ is drawn to repre 

sent* the final position of B relative to A, '^ e ^" al 

SSSSiS: 

change of position, or the displacement, of B relative 

pit =PQ + QR =PQ BQ =A'B' AB . . (1) 

Alternatively the displacement of BSector ST tquaTaml 
Tb6U VT-VS+ST--8V+ST— AA'+BB' . (2) 

The equivalence of the two 1 whcr^BB'CA 

from the dotted Unes BB , AA^ A C (vectoriully) 

is a parallelogram and A C is ewaenuy i 
to BB'-AA' and also to A B -AU. r ^ ^ tako placo iu 
II the movemen so g'p) re p r esents the mean 

the same interval of tuno, BB ( while VT, the vector 

velocity of B, and AA' (or SV)of B relative to A 
difference, represents the mean eloc > 

in the aforesaid interval of time. %vcr0 points on a 

rigid body, tbeir distance apa ‘relative to A would be 

A'B'=AB, and the only motion ot 15 r 

a rotation about A. 

20. Polygon of Forces. If several ["^“^[tant'may he 
body all through a common poi^tl ^ ^ addition of 
found by an extension of the P forces Q, K, S, and 

two vectors (Art. 17). Thus id I IS; 4, U may be 
T are exerted at P, then the rtb 1 n j proportional to 
found by drawing «6 which is the 

Q and R respectively, i htn < resultan t. Similarly, 
vector sum ab+bc represents se ntiu<* by its length the 
if cd is drawn parallel to S and representing and tben 

magnitude of S to ^l^ '^^ e cTore al.so «6 +** +c<*), 
ad, the vector sum ac * s sirni larly, drawing 

represents the resultant of Q, » ctor ae represents the 

the vector de to represent i. 
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resultant of Q, R, S, and T, and this single force may, 
if convenient, replace the four forces. 

If a fifth force represented by ea were exerted at the 
point P, the resultant of the five forces would be zero. 

Thus an open-sided or unclosed force polygon gives the 
resultant force and a closed polygon of forces indicates a 
set of forces in equilibrium if the forces are concurrent, 
since they have a zero resultant. (They are not necessarily 
in equilibrium if not concurrent for they may then reduce 
to two equal and opposite forces not in line, i.e. to a couple, 
or torque, or turning moment.) 

Conversely, if several forces are known to be in equilib¬ 
rium, a polygon drawn with its sides parallel and propor¬ 
tional to the forces will form a closed figure. 

If the closed figure is a triangle representing by its 




Fio. 4.—Polygon of forces, 


sides three forces in equilibrium, it can have only one shape ; 
but if the polygon has more than three sides, its shape will 
generally differ according to the order in which the vector 
sides representing the several forces are chosen. 

Statically I ndetermniate Problems. It may bo noted that 
the open-sided polygon abcde may bo closed by the single 
side ca of definite length and direction. It could also be 
closed by two intersecting sides, drawn in given directions 
which would be sufficient to determine the sides and the 
forces which they represent. Hut to close it by more than 
two sides, oven in specified directions, would not determine 
the length of such sides, e.g. the polygon could be closed by 
three sides, in given directions, in an indefinitely large 
number ot ways. Thus if a load were sustained by two 
supports (say ropes) in given directions, a vector diagram 
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preliminary 

would determine the supporting forces. But if ^re 

Vi yt throe ropes in the same plane and meetm n 
Bupported y polygon would not determine the pull 

* each rope li quid "depend upon the size, material^ 
initial P adiustmcnt of the ropes, and such a problem 
“said to be statically indeterminate in contrast to one 
which can be solved by the principles of statics. 

91 Resolution of Forces ; Rectangular Components. As 
21 . Kesoiui vector diagrams drawn to scale, 

venial components. If P, F>g- 5, be any force, by setting 



X I'-** ** ■ 

off a length On to obtaU Uit 

projecting On on _th® tal com ponent II represented 

magnitudes of thc . , ' mT)one nt V represented by O/i . 

^ d °3 the ^ r rU 0 C n Om o?°O n : (the Un P e of action of P> 

to OX, evidently n =r cos *.d> 

V =p sin 0 . 

AppUcation of ^ t0 e**™™* etc Tto^OX, "gives 

horizontal clmpotnts H, Hz, H s , etc, equa! respectively 
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to Pj cos 0 lf P 2 cos 0 2 , P s cos 0 a , etc.; and if we add these 
algebraically, the total horizontal component H, of the 
several forces, and of their resultant is, 

n=(H x -f-H 2 +H 3 -f-ctc.) 

=(P X cos 0!H-P 2 cos 02 + 1*3 cos 0 3 +etc.). (3) 

An d similarly the total vertical component is 


V=(Vi -+-V 2 • • • etc.) 

=(P A sin 0 1 +Po 8 in 0 2 +P 3 sin 0 3 . . . ) . (4) 

And evidently the resultant force It of P 1 > I*3> etc., is 

R = VH2-|-V2 = V{i:(P cos 0)}2-f-{i:(P sin 0)}2 . (5) 

and it acts at an angle <f> to OX such that 

* , V 27(P sin 0) 

tan $ = — = 


II 27(P cos 0) 


( 6 ) 


It will be noticed that if the forces Pit I* 2 t I*3t etc., are in 
equilibrium, It =0, which from (5) is only possible if 


or 


11=0 and V=0.(7) 

27(P cos 0) =0 and 27(P sin 0)=O . . ( 8 ) 


these two statements ( 8 ) being equivalent to saying that 
the polygon is closed. And conversely, if II =0 and V =0, 
R is zero also, and the forces are in equilibrium if con¬ 
current. (Rut not necessarily otherwise, for either H or V 
might be reduced to two equal and opposite forces not in 
line, having a zero vector sum but forming a couple and 
exerting a turning moment.) 


EXAMPLES I 

1. A chain 400 foot long and weighing 10 lb. per foot, hanging 

vertically from a drum, is wound up. Draw a diagram of the 
force required to draw it up when amounts, varving from 0 to 
400 feet, have been wound up. From this diagram calculate the 
work done m winding up (a) the first 100 feet of the chain, (6) the 
whole chain. ' ' 

2. A pit cage weighing 1000 lb. is suspended bv a cable 800 feet 
long weighing 1 f lb. per foot length. Llow much work will be 
done m winding the cage up to the surface by means of the cable, 
which is wound on a drum ? 
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PRELIMINARY 

3 In winding up a large clock (spring) which has completely 
“ run down ” 8i complete turns of the key are required, and the 

SklS Me * 

the clock ? How much is done in the last two turns . 

JJl. 

exerted on the shaft. _ 

it has made 8 complete revolutions from rest. 

0. A wheel initially rotating at \20 revolution ^^“‘“CongS 

has an acceleration of 2 radians per s» * time will it make 

what angle will it turn in 0-5 second and m what tune vvm 

one revolution '< 



CHAPTER II 
STATICS 


22. Equilibrium. The branch of mechanics relating to 
balanced systems of forces exerted on rigid bodies is called 
statics. If all the forces exerted on a body have a zero 
resultant and do not reduce to a couple (or torque) the forces 
are said to be balanced or in equilibrium, and sometimes 
the body is said to be in equilibrium. In many cases the 
body is stationary (or at rest) but not necessarily so. Thus 
a body in motion and subject to a number of forces which 
are in equilibrium, or balance, among themselves will 
continue in motion with unchanging velocity both linear 
and angular. Hence statics is not limited to bodies at rest 
but to bodies in unchanging motion, including the case 
of zero velocity or rest. This particular case is so common 
( e.g . it includes all structures) that statics might easily be 
thought to refer only to the mechanics of stationary bodies. 
The word is used as distinct from the kinetics or dynamics, 
the name of that portion of the subject which relates to 
bodies in accelerated motion, i.e. to bodies the velocities 
of which are changing in magnitude or direction or in both. 
(Chap. V.) 


23. The Principle of Moments. If several forces in the 
same plane are exerted on a body, the moment of any two 
about any point in the plane is equal to the moment of 
their resultant. And adding a third force to the resultant 
of two, it follows that the moment of the resultant of three 
forces about the chosen point, is equal to the moments of 
the three separate lorces, and so on for any number of 
forces in the plane. It the forces are in equilibrium, their 
resultant is of zero magnitude: hence the total moment, 
or algebraic sum of the moments, of all the forces about 
any point in their plane is zero. In other words the total 
clockwise moments about any point are equal to the 
counter-clockwise moments about the same point. This 
fact gives a method of finding one or two unknown forces 


O Q 
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an unknown force is kDO • counter-clockwise 

unknown, an equation of in tho i, ne 

momenta about a point (sue 1 a ? t eonvenientlv 

of action of one of the unknown forces is most h C 0 °“ omeut of 

used to find the other unknownf = fine of 

the first unknown force is zero aoo ■ J _ A familiar 

action and does not appea en ? 3 about the fulcrum 

example is found in the <e , m tho SUI ,p 0 rting force 

at the ful C cr U um a7d a single equation for the unknown 

sumcient information 
of finding the single equihbrant^or ^u‘h cl force Qf a 

is given, of finding more ^ n au th ° ft n ^ ( lorting forces exerted 
system of parahel forces, e.£. v * Ttic jfi loads . Occasionally 
on a horizontal ^ eaE “ regarded as components of a 

singfe paraUe^equiUbrant, for“uo 

resultant. 

24. Couples. Two equal a single 

In tho same straight hne are n by a single force. 

resultant force and caun * * . )( , nt ii C ular distance 

They constitute a couple and t I e 1 ^ Tho moment 

between them is called a ^ rodu ct of one of tho two forces 
of the couple is equal to the i^ou ^ countcr . c i oc kwise and 
and the arm ; it may be clo lauo 0 f the two forces, 

is the same about any po an0t h 0 r couple of e<iual and 
A couple can be balanced ‘ . f or the total moment 
opposite moment in the same plane h,r 
of equal and opposite couples ic ewacnuy 

• nno Plane Several forces in 
25. Reduction of Forces in One * (1 \ a single resultant 

one plane are statically ^q • { force8 in equilibrium 

force, or (2) a couple, or (3) a bystc of ( i) where 

(which can bo regarded as a particm 

the resultant is of zero ma.g f which intersect, may be 
Any two forces, the hues of "Wen 
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replaced by a single resultant equal to their vector sum act¬ 
ing at the point of intersection. And continuing the process 
of replacement of successive forces by compounding them 
with the resultants of others so far as possible, the system 
reduces to a single resultant, including the case of a zero 
resultant, or to a number of parallel forces. In the latter 
case, the parallel forces either reduce to a couple or are 
replaceable by a single parallel resultant equal in magnitude 
to the algebraic sum of the several parallel forces. Finally, 
the several forces must reduce to (1) a single resultant, or 
(2) a couple, or (3) zero resultant, the forces being then in 
equilibrium. 

26. Conditions of Equilibrium of Several Forces All in One 
Plane. From the conclusion of Art. 25, if the forces 
reduce to a zero resultant, they are in equilibrium unless 
they form a couple (the moment of which is the same about 
every point in the plane of the forces). Therefore, in 
addition to there being a zero resultant, the only remaining 
necessary condition for equilibrium is that the forces shall 
have a zero moment about one point in the plane. Actually, 
if they are in equilibrium, their resultant moment about 
every point in the plane will bo zero; but zero moment 
about one point is sufficient condition since a couple has 
the same moment about all points in its piano. 

The necessary and sufficient conditions of equilibrium are 
three. They may be stated in various ways. (1) and (2) The 
vector force polygon must bo a closed figure. This involves 
two conditions, such as the length and direction of the 
closing side (or equilibrant of the remainder). Alter¬ 
natively the sum of the components in each of two in¬ 
dependent directions must be zero, e.g. as in Art. 21. 

27(r cos 0)=O, 27(P sin 0) =0 ... ( 1 ) 

(3) The algebraic sum of the moments of all the forces 
about one point in the plane must be zero. In analytical 
form this might be stated as 

27(3-1* sin 0 —t/P cos 6) =0 . ... (2) 

whore x and y stand for the co-ordinates of any point A on 
the line of action of a typical force P and a:P sin 0 — yP cos 9 
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gives its counter-clockwise moment about the *"8*“ ° 
(Fig. 6). But we shall not need to use the condition m this 

%t" C e“uons provide for three relations among 
coplanar forces which are in equilibrium from hwh ttoe 
unknown quantities may be foun * m^v be the 

data are known, e.g. the unknown elements may be the 

“^^rSnfn^^^ JfiS D “ 

i°a r re e zero,°t U ho forces are in e g |nUbri«>n 
For the forces cannot reduce to a couple ("hich has a 



moment about every point in the ould^ave a^ero 

to a single resultant, for *°'* h *£ d v ^ugh them, it 
moment about two I >omts . j t a third point not in 
cannot also have zero mo me ^ tbo forccS satisfy 

the line of the other two. O «»•* * noments about two 
the three conditions of ha' ouent in the direction 

points in the plane and no tota 1 tbo forces are in 
of the line joining these two points, 

27. So,u,ion of S.a.ica, ? n Ze pl£l 

has exerted upon it a numb© olctely known and 

some in the form of load. bo unknown or 

others which are supporting may bo known (e.g. 

incompletely known ; their I * q f * may bo known 
by a binged support) P°d the direction ^ J nsion) . m 

(e.g. by a rope, chain, or other uexioio 
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such cases, the known conditions of equilibrium given in the 
preceding article (Art. 26) may often suffice to give the 
equations or graphical means by which the unknown 
elements in the supporting forces can be determined. 
The conditions are three and they serve to determine three 
elements of magnitude, direction, or position in one, two, 
or three incompletely known forces of a system of forces 
all in one plane. 

When a number of rigid bodies are in contact, one with 
another, to form a system of rigid bodies, such as the 
several members of a girder or roof principal, the supporting 
forces of the structure as a whole may be found by these 
principles, which may further be applied to find the forces 
exerted upon the separate members, for each is itself a 
rigid body in equilibrium. For the composite rigid 
structure and for each part into which it is divisible, 
either actually or in imagination, the conditions of equilib¬ 
rium are applicable, and we can write three equations 
for each by stating in algebraic form the three conditions 
of equilibrium. If we resolve the forces exerted upon the 
body (or part of it) in two mutually perpendicular direc¬ 
tions, we can equate the components in opposite directions 
or the algebraic sums to zero, and we can equate the clock¬ 
wise to the counter-clockwise moments about any one 
point or we can equate the algebraic sum to zero. We can 
thus proceed by simple algebraic equations with symbols 
for the unknown quantities, but later (Art. 33) we shall 
indicate alternative (graphical) methods of finding the 
unknown elements. 

About every point in the plane of a system of coplanar 
forces in equilibrium, the total moment of all the forces is 
zero ; and in some problems it may be more convenient to 
consider moments about two points and only the com¬ 
ponents in one direction, or to consider moments about three 
points and not resolve the force into components. By one 
selection or another, three independent relations can be 
established and equations for unknown quantities can be 
written. If more than three equations are formed, say, by 
taking moments about more than three points, they will 
be found to be not independent and those in excess of three 
will merely express again the relations already stated for 
three points. 
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A T)articular choice of direction for resolution into coro- 
nnnenta is often more convenient than others, e.g. by 

formed, a b taking the moments about some 

p^'tT its ZeTlcZn Tatxfut which it wUl have zero 

mmmm 

quite different looking l”” of statical problems by 

same principles. 1 he _ solu nentg , )0rhll p S illustrates 

equations of component s «m t i.. in the graphical 

a diagram which is a ^ 

sketch not drawn to ms H1 8 tat ics, contact 

Smooth Bodies. In Bom . I a smoo th surface. In 

between one body and ano ‘ body on the other is 
such cases, the force oxertec * surface, because there 

normal or perpendicular -to tho smooth surface ; 

is no frictional component ta . eg of suo h contact, 

hinges and rollers are com * • (;tion i cS8i but many 

No surface is absolutely smo tbo deviation from 

are smooth enough to make neglig 1 « «»■° aI 1 „ther. 

the normal of force transmitted 1 «mc * . or M fhit 

A hinge may locate an «« ,,ut also give 

smooth surface may not on > f OIltact between two 

its direction if it contains the point oi com 

bodies. 

Example 1. A horizontal rod» z ^ n f ® al fc ^“passes forming 
one end, A, through * Inch ^ a SI nooth roller at the 

a hinge. The other end, I , lb act upon the rod, their 

same level. Forces of <, •>» 111 p vertical plane, inter¬ 
lines of action, which arc in jc • 0? incheg respectively 

sectiug it at distances of 11, 1,‘ “ { 30 <^ 75 °, and 45° 

^pecuVe^wM^tCarstSwo sloping downwards 
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towards A, and the third sloping downwards towards B, as 
shown in Fig. 7. Find the magnitude of the supporting 
forces on the rod at A and B. 

Since the end B rests on a smooth roller the reaction or 
supporting force Ii B at B is perpendicular to the rod and 



therefore vertical. We can most conveniently find this 
force by taking moments about A, because the only other 
force supporting the rod must act through this pin at A 
and has no moment about this point, so wo shall have a 
simple equation with only one unknown force K B . 

The total clockwise moment about A is 

7 lb. x(ll sin 30°) in.+9 lb. x(10 sin 73°) in. 

-f 5 lb. x (27 sin 45°) in. 

= (77 xO-5+144 xO‘JGG+135 xO-707) lb.-in. 

=273 lb.-in. 


The total counter-clockwise moment about 
K B x3G in. Equating moments of opposite sign : 


lt B x3G in. =273 lb.-in. 


t> 273 lb. -in. „ „ „ 

Kb= 3g ~iEr =7 G lb * 


A is 


Wo have used one condition of equilibrium to find R B , 
viz. that the algebraic sum of moments about one point 
(A) is zero. There remain two more conditions to find the 
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two unknown items, namely, the magnitude and direction 
of It A . Both could be found by drawing an open vector 
force polygon with sides representing the four now known 
forces 7 , 9 , 5 , and 7 -C lb. ; the closing side would represent 

R 

\)r we could form the equations of opposite moments, 
about B and about some other point not in the line AB, but 
with an unknown direction of Ii A as one of the two unknown 
quantities; this would lead to simultaneous equations with 
an angle as one unknown and would not bo simple. r, 
again, from moments about B, we could find directly the 
vertical component of lt A (since the horizontal component 
has no moment about B through which it passes), and then 
find the horizontal component by an equation of opposite 
moments about some other point not in the line AB. 

The simplest way is to resolve the unknown K A into 

horizontal and vertical components U A and V A» rc<kon ^ 
positive to the right and upwards, and apply the two 
conditions that the horizontal and vertical components 
of all the forces in equilibrium are each zero. I bus 
horizontally to the right in lb. units, 

II A — 7 cos 30° —9 cos 75°+5 cos 15 ° =0 
n A =7 xO SGG+9 x0*259 —5 x0-707 = 1-8G lb. 


And upwards in lb. units, 

V A —7 sin 30° —9 sin 75° — 5 sin 45 ° + <-G=0. 
v 7 xo- 5+9 X0-9GG+5 xO-707 — 7-G =813 lb. 

Compounding the components 1I A arid \ A as in (a), 
Art. 21, _ 

R a = V(4-SG)2-M813)-=0-47 lb. 


And from (G), Art. 21, the force is inclined to AB at an 
angle 

tan-i(V A /II A )=tan-i 8-13/4-8G =tan-> 1G7=59-1°. 

Example 2. ABCD is a square, each side beingfinches, 
and E is the middle point of AB. I orces of 7 8 12 o J, 
and 6 lb. act on a body in the lines direcUonR AB, EC, 
BC, BD, CA, and DE respectively. Bd( 1 the n aguitu , 
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direction, and position with respect to ABCD, of the single 
force required to keep the body in equilibrium. 

STote that here the three unknown elements all relate 
to a single force. 

Let P be the required force, Hi and V 1 its rectangular 
components in the directions AD and AB respectively 
(Fig. 8). 



Fio. S. 

Resolving in direction AD and making II =0 as in (71 
Art. 21, 

bl =H i +8 cos BCE -f-12 +5 cos 15° 

—9 cos 45° —6 cos EDA =0 
or II, +8 X2/v"5 +12 —4 x0-707-G x2/V5=0 

II , = -12-(2 X0*S94)-J-4 X0-707 = —10-9G lb. 

Resolving in direction AB, 

' — ' i +7 4-8 cos CEB —5 cos 45° — 9 cos 45° 

4-G cos A ED =0 
V, -f-7 4-14 xl/\ 5—14 X0-707 =0 
v i = —7 —6-2G 4-9-90 = —3*36 lb. 
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Compounding Hj and V 1? 

P = V(10-96)2 +(3-3G? =11-40 lb. 

And is inclined to AD at an angle 

—3*36 


tan -1 


— tan -1 0-306G =1S0° +17° —197 


—10*96 

Not 17°, since both H x and Vj are negative. 

The magnitude an* direct^ m” 

or “f. 

it is equal and opposite), it i equilibrium is that the 

forces a moment equal and of 1 choos ing the point A 

oMTcefof . L V .b. 

" The P total U clolwt moment about A of the original 
forces in in.-lb. is ^ 

12 X AB +8 X AE sin DEC +5 xOA -6 X AE sin AED 

=12 x 20 +8 X10 X 2/ V5 +5 x 20 X 0-707 -6x20 X1/ s/5 

= 240+100/V5+70-7-120/s/ 5=328 0 lb.-in. 

, . au <T>\ of 11-4G lb. must exert 

To balance this, the force ( ) ib -in If a is its 

a counter-clockwise moment of 3-8 G lb. in. 

leverage arm about A, 

11-4G lb. xa=328 G lb.-in. 

a =328-6 lb.-in./ll-lG lb.—8-7 in. 

The position of the force ia about A as centre; 

action touches an arc o - e r-clockwise moment about 

and since it has to exei t a counter be |fled a8 

Jj&SKSXlSi •*“ * = "“ 15 ‘ 

from A. 

28 Mefhod of Sections The 

rteXmof ^Sure consisting of, say, tie bars and 
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Btruts jointed together by hinges to form a frame such as 
a bridge girdor or a roof principal. For not only is the 



structure in equilibrium under the action of loads and 
supporting forces but every member is in equilibrium. 
If the structure is divided by an imaginary plane of section 
into two parts, each may bo treated as a body in equilibrium 



under certain forces, some of which are exerted by members 
cut by the plane of section. 

For example, if a hinged frame such as ABODE, Fig. 10. 
is m equilibrium under the action of the loads, say, W B , 
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w snri W at B C, and D respectively, and the upward 

o £ SSFSi 

?f Cr w,°Rr‘) BC and AC Of tl.cse (BD and AC being 
the bars BD, ? • i->p c r m transmit any vortical 

thin horizontal rods), only BC 

force. Take all the bars Then resolving 

fore all the internal angles to 1be CO^Tbei\ he forces 

vertically upward, and equating struc ’ tur e, if P is the 

r^Xose^rtTby ,tb« bar BC on the portion of the 
structure to tho left of XX . 

R. — W b ~ p cos 30 ° =0 

A B p==(R A —W B )/cos 30 

= (R a -W b )2/V3 

If W B exceeds Ti P SEhw. 

t^tlmplario oF section fa taken between A and B, equating 
vertical forces to tho left of the plane, 

Downward thrust in AB xcos 30°-R* 

Thrust in AB=R 4 /eos 30°=2R a /\ / 3 

.. ti.A two opposite horizontal forces on 
And by equating the t II leffc of jjj it is clear 

this portion of the 6tru 1 of t j 10 thrust exerted upon 

that the horizontal co I t ho forco exerted on it 

it through AB must ^ to “e^siou in this bar, 
through tho bar AB. a 

T=ThrustinACxcosC0° = ix2K A /V3=R i /V3 

i fA i VAn tii a vertical section through B 

Or wo might have ta iUbrium G f the structure to the 
and considered the «q b rl d tho condition that 

left of it (or f simply of the bar ba , anc0 . ho ouly 

^cThavIL ganymoment about B are T and R A , bcnce 

T X AB sin G 0 ° = R A X AB cos 00° 

T =Ra cot 00° =1*J V^3. 


2 
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If in any case we assume a force to be a pull when it is 
actually a thrust, the result would be a negative quantity, 
thus giving a correct result. 

This method of sections is a simple one, particularly 
for finding the force transmitted by one or two members 
of a structure without having to find the forces in all 
members. 

Example. One end of a girder made up of bars jointed 
together is shown in Fig. 11. Vertical loads of 3 tons and 
5 tons are carried at B and C respectively, and the vertical 

supporting force at H is 12 tons. The 
sloping bars are inclined at C0° to the 
horizontal. Find the forces in the 
bars CD, CE, and FE. 

The portion of the girder ACFH 
out off by the vertical plane him is in 
equilibrium under the action of the 
loads at B and C, the supporting force 
at II, and the forces exerted by the 
bars CD, CE, and FE on the joints 
at C and F. Resolving these forces vertically, the forces in 
CD and FE have no vertical component, hence the down¬ 
ward vertical component force exerted by CE on the left- 
hand end of the girder is equal to the excess upward force 
of the remaining three, i.e. 12—3—5=4 tons ; hence 

Force in CE xcos 30° =4 tons 

or force in CE=4 x2/\/3=4-G2 tons 

. - beil ? g P° sitivo » acts downwards on the portion 

AC MI, i.e. it acts from l towards E, and the bar CE pulls 
at the joint C, hence the bar CE is in tension to the amount 
of 4*02 tons. To find the force in bar FE, take a vertical 
section plane through C or indefinitely near to C, and just 
on the right hand of it. Consider the equilibrium of the 
part of the girder to the left of this section, and taking 
moments about C and reckoning clockwise moments positive, 

12 x AC—3 xBC-f (force in FE) xFC=0 

12x2 —3 X1 -f (force in FE) X VS =0 

and force in FE = —21/\/3 = —12-12 tons 
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The negative sign indicates that the force m FE acts on 
F in the opposite direction to that in which it would have 
a clockwise moment about C, i.e. the force pulls at the joint 
P ; hence the member is in tension to the extent ot 11 

l ° similarly, taking a section just to the left ofEE, consider¬ 
ing the equilibrium of the part of the girder to the left of 
this section, and taking, say, c lo c k wise mo me n t s a bout E 
the force in CD is found to be a push of 14-43 tons towards 
C, i.e. CD has a compressive force of 14-43 tons in it, as 

follows : 

12X3-3X2—5X1 + V3 (force in CD)=0 

force in CD = —14-43 tons. 

29 Equilibrium of Three Forces. If a body is in equilibrium 
when three forces arc exerted upon it the three forces 
* either bo all parallel or all pass through a common 
f Othor words they must be concurrent. For 

unless all three forces are parallel, the lines of action of 
, f moi.i qnd these two forces are replaceable by a 

two must nice through their point of intersection. 

Thfs resultant cannot be 

'which 'tL°Z third force passes through tho mtersection 
of tlift other two and tlic three lorees are concurrent. 

This concurrency of three forces simplifies some proWcms 

e • * • _ lif livinir t ho direction OI ail UI1KHO >> 11 lLMCt, 

sto ““ts hue of action passes through those of the other two 
Skl mtv b known, at their intersection. The magnitudes 
of the !o. ces can be found from a vector force triangle or by 

resolution into ^angular c°™P °“ en ^ ,„ or e than 

Other problems cd lane .JUM* rc(luced t fe 0 that of the 
three lorees o b; la ».e may o do „e by replacing 

two 1 nown forces by 1 heir resultant at their point of inter- 
section and extending such replacements until the forces 

are reduced to three. 

Fv \ m,»i f 1 A ladder 18 feet long rests with its upper 
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of the ladder is 60 lb., which may be looked upon as a 
vertical force halfway along the length of the ladder. Find 

the magnitude and direction of 
the forces exerted by the wall and 
the ground on the ladder. 

The weight of 60 lb. acts verti¬ 
cally through C (Fig. 12), and the 
reaction Pi of the wall, is perpen¬ 
dicular to the wall since the latter 
is smooth. These two forces in¬ 
tersect at D. The ouly other 
force on the ladder is the thrust 
P 2 which the ground exerts on it 
at B. This third force must there¬ 
fore act through D since the three 
forces are necessarily concurrent 
and its line of action must be 
along BD. The magnitude of Pj 
may bo found by equating opposite 
moments about B, thus avoiding 
any moment of P 2 . Thus 

P, x AE =60 x £BE 
P, x VlS-—72=60 x3*5 lb.-ft. 

Pi =210/\/275 =12-67 lb. 

And since P 2 balances the horizontal force of 12-67 lb. 
and the vertical force of 60 lb., its components are known ; 
hence 

P 2 = V(12-67)2+(60)2 = G1 -4 lb. 

and P 2 is inclined to EB at an angle 

tan- 1 AE/iEB =tan _1 (\/275/3-5) =tan-! 4-75=7S-l°. 

A second method of solving the problem consists in 
drawing a vector triangle, abc (Fig. 12), representing by its 
vector sides P lT P 2 , and 60 lb. The 60-lb. force nb are 
sot off to scale, and be and ca drawn parallel to P 2 and P, 
respectively, and the magnitudes are then measured to the 
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^ A third method consists (without drawing to 
8c“e) of solving the triangle a*c trigonometrically, thus 

: P 2 : 60 =ca : cb : ab 

=HB:BD:HD _ 

=3-5 : V{(3-5) 2 -+-275} : V(275) 

From which, 


and 


p 1= =60 x3-5/\ / 275=12 G7 lb. 

P 2 =00 X ^287/^275=61-3 lb. 


O v lirrht bar AB, 20 inches long, isi hinged 
.t A^SIo’bo free^o mov’e in a vertical plane. Tbe «d 

B is supported by a cord BO, « ^ 

is 145“ and AB is horizontal. A A . Find the 

£ thrco^^elrSsure oi the rod on the 

• • 


hinge. 


Let T be the tension in the.cord (J£ the the 



Fio. 13. 

. tor Then P must pass through the 

hinge at A on the bar. Th* ^ o£ action of T and the 

Intersection E, » , ce ea gives the direction and 

weight of 7 lb. at D , ^ take mo ments about A (since P 

orient Ibout this point), 
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T xAF=7 lb. X AD 
T x20 sin 35° =7 lb. xl3 in. 

T =91/11-47 =7 03 lb. 

The vertical upward component of P is (7 —T sin 35°) 
=2-45 lb. The horizontal component is T cos 35° =6-5 lb. 

P = V(G-5)2 + (2-45)2 =6-95 lb. 

Its inclination to the horizontal, 

DAE =tan _1 (2-45/6*5) =20° 40'. 

The pressure of the bar on the hinge is then 6-95 lb. in an 
opposite direction, i.e. AE, 20° 40' downwards. Example 1, 
Art. 27, might bo similarly solved by finding the resultant 
of the known forces. This and the two supporting forces 
must be concurrent. 

30. Balance of Coplanar Forces by Three of Unknown 
Magnitude. The three conditions of equilibrium allow 
three unknown elements to be found relating to a number 
of forces in one plane which are in equilibrium. The three 
unknown elements may be the magnitude, direction, and 
position of a single equilibrant (as in Example 2 of Art. 27) 
or the magnitude of two and the direction of one of them 
(as in Example 1, Art. 27). A remaining case of some 
practical interest is that in which the three unknown 
elements are the magnitudes of three forces, the positions 
and directions of which are known. (It may be noted 
that it is not always possible to balance a number of 
forces by other forces in three given lines of action, e.g. 
horizontal forces cannot be balanced by vertical forces 
unless they form a couple.) Methods of solving such 
problems may best be given by an example. 

Example 1 . Suppose a light stiff horizontal bar, Fig. 14, 
to be supported at points w, tj, and c by cords inclined ait the 
angles shown in the diagram and carries at .r a vertical load 
of 50 lb. What are the tensions T„ To and T a in the cords 

attached to w, y and c respectively, the distances rex, xv 
and yz each being 8 ft. 


If the lines of action of T, and the 50 lb. load are produced 
to meet in B, and those of T 2 and T 3 to meet in A, it is 
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evident that T, and the 50 lb. force may be replaced by 

.» b .b^T, »j a ™ b i y. an d 

two^hiclTare in equilibrium. Consequently they must be 
equal and act in opposite directions m the same straight 



Fio. 14. 


lino; and since A and B aie poi ^ ^ osite directions, 

action, both must act along ^ Tf the vector Bfc 

Let P denote their common e ‘ le and ba be 

be drawn vertically to represent 60 lb. to Une AB 

drawn parallel to the line of T lf to mce 
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produced at a, the vector ba represents Tj, for vectorialJy 
Bb-\-ba=Ba, and Ba represents the equilibrant It in the 
direction BA. And if the vector Ad equal in length to 
Ba be set off in BA produced, and dc be drawn parallel to 
T 2 to meet the line of T 3 in c, the magnitudes of T 2 and T s 
are represented to scale by the lengths of cd and Ac respec¬ 
tively. Scaling the magnitudes from the diagram, it is 
found that T 1 =36-6 lb., T 2 =G*9 lb. and T 3 =2G*9 lb. 

The results could also conveniently be found by numerical 
calculation of moments if the arms or leverage distances 
are scaled from the diagram or are calculated trigono¬ 
metrically. Thus if we consider moments about A, since 
T 2 and T 3 have no moments about this point, evidently 
the moments of Tj and tho 50 lb. load about A must be 
equal and opposite. Since cA is perpendicular to the line 
of Tj, the distance of A from Tj is equal to tho distance of 
T x from z minus Az. And 

Az=yz sin 45°/sin 105° =8 X 0-707/0-9G59 =5*86 ft. 

The distance of z from T x =icz cos 30° =24 x =20*78 ft. 
Distance of A from Tj =20*78—5*86 =14*92 ft. Distance 
of A from line of 50 1b. force =8 -f Az sin 30° =8 + i of 
5*80=10*93 ft. 

Equating moments of T a and 50 lb. force about A, 

TjX 14*92 ft. =50 lb. x 10*93 ft. 

Tj =3G G lb. 

Equating opposite moments about z, 

3G G lb. x20*78 ft. +T 2 x8 xsin 45° = (50 xlG) lb.-ft. 

6*656 To =SOO—7GO-7 
To=6*95 lb. 

Equating moments about rj in lb.-ft., 

30*6 xlG cos 30° — 50 x8=T 3 x8 sin 30° 

4T S =3G*6 X 13*80—400=107*1 
T 3 =2G*8 lb. 

The numerical calculations may bo checked by verifying 
that tho total vertical and horizontal components of the 
forces are each zero ; thus— 


STATICS 


41 


Vertical component 

=30-6 X \/3/2 +G-93 xO-707 +26-8 xO-5 -50 =0 07 lb. 
Horizontal component 

=30-C xO-5 4-6*95 xO-707 -26*8 X V3/2 =0*01 lb. 
which verifies the previous computations (within 01 lb.). 

• In "e“Co°or y more 

necessary to find . tb ^ j^ow^force* 14 Hi^many problems 
^moments ma/b^st bo calculated from measurements of 

s »'tr irssr. 

s s- smsss^sB h&sir&i 

Then R, T 2 , and T s are three for conc( G. reIltj aIld R must 

the only possible one - ^ , been joined to the inter- 

section 1 of*T^wi^^hlTremaining 'loree^to give the Une of 
action 1 of two equal and opposite forces. 

Example 2. A truck shown in n, « hauled 

by the horizontal force P P 1 p whon t he truck 

touching a front ^f^/^falso the reactions of the 
begins to mount the st p. j on the back wheel. 

« Ex - s wjb 

truck T f 

The solution of tins broke°n 

Example 1, and only “«f e 8 r S 0 ns r“ and I, of the step 
lines in Fig. 15. Smce. 1 ugb the axles, their directions 

and the ground must pagsth g^ meet in Al , while the 

SrofSs“f & meet in B, The resultant of 

2* 
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Hi and R 2 and that of P and W balance in the lineAjB,, 
and two vector triangles will determine P, R Jf and R 2 in 
magnitude when W is given. An alternative pair of points 
of intersection is shown at A 2 B 2 . But if R 2 and P are 
paired, meeting at A 3 , the two remaining forces R 2 and W, 
being parallel, do not intersect ; their resultant must be 
vertical and equal to W —R 2 . Its position could be found 
by equating the moment of W —R 2 about any point, to the 
algebraic sum of the moments of \V and R 2 about the same 
point. But the resultant of lt a and P to balance that of 


L A i 



W and Ro must also bo vertical, so both vertical resultants 
must pass through A 3 . 

Using, instead of vector diagrams, moments of all the 
forces which keep the truck in equilibrium, we may choose 
as a point about which to equate moments, then 

P xA|A.=W xAoB], which gives P, 

and about A 3 , R 2 xA 2 A 3 =WxB‘,A 3 , „ „ R„. 

And since P has no vertical component, the vertical 
component of Rj is W—It 2 , while its horizontal component 
is equal to P, and therefore 

R,=V{(W-R 2 )2+P2} 

which is easily calculated when R 2 and P have been found. 

It P is uot horizontal but passes through C, its moment 
about Aj must still balauce that of W about A x ; hence P 
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from Ai to C. 

„ r . nr link Polvcon. In determining fully 

certain^ “incompletely .peeked ior^ to en ^ that the 
three conditions o^n.hbnum - aud 

cerned with. 1 e /! to ike the complete specification of 

P ° 81 Wfi' Vh To satisfy the conditions relating to magnitude 
any ^ree. To satisty t it ^ only necessary 

and direction of tojecs 1 that the sums 

that the vector force components are each zero). 

of the horizontal a . 6-itisfv the conditions of 

But this does not eon>Ptetely 'sausfy ^ must be such 

equilibrium, tor the posit * numerical calculations 

that there is no resulting couple^ equilibr atmg 

this is taken IIltoUC ,etuti moment of all the forces about 
force or forces that ^ Example 2, Art. 27). 

one point in the plane l ; ( forccs ca „ alternatively 

This correct placing o t he oi whk . h f()Uow . We can 

be determined bNgiai in ‘„i 0 resultant through their 

replace any two io tes J .51 an( l continue the process 
point of intersection <^ c n /a m- a couple which may be 
to arrive at a single «e* * r a [. oliplo as may be 

balanced by a singleill J ^ the iinporta nt case of 

jso-js a 1 

adopted. tCnUition in which each force 

It 1 i. convenient to «»*»»• * t'^noted by two capital 
in the space or position d « ^ ither si(le 0 f the line ol 

letters placed in the spac * vector diagram has the 

action and the same ^its ends. Thus 
corresponding two sin.i 1 diagram on the left 

in Fig. 10, the fono V *,/in the polygon of forces on the 

corresponds to the Necto cqnilibrant of several 

right. To tad tbo •«“£ l " t tlored BO, CD, DE in 

Fig. 10, draw the veo o f ‘ d < iirec/ion by the length and 
the forces in magnitude ai resultant ae (or the 

direction of its sides. I his gives 
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equilibrant ea) in magnitude and direction, but not its 
position. The position is found by drawing a funicular or 
link polygon. 

Any point, called a “ pole ** o, Fig. 16, is chosen in or 
about the vector polygon and joined to each vertex a, b , c, 
d, and e , and then from any point P, say on the line of 
action of AB, a line PT, called AO, is drawn parallel to ao , 
across the space A. From P a lino (BO) drawn across the 
space B parallel to bo to meet the line of action of BC in 
Q ; and from Q a lino is drawn across the space C parallel 
to oc to meet CD in R. This process is continued until 



finally a lino EO is drawn from the intersection S parallel 
to oc, across the space E to meet the lino AO in T. Then 
T is a point in the line of action of the resultant, the 
direction of which is given by ac in the vector diagram. 
Hence the equilibrant EA or the resultant AE is com¬ 
pletely determined. The closed polygon PQRST, bavin" 
its vertices on the lines of action of the forces, is called 
a funicular or link polygon. That T must bo a point on the 
lino of action of the resultant is evident from the following 
considerations. Any force may be resolved into two com¬ 
ponents along any two lines which intersect on its line of 
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action, for it is only necessary for the force to be the 
geometric sum of the components. Let each force, AB, 
BC, CD, and DE, be resolved along the two sides of the 
funicular polygon which meet on its line of action, viz 
AB along TP and QP, BC along PQ and KQ, and so on. 
The magnitude of the two components is given by the 
corresponding sides of the triangle of forces in the vector 
diagram, e.g. AB may be replaced by components m 
the lines AO and BO (or TP and QP), represented in 
magnitude by the lengths of the vectors ao and ob re¬ 
spectively. Similarly, CD is replaced by components in 
the lines CO and OD represented by co and od respectively. 
When this process is complete, all the forces AB, BC, CD, 
and DE are replaced by components, the lines of action of 
which are the sides TP, PQ, QR, etc., of the funicular 
polygon. Of these component forces, those in the line 
PQ or BO are represented by the vectors ob and bo, and 
therefore have a zero resultant. Similarly, all the other 
components balance in pairs, being equal and opposite 
in the same straight lino, except those in the hues II and 
TS, represented by ao and oe respectively. Those two 
have a resultant represented by ac, which acts through the 
point of intersection T of their lines of action Hence, 
finally, the resultant of the whole system acts through!, 
and is represented in magnitude and direction by the> line 
ae ; the equilibrant is equal and opposite in the same 

&tT Choice^of Pole. In drawing the funicular polygon, the 
polo o (Fig. 1G) was chosen in any arbitrary position, ana 
the first side of the funicular polygon was drawn * ro “‘ 
point P in the line AB. If the side AO had been draw 
from any point in AB other than P, the funicular polygon 
would have been a similar and similarly situated figure to 

P The choice of a different polo would give a different shaped 
funicular polygon, but the points in the line of action of the 

unknown equilibrant obtained from the s 
poles would all lie in a straight hne. lho choice of a 
suitable nolo will generally lead to a ell-shaped hnk 
polygon i e one in 6 which the intersections of successive 

sides are not at very acute angles. A bad / intersections 
win give an ill-conditioned link polygon with intersections 
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bo acute as to make the vertices difficult to locate exactly, 
or it may be, outside the limits of a sheet of drawing paper. 

32. Graphical Conditions of Equilibrium. If we include 
the equilibrant EA (Fig. 16, Art. 31) with the other four 
forces, we have five coplanar forces in equilibrium, and 
(1) the forces or vector polygon abcde is closed ; and (2) 
the funicular polygon PQRST is a closed figure. Further, 
if the force polygon is not closed, the system reduces to a 
single resultant, which may be found by the method just 
described (Art. 31). 

It may happen that the force polygon is a closed figure, 



and that the funicular polygon is not. Take, for example, 
a diagram (Fig. 17) similar to the previous one, and let 
the forces of the system be AB, BC. CD, DE, and EA, the 
force EA not passing through the point T found in Fig. 16, 
but through a point V (Fig. 17), in the line TS. If we draw 
a line \ \\ parallel to o« through V, it will not intersect 
the fine TP parallel to no, for TP and VAV are theu parallel. 
Replacing the original forces by components, the lines of 
action of which are in the sides of the funicular polygon, 
wo are left with two parallel unbalanced components 
represented by no and oa in the lines TP and VW respec¬ 
tively. These form a couple, and such a system is not in 
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enuilibriura nor reducible to a single resultant. The 
magnitude of the couple is equal to the component repie- 
sented by oa multiplied by the length represented by the 

sas-rgiMs 

T?thi8, with the force through V, and represented by *«, 
r0, Hence C °for equilibrium it is essential that (1) the polygon 

specified by 3n such conditmi^ 3» 3 ^nTby & tho vector 

the remaining three cai * W LI1 ■ 1 three conditions 

and link polygons i^-in Ait. 31, Uie ^ 

to C one^eq nib brant were determined ; other cases havmg 
useful appheations follow in Arts. 33 and 3 . 

33. Two and^ Three ^ u *Jj*jr®J*J )v b J , p|I , i* n k']miygou^a single 

Wa8 • fhrlnt'to'a iVstcm of non-concurrent forces all in the 

forces. y 18) 1)C t }, e lines of action of 

Let AB, BC, and i^ magn.tude by ab, hr, and „l 

given forces represent c. . ],ct ED bo the line 

respectively in the m « I ' a p „iut in the line of 

of action of one ^. ulll l^ ’ a linc / dx,oi indefinite length 
action of the second. draw in the funicular 

parallel to BE. Choose a ^olc. o, ^ f ^ ^ ^ U) 

polygon correspond -, t, 8ido UO cut ED in q. 

through the given point p. ^ LUW 
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Since the complete funicular polygon is to be a closed 
figure, join pq. Then the vector oe is found by drawing a 
line, oe, through o parallel to pq to meet dx in e. The 
magnitude of the equilibrating force in the line DE is 
represented by the length de, and the magnitude and 
direction of the equilibrant EA through p is given by the 
length and direction of ea. 

(2) Three Equilibranis. If three of the n forces are given 
by their lines of action, produce two of them to meet and 



treat their intersection as the point p in Fig. 18, finally 
replacing the force through this point by two components 
along the lines which intersect there. The solution of this 
problem given in Art. 30 is generally more convenient than 
that of drawing a funicular polygon. 

34. Funicular Polygon for Parallel Forces. To find the 
equilibrant or resultant of several parallel forces, the pro¬ 
cedure is exactly the same as for non-parallel forces, but 
the vector polygon of forces lias its sides all in the same 
straight line ; it is “ closed ” if, after drawing the various 
consecutive vectors end to end, the last one terminates at 
the starting point of the first one. 

In Fig. 19, four forces AB, BC, CD, DE are given and their 
resultant is required, abode is the open vector polygon, and 
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the magnitude and direction of the resultant is given by a* 
A pole is chosen at o which is joined to a, b, c, d, and e. 



Fjg. jo.—Funicular polygon for parallel forces. 


funicular polygon having sides girting from any 

is then drawn in the space ^ fddoa AO and EO (paraUel 
arbitrary point. The e ^ tr ,S nd \^ i8 gives a point in the 
to ao and eo) intersect in » , fixes its position, 

line of action of the resultant AB*n&*o *™*^ I 
The equihbrant of the four forces is * twee*^ 
magnitude and direction by ea acting througn 



Fio. 20. 


Ei uililranU. If two parallc^ cquiUbrant,s^tojhe 
fiough Ve two^v4n r To-ts aud y (Fig. 20), chouse a 
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pole, o, as before, and draw in the funicular polygon with 
side AO, BO, CO, DO, and EO respectively parallel to 
ao, bo, co, do, and eo in the vector diagram. Let AO meet 
the line FA (i.e. the vertical through x) in p, and let q be 
the point in which EO meets the line EF {i.e. the vertical 
through y). Join pq, and from o , draw a parallel line of to 
meet the lino abede in /. The magnitude of the upward 
equilibrant or supporting force in the line EF is repre¬ 
sented by cf, and the other reaction in the line FA is repre¬ 
sented by the vector fa. This may be proved in the same 
way as the proposition in Art. 31. 



Fin. 21. 


Another case is illustrated in Fig. 21 in which the two 
eqmhbrants FG and GA are not the extreme outside forces 
oi the system ; this presents no dilliculty if the forces 
«o, oc, cd, dc, cf are set off continuously ou the vector 
diagram and the spaces lettered accordingly. 

Th V® t ! 16 and G extend as"shown, from the 

hues LG to CD, DE to EF, and FG to GA respectively. 

^r> 3 , 5 - MOm l ntS * of P *f a i l,cl Forces from Funicular Polygon. 
The moments of parallel forces about a point in their plane 
can easily be found by means of the funicular polygon. 

Let AB. BC, GD, DE, EF (or W x , \V 2 , W 8 , W 4 f and W 5 ) 
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(Fig. 22) be five ^ *£«£**£*£ 

equilibrants fg and ga (or K 2 

point about which a f r a ny polo o, starting, say, 

vector ga and K> by jg, vectors «6, 6c, cd , dc, and 

and W 6 are represented y vertical lino through X, 

e/ respectively. . Cous *f cr , Z k polygon is ah Produce 

at which the height ot t Also ‘ produce the side wm 

xl and the side ziv to meet m y. Also prou 



f 'ru in 7 i and lot the next 
of the funicular polygon to 1,1C< \ :* j The Bides 210 , uwi, 
side wig of the funicular »n * parallel to no. bo , and co 

and mq (or AO, hO, and CO 1 lim , zk, through 2 to 

respectively. Draw a m - throtlJ ,|, w to meet xy in r, 
meet xy in k, a horizon ta t j ie vector polygon to 

and a horizontal oU througl 1 the two triangles xyz 

meet the hue abcdcfvn u - . parallel respectively 

and gao, there are three ‘°' e Wangles are similar, 
to three sides in the oilier , 


and _ a g . zk 

*V = z k t or X y .oll^agxzl;, or *y - Q H 

ag oil 
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Therefore, since ag is proportional to Rj, and zk is equal or 
proportional to the distance of the line of action of E x from 
X, ag . zk is proportional to the moment of R x about X; 
and oH being an arbitrarily fixed constant, xy is proportional 
to the moment of Ei about X. 

Similarly 

ab . tor 
yn =-rfi- 

and therefore represents the moment of Wj about X to the 
same scale that xy represents the moment of Rj about X. 
Hence xn or xy —ny represents to the same scale the moment 
of the two forces Rj and Wj about X (or of their algebraic 
sum acting at their intersection of xz and ton). Similarly 
nl represents the moment of \V 2 about X to the same scale, 
and 

xl =xy —ny —In 

represents the moment, about X of the three forces E lf 
Wj and W 2 , or of their resultant (the algebraic sum) acting 
at the intersection of the lines xz and Ini. For any point 
in the plane, and for any number of parallel forces, the 
proper intercept between the sides of the funicular polygon 
represents the moment and always to the same scale, since 
the distance from o to any side of the vector polygon 
abcdefg is the same, viz. oil. For different pole distances 
(oH), the depth of closed link polygon will be inversely 
proportional to the polo distance. 

Scales. If the scale of forces in the vector diagram is 

1 inch to p lb. 

and the scale of distance in the space diagram is 

1 inch to q feet ; 

and if oH is made h inches long, the scale to which the 
intercepts xl, xn, xy, ny, etc., represent the moments 
about X is 

1 inch to p .q.h. lb.-feet. 

3o. Centre of Gravity, Centroid and Moment of Inertia. 
Evidently the funicular polygon can be used to find 
graphically the centre of gravity of a body if the centres of 
its constituent parte are all in one plane, for it lies in the 
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centre toe of a number of P"™ U "dVtoj^Une of 
action of their resulta . bn d tlio resultants of 

symmetry, it may ^ ^tbe weights of parts of the body, 
parallel forces, reprcsentm® ® (r bv their intersection. 

in two directions to do a thin lamina or to the 

This applies a so to the c *¥ milarl we can and the second 

centroid ot a plane area. m of an area about any 

moment or moment of inertia {Art. f)oi* 

axis in its piano by the fumeu' Jwpraic expressions are 
For regular shapes, slin P K tbe c « or centroids 

obtainable to give the .P ^ 1 ^ o{ inertia I and radius 

and also the values of the mo division into parts 

of gyration k. For irregular shapes, u bctter thau 

and arithmetic tabulation o calcu i a ti 0 ns are essentially 
the funicular polygon. 'I • burden these pages with 

them, but quote such as ‘ ? of Art . 8 are the founda- 

The general formul® (D a l A ' lar bodies or areas or 

tions for finding the c k* f ® irre ,r U larly shaped bodies 

approximately, by tabula ’ <r R ot - t wo small weights, 

or areas. Wc may Uiat the as the weights ; 

5 of the two weights 

GA/GI3 .. 

or GA=AB xWfuij+Ws) • • * * 

and GB=ABXWi/(«' 1 + u, 2) ’ * ' ' 

This gives the principle by 'vbmjiiU’0 pai r ^ c ™‘ is in effect 
replaced by a single one at 1their c.g., 

replacing two forces b> 
resultant at the lino of action 
at which the resultant has tno 
same moment at all points in 

tbo plane of A and B as is due reSlllta nt (u>,+«>2) can 

to 10 ! at A and w* at ■ another weight u* 3 and so on, 
similarly be combined " ltli aa ° tho c .g. of the original 
the final c.g. of two weights bcm 0 

group of several weights. , To f in d tho c.g. of a 

Solid or Area with l ari Bern ^ whic h a part has been 

sohd (or the centroid of anjarea) . e d aud the remainder 

removed, we may treat the pare 



I-io. 23. 
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as two masses the c.g. of which is at the c.g. of the whole 
body before removal of the part. Thus in Fig. 24 if the 
part B is removed and part A remains, let G be the c.g. 
of the complete body (A and B), G' the required c.g. of the 



part A and g that of the removed part B. Then G divides 
G'g inversely as the masses of the two parts A and B, say, 
a and b respectively, or 

GG'/C. g=b/a .(4) 

GG'=G gxb/a .(5) 

Example 1. A solid consists of a right circular cylinder 
3 feet long and a right cone of height 2 feet, the base 
coinciding with one end of the cylinder, both parts being 
made of the same material. Find the e.g. of this solid, given 

that the c.g. of a cone is distant ± of the height from its 
base. 

The solid is shown in Fig. 25. If a is the radius of the 
cylinder, 

vol. of cylinder/vol. of cone=mi 2 x3/(?ra 2 x £ X2) =4-5, 


Fio. 25. 

henee the weight of the cylinder is 4-5 times that of the 
cone. I he c.g. of the cylinder is at A, the mid-point of its 
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axis, and that of tho cone is at B, i of 2 feet or 0-5 feet from 
the common face at D, so that AB =AL) -}-DB =1-5 -(-0-5 

=2 feet. . 

The distance from A of the c.g. G by (2), Art 36, is, 

2 ft. Xl/(1 +4-5) =2/5-5 or 4/11 ft. =4-36 in. 

Example 2. A pulley weighs 25 lb. but its c.g. is not 
accurately at its geometrical centre. It is balanced (i.e. 
the c.g. is brought to its geometrical centre) by drilling a 
small hole 6 in. from the geometrical centre, removing 
0-1 lb. of metal. How far was the original c.g. from the 

centre of the pulley ? . .. 

Taking moments about the geometrical centre, 11 x is 

the required distance, a moment of 25 lb. xx is corrected 

by a reduction of 0*1 lb. xG in. =0*G lb.-in. 

x =0-G lb.-in./25 lb. =0-024 in. 


Example 3. An I-section is made up of three rectangles, 
viz. two flanges having their long sides horizontal, and 
one web connecting them having its long side vertical. 
The top flange section is 0 inches by 1 inch, and that ot tne 
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bottom flange is 12 inches by 2 inches The web section 
1 b 8 inches deep and 1 inch broad. Find the hoig 1 
c.g. of the area of cross-section from tho bottom o 


lower flange. 

Fig. 26 represents the section. 
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Let £=the required height above BE of the c.g. of the 
whole section. 

The height of the c.g. of BCDE is 1 inch above BE ; 

tt tt FGEIK is 2+§=6 inches above 

BE ; 

„ „ LMNP is 2+8+|=10-5 inches 

above BE. 

Equating the sura of the moments of these three areas 
about A to the moment of the whole figure about A, we 
have 

(12 x2)l+(8 xl)6+(G x 1)10-5 =x{(12 x2)+(8xl)+(G xl)) 

24 +48 +03 =x(24 +8 +0) 

x= J 5 a 8 1 =3-55 inches. 

Example 4. Find the c.g. of a cast-iron eccentric con¬ 
sisting of a short cylinder, 8 inches in diameter, having 
through it a cylindrical hole, 2-5 inches diameter, the axis 
of the hole being parallel to that of the eccentric and 2 inches 



Fio. 27. 


from it. State the distance of the c.g. of the eccentric from 
its centre. 

This is equivalent to finding the c.g. of the area of a 
circular lamina with a circular hole through it. In Fig. 27, 

AB=8 inches. CD =2 inches. EF=2-5 inches. 

Let the distance of the c.g. from A be x. 

If the hole were filled with the same material as the re- 
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mainder o£ the solid, the c.g. of the whole would be at C, 

^Equating moments of parts and the whole about A, 
omitting the common factor tt/4, 

AC x (area of circle AB)=(AD x^-^f^eeceitric) 

4 X 64=6 x 6-25+x(64—6-25) 

_ 256 —37-5 inches 

x_ " 57-75 

Hence the distance of the c.g. from 0=4-3-783=0-217 
inch. 

37. Stability of ^nilibrium. In order^that a^body^may 

rest in equilibrium it is necebS. y • since this is 

supporting forces should pass r ° su i ta nt of the force of 

the line of action of ltB ' 0 ° mplej a cyUnder (Fig. 28) 
gravity on its parts. lor example, a j 



is shown resting on an mchnc ^ t | ie cylinder can 

at G is vertically above t angle of slope were 

stand. But if it were longer or i illustrated, on a 

greater it could not do so In tno c 
slope of 20° to the horizontal the Innit oi fc 

FE =2GE= 2(radius of base xco - 
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At this limit, a slight tilt to the left would cause the cylinder 
to fall over , its equilibrium is unstable. But if it were 
axially shorter or the slope were less steep, the resultant 
force of gravity through G would bring it back to place 
after a slight tilt, i.e. its equilibrium would be stable. 

Stable , Unstable, and Neutral Equilibrium. A body is 
said to bo in stable equilibrium when, if slightly disturbed 
from its position, the forces acting upon it tend to cause it 
to return to that position. If, on the other hand, the forces 
acting upon it after a slight displacement tend to make it 
go further from its former position, the equilibrium is said 
to be unstable. If, after a slight displacement, the forces 
acting upon the body form a system in equilibrium, the 
body tends neither to return to its former position nor to 
recede further from it, and the equilibrium is said to be 
neutral. 

If a solid hemisphere ABN, Fig. 29, rests on a horizontal 
plane, and receives a small tilt, say through an angle d , 



Fia. 29.—Stable equilibrium. 


the c.g., situated at G, | of ON from O and in the radius 
ON, takes up the position shown on the right hand of the 
tigme. The forces acting instantaneously on the solid are 
then—(1) the weight vertically through G, and (2) the 
reaction Iv in the line MO vertically through M (the new 
point oi contact between hemisphere and plane) and normal 
to the curved surface. r I liese two forces form a 44 righting 
couple and evidently tend to rotate the solid into its 
original position. lienee the position shown on the left 
Is one of stable equilibrium. Note that G lies below O 
Suppose a solid consisting of, say, a eyLinder with a 
hemisphonca base, the whole being of homogeneous 
matenal, rests ou a plane, and the c.g. G (Fig. 30) falls 
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within the cylinder, i.e. beyond the O 

ssn«s!vsrg?«s» s 

from it. The weight acting vertically through u ^ ^ 

reaction of the plane acting 'ertict y .« j^in" couple.” 
“ upsetting couple ’ liistoaci o ° f unstafj i e 

Hence the position on the left of Fig. is ° 
equilibrium Note that in this case G lies 




Fig. 30.—Unstable equilibrium. 

If the upper part of the body " cr £ «° a j™n fhfcase 8 of" the 
O, the equilibrium would be ‘ tcr is the right- 

hemisphere above. 1 he fibilitv) lor a given angular 

mg couple (or the greater the*Ui case of instability, 

disturbance of the body. ' unsettin" couple or the 

the higher G is, the greater » t he upsettm? t a 8()lid 

greater the instability, and " • below or above O. 

is stable or unstable according as G l hoiTlis ,,hcre, the 
If G coincides with the centre ofthc^ ^ neu trai. 

equilibrium is neither stable_ kq tbat q, the c.g. of 

Suppose the cylinder is shoi _ t - t be hemisphere. 1 

thi whole sohd, faUs on O, the centre 

■ Fur this, the moments of «» "^} « 

O must balance. If h is the k ng 1 ° c 

3 „ u «x|a = "« J ^^ or/ ‘ =a/V 
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Then if the solid receives a slight angular displacement, 
as in the right side of Fig. 31, the reaction It of the plane 
acts vertically upwards through O, the centre of the 
hemisphere (being normal to the surface at the point of 
contact), and the resultant force of gravity acts vertically 
downward through the same point. In this case the two 
vertical forces balance, and there is no couple formed and 
no tendency to rotate the body towards or away from its 
former position. Hence the equilibrium is neutral. 
Similarly, on a horizontal plane a sphere is in neutral 
equilibrium for angular displacement in any direction, 
while a cylinder is in neutral equilibrium for rolling dis¬ 
placements and in stable equilibrium for other angular 
displacements. 

Stability of equilibrium in respect of angular displace¬ 
ments corresponds to minimum (gravitational) potential 




Flo. 31.—Neutral equilibrium. 

energy. From the following article (38), it is evident that 
the potential energy depends on the height of the c.g. 
If a slight tilt raises the c.g. and so increases the potential 
energy, a body, if free to do so, will return to its position of 
minimum potential energy and low c.g., its increase of 
potential energy being drawn upon to set it in return 
motion. If the tilt lowers the c.g., thus decreasing the 
potential energy, the body has no increase of energy with 
which to restore its position, and, so far as the conditions 
are maintained, the displacement will increase. The 
position of instability is generally one of maximum 
potential energy. Finally, if the c.g. remains at the same 
level after disturbance, there is no change in potential 
energy with small angular displacement and the equilibrium 
is neutral. 
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38. Work Done in Lifting. When energy is spent in 
lifting a solid body or a liquid, it frequently happens that 
different portions are Lifted through different distances, 
e.q. when a solid body is tilted, when water is raised from 
one container to another or when a hanging chain is wound 
up on an axle or drum. The total work done in idling 

can be reckoned as follows: Let w 2 , e f c » be 

the weights of the various parts of the body, which is sup¬ 
posed divided into any number of parts, either \nrgeor 
small, but such that the whole of one part has exactly the 
same displacement. Let the parts w u tv 2 , tc 3 , etc., be at 
heights X!, x 2 , x 3 , etc., respectively abo' e some fixed 
horizontal plane. If the parts are not indefinitely small, 
the distances x u x 2 , x 3 , etc , refer to the heights of tbeir 
centres of gravity. Then the distance * of the e g. from 
the plane is Z(wx)/Z(w), see (1) Art. 8 After the body has 
been lifted, let a?,', x 2 ', * 3 ', etc., be the respcctne heights 
above the fixed plane of the parts weighing u? lt ] c 2 ’ u f’ 
etc. Then the distance x' of the c.g. above the plane is 

^The^work done in moving the part weighing tcj is equal 
to the weight te, multiplied by the distance *i # -*i 
through which it is lifted ; i.e. the work is tc 1 (x 1 -x x ) 

XlXi J ^ g 

Similarly, the work done in lifting the part weighing u 2 
is w 2 (x 2 ' — x 2 ). Hence the total work done is 

«>!(*,' -Xj) +tf 2 (X 2 ' ~X 2 ) +«-3^s' —*s) + > CtC * 

which is equal to 

(w 1 x 1 / +t* 2 x 2 / +i* 3 x 3 '+> etc.) — (i* jX 1 + t* 2 x 2 + tc 3 tc 3 +, etc.) 

or Z(tux') — Z(tcx) 

But Z(wx') =x Z(w) and Z(wx)=xZ{w), 

therefore the work done =x Z{ic) xZ(iv) 

= (x , -x)Z(w) 

The first factor, is the distance through which the 

c.g. of the several weights has been raised, and the second 
factor, ■£(«;), is the total weight of all the parts. llpll « 
the total work done in lifting a body is equal to ‘ho weight 
of the body multiplied by the vertical distance through 

which its c.g. has been raised. 
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Example 1. A rectangular tank, 3 feet long, 2 feet wide, 
and 1-5 feet deep, is filled from a cylindrical tank of 24 
square feet horizontal cross-sectional area. The level of 
water, before filling begins, stands 20 feet below the bottom 
of the rectangular tank. How much work is required to 
fill the tank, the weight of 1 cubic foot of water being 
62-4 lb. 1 

The water to be lifted is 3 x2 x 1*5 or 9 cubic feet, hence 
the level in the lower tank will be lowered by - 2 \ or | of a 
foot, i.e. by a length BC on Fig. 32. The 9 cubic feet of 



water lifted occupies first the position ABCD, and then 
tills the tank EFGH. In the former position its c.g. is 
H.( or - 10 - loot below the level All, and in the latter position 
its c.g. is AilII or f foot above the level Ell. Hence the 

c.g. is lifted (-^>+20- r 3) feet, i.e. 20j-£ feet, or 20*9375 
feet. 

The weight of the 9 cubic feet of water lifted is 9 x62-4 
— 561-0 lb. 

Hence the work done is 561-6 x20-9375 =11,760 foot-lb. 
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Example 2. Find the work in foot-pounds necessary 
to upset a solid right circular cylinder 3 feet diameter and 
7 feet high, weighing half a ton, which is resting on one 

end on a horizontal plane. T a nn 

Suppose the cylinder (Fig. 33) to turn about a pornt A on 

the circumference of the base. Then , •**. 

cylinder, which was formerly 3-5 feet above the et el of the 

horizontal plane, is raised to a position G , i.e. to a height 



a’ 


A'G' above the horizontal plane before the cylinder is 

overthrown. n , 

The c.g. ifl lifted a distance A G 

A'G' = V(A 1 ^TkG^) = ' / (T5M^) =3-808 foot. 

Tbe c.g. U lifted 3-808-3-5 =0-308 foot, 
and tbe work done is 1120 x0-308=345 foot-lb. 

examples II 

1. A trap door, 3 feet B^ a inges° by a cord 
(and above) the hon/.onL ^ J posito the hinges. The 

attached to the nnddlc o ^ loiig. is attached to a hook 

other end of the coni, wh* , ^j lC hinged side of the door, 

vertically above the uj‘ddJeJ tl „. direction and magnitude 

Find the tension in the cm • hinges, the weight of 

taken - acting at tbe cent,,. 

2 th A d ^dcr, 20 ,«t KtSSfS 

point ^ SU ttwefend. TbI cooilicient o. 
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friction between the ladder and ground is 0-25. If the ladder is 
just about to slip downwards, lind the coefficient of friction 
between it and the wall. 


3. A ladder, the weight of which may be taken as acting at its 
centre, rests against a vertical wall with its lower end on the 
ground. The coefficient of friction between the ladder and the 
ground is and that between the ladder and the wall is J. What 
is the greatest angle to the vertical at which the ladder will rest ? 

4. A rod, 3 feet long, is hinged by a horizontal pin at one end, 
and supported on a horizontal roller at the other. A force of 20 lb 
inclined 45° to the rod, acts upon it at a point 21 inches from the 
hinged end. Find the amount of the reactions on the rod at the 
hinge and at the free end. 


5. A triangular roof-frame ABC has a horizontal span AC 
of 40 feet, and the angle at the apex B is 120°, AB and BC being 
of equal length. The roof is hinged at A, and simply supported 
!inno° if” at i T1 . ie ,oads lt be ars are as follows : (1) A force of 
Snrir n nn n ay ^ ng and perpendicular to AB ; (2) a vertical 
load of 1500 lb. at B; and (3) a vertical load of 1400 lb. midway 

the oV / and 6 reaction*, or supporting forces on 


«f°Ai? ra ^ a 2 - in «= h square AI3CD, and find the middle point E 

CiAaR l?r C I.-n 17, H l ?ir?’ 7 ’ and 20 lb ‘ acfc in the dictions 
riirAoti LD> . and H D .respectively. Find the magnitude, 

Wh^ ,1 ’ P a 8 * , 1 t, °?. of . tbe force required to balance these, 

the d?rcc?£n AD ? A °' “ nd what “"8 lc “■ make with 


a tT’- A , triangular roof-frame ABC has a span AC of 30 feet 
t A Vl 16 feet, and BC is 24 feet. A force of 2 tons acts normally 

AB aihauf P £‘ h nt ’ and anotber f«rce of 1 ton, perpendicular 

downward at If^hTs^^ 

porting lorcTLtc e ^ ^nilude and direction of the sup-' 

anf]' HP i 0 i nted . r0 °/\ frai V e * ^CDE, is shown in Fig. 34. AB 
and Be are mclmed to the horizontal at 30°; E13 aud DB are in- 


B 



Fio. 34. 


clined at 45° to the horizontal. 
1U feet vertically above ED. 


The span AC is 40 feet, and B is 
\ ertical downward loads of 2 tons 
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• i . T? nr ,A D Find bv the method of 

each are carried at B, at E, ana a • n d ED 

sections the forces in the member* AU EB and E ^ ^ 

^* *»•“ d 15 



D, F and T. respectively. Find by the method of sections the 

forces on the bars EF, ECf, and . b i directions 

10. Find the magnitude of the forces in >e ^ £ No . 0> where 
FE, DA and AF to balance the forces fei'cn 
F is the middle point of the line tU 

. s~\ 


- the m,dd ' e PO,n , VT 3 0 for the following numerical 

11. Solve Example 2 of Art. SO ; ,0 distan ce apart of centres 

data. Diameter of wheels - fe , . ( . inc hes above 

3 feet; height of “^"'^‘‘“i^vay bliein wheel centres, 
vvheof centres ; load 5UUU to. mm j . 

12. Solve Example 2 of Art. 27 by dra^s a " f 


135° respectively with tlic (1 . ,ul f . licu | ar polygon to lind the 
clockwise direction. Diaw >»- it magnitude and its 

pressure exerted on the hinge, stale 

inclination to Ab. , . , . _n i.fine 

15. Find the c.g. of a T -ghder“tMnche.s^Uie^nela? being l inch 

an W 2 1 inch thick in the 1—Ud ~ 

lfl. A solid is made up of a r. one end of which 

and a cylinder of aluminium 0 ^ ^ of t j ie hemisphere. 1 ho 

coincides with the plane cii • - a | u , n inium, what must 

density of iron being three l ^d Lt rest on a horizontal 

be the length of the cylinder » surface in contact t 

plane with any point of the hemispuenca 

3 
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17. A chain, weighing 12 lb. per foot and 70 feet long, hangs 
over a (frictionless) pulley, with one end 20 feet above the other. 
How much work is necessary to bring the lower end to within 
2 feet of the level of the higher one ? 

18. A hollow cylindrical boiler shell, 7 feet internal diameter 
and 25 feet long, is lixed with its axis horizontal. It has to be 
half lilled with water from a reservoir, the level of which remains 
constantly 4 feet below the axis of the boiler. Find how much 
work is required to lift the water, its weight being 62-4 lb. per 
cubic foot. 

19. A cubical block of stone of 3-feet edge rests with one face 
on the ground : the material weighs 150 lb. per cubic foot. How 
much work is required to tilt the block into a position of unstable 
equilibrium resting on one edge ? 


CHAPTER HI 

FRICTION AND MACHINES 

39 Friction. The tangential or lateral force which resists 

the sliding motion of one body over another is called 
tne Biiainfc act3 aga i ust any tangential force 

heat r« 

Lt"ctuaUy coinplex, -U^sunple laws^elaUng to 
shSng n speed solid^ Accord- 

Sfative^h^gpotion aod ofUie 

s? Sg r r C e° 

sUding friction between ‘•““J tbo mat erials and is 

Sr 6 the e ”icient m of friction and denoted by the 
symbol ft. Thus the friction F is given by 

F=/aQ. (1) 

where Q is the normal pressure between i^twobo^ej 

when one is sliding o\ er h a BniaUcr f orc e equal and 

to cause sliding is rChl ‘” c y This smaller frictional force 
opposite to that lateral force. ^‘\ s ' , “ a t i ‘ C [ nainta ^ eq uili. 

F=P = mQ. 

Actually, th ®ewhat°higher than lho™uantdy 
*Q where * is the Hiding 'motion hlf begun 

greater tban the fnction m mo iou.^ ^ forcea actin g on 
a body 6 ^llcd literally ‘by . force P msuflicient to cause 
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sliding motion. W is the weight of the body, Q the vertical 
reaction of the track, F the friction (actually in the plane 
of contact) and P an external force exerted on the body 



Fig. .10. 


tending to make it slide on the track. Equating the 
horizontal and the vertical components, it is evident that 
Q=W and F=P, but unless P is in lino with F, Q will 
not bo in hue with \V. Fig. 37 shows F and Q combined 



Fio. 37.—Angle of friction. 


in a single resultant R, which with W and P (with both of 
which R must be concurrent) produce equilibrium. If 0 is 
the inclination of R to the normal between the sliding sur¬ 
faces, evidently F=R siu 0=Q tan 0. As F increases to 
resist an increasing external force P, 0 increases ; and when 
the limit of adjustment in F is reached, the limit in the 
magnitude of 0 is called the amjle of friction , <£, i.e. the 
greatest angle which the mutual forces between slider and 


1 
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track can make with the common normal to the surface 
In contact. At this limit, 

tan <£ = /x=F/Q.^ ' 

where F is now the limit of the less than 

Body Resting free y on ^ £ ' te(1 by friction F as shown 

the angle^ a body can ^^PP. forco ^ bet ween the body 

a*t (fl) of I * . i; nA vertically and is ccjual 

and the surface of the mchn acts ^cally^ t eQ > tia , 

to W the weight of the body. and F/Q = t an a. 

components are Q and P tbaa 0 (and tan 

which is less than /x s 38 K ig st iU just 





. W and in the same straight line, but 

equal and opposite t <o V is 8tiU further increased 

F/Q=tan <£ = /*• K tho s I ^ ^ or Q tan ^ or m q, repre- 

beyond the value <f>, t.1 38 ig i nsu fii c ient to 

Bented by the «and motion down 

?hr B C e tatcrX"the inffuence of the excess 
force xm. x , m-ontest ancle which the force 

jg&sisn& '^“rS-r —». — 

1 With an acceleration 


Wain. _ x F _„(SU. .- ^Q/W)-afin • - C «» .1 
v x w y W 

0 . 


W * ' W 
which is zero if a = and g sin a it * 
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to the track, and is also the greatest slope on which the body 
can rest freely on a track. It varies with the materials of 
the body and of the track and the condition of the surfaces. 

40. Motion on Rough Incline. If P is a force at an angle 8 
to the inclined plane (t.e. at a-\-8 to the horizontal) just 
sufficient to pull without acceleration a body of weight W 
up a track inclined a to the horizontal; and if 0 is the angle 
of friction and /x (= tan <f>) is the coefficient of friction 
between the body and the track, the values of P and the 
force R exerted by the track on the body, are easily 
found from the trigonometry of the vector diagram of 
P, R, and W shown to the right of Fig. 39. For P is 



Fio. 39.—Steady motion up rough incline. 


Inclined 0+a to the horizontal and $n—(6+a) to the 
vertical, or angle sly =\tt— (0+a), yw is parallel to the 
normal to the sliding surface and therefore inclined a 
to the vertical, while R is inclined <f> to the normal on the 
opposite side to P since its tangential component opposes 
motion up the slope. Hence R is inclined <£+a to the 
vertical, or xyz=<f>+ a . Hence xzy is *tt + 0 — ^ 


and 


P _ W _ R 
Sin (a +0) cos (0 —<£) COS (0+a) 

P=W sin (a+0)/cos (0—<£) . 


(1) 

( 2 ) 


and if 0=0, 


P=W sin (a+<£)/cos <f> . 


(3) 
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This is the pull 

body U P the mclme, and ^ ^ gr i ^ 

from x in Fig. 3 J a ‘I and , are fixe(1 an d only 6 
xp, to meet yp “ Pj bm u P evidently from (2) vail he 
when'tlwTdenominato^ 6 cos (•-*> is greatest, - umty, or, 

c03(fl _^)= l,so that 6-0=0, or 6=^ • W 

and then the pull will be 

minimum P=W sin (a + «)=W (sin a+^) . (5) 

XT * *v,ot /o\ (3) (4), and (5) hold good when a=0, t.e. 
Note that (^)y w)» * . *. 0 1 

for a body sliding on (or the directions 

This is graphically evident from t ^ fixed and tbe 

:Lrte 3 T d hne S ^"fflete a vector triangle is per- 



M. • -- 

pendicuiar to B (as shown at *4 U P «s horizontal, 
Q = —a, and 

P-Wsln(«+^)/cos(-+«-'Wtan(a+*) ( 6 ) 

This is shown by te, a horizonta. line through * cutting yk 

In h. . oilow the body to move 

^^hTS^ut'acceieration are easiiy found. The 
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friction now acts against motion and therefore up the incline. 
The vector diagram is shown at Fig. 40. Here 


P VV _ JR_ 

sin (a— 4>)~~ cos (0 -t-0) COS (0-fa) 



The values of P for forces parallel to the 6lopo, and hori¬ 
zontal, and the minimum value for any direction follow as 
before and are 6hown by the vector diagram of Fig. 40, 
with letters corresponding to those in Fig. 39. 


Efficiency of Lift by Inclined Plane. The efficiency of a 
lifting device can bo taken as the ratio of the useful work 
done in any lift to that expended by the effort, or is the 
ratio of the ideal effort which would be needed if there 
were no friction to the actual effort. Adopting the latter 
form, the efficiency for the rough inclined plane for any 
direction of the effort P is expressed by the ratio of the 
value of (2) when <f> =0 to the value of (2), as given in 
terms of a, 0, and <£. It will suffice to note the value for 
a horizontal effort P for which 0=—a; and from (6), 

Efficiency =tan a/tan (a -f<£) ... (8) 

Slope for J Iaximum efficiency. 

The efficiency (S) may also bo written 


„ . Sin a C08 (a -f 0) 

efficiency =- X -—)—or 

COS a sin(a-f<£) 


sin (2a —sin <f> 
sin (2a -b<£) -f-sin ' 



which is greatest when sin (2a -f <f>) is greatest, i.e. when 


2a -\~4> =90° or a =45° —1<^>, 


which gives the slope of plane for greatest efficiency with 
a given angle of friction (tan -1 p) or value of p t and the 
efficiency (9) then becomes 


maximum efficiency = 


1 —sin <f> 
1 -}-sin <f> 


( 10 ) 


41. Friction and Efficiency of Screw. A square-threaded 
screw is approximately the same in principle as an inclined 
plane when used with a nut to apply axial force by means 
of a relatively small effort applied perpendicular to the 


73 


friction and machines 
axis and some distance from it, as in a screwjack nsed for 
liftin^. ^ angle of the thready a, is such 

liissss s 



sf rrfnis "rr 12s s*.? r 

b0 ^ t ^iin<r the screw as vertical and the horizontal effort 

r " 2*“KS.-T5 

4 a o7and us^ the same notation, equation (G), Art. 40, 
for the screw becomes ^ 

tan a 4 -tan <f> 

P/W =tan (a -\~4>) — i —t u u a tan <f> 


77</ +/A - P+pwd 

(*]> 77 (1 — fi]) 

1 77 d 


(1) 


u __ _ton At is the coefficient of friction; and for a 

Wctionfe^ sort, this would be p/-d. The emciency, as 
in (8) ot Art. 40, .8 ^ ^ (<j +#) .(2) 

which can easily bo put in terms of p, d, and /*. 

3* 
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For r unn ing downwards, as in (7) of Art. 40, 

P/W=sin (a—0)/cos (0+<f>) .... (3) 

which becomes zero for a=<f>, and negative if a is less than 
<f>, i.e. an effort would be required to lower the load. For 
values of a greater than <f> , the screw requires a supporting 
effort to prevent it running down under the load. This 
condition begins when Note that at that critical 

value the efficiency of lifting is, from (2) 

Efficiency =tan a/tan 2<£ = £(1—tan 2 <£)=0*5(l—/z 2 ) (4) 

an efficiency slightly less than 0-5, e.g. if jz = 0*1, the 
efficiency above which running down or reversal takes place 
is £(1—0-01) =0-495. 

It may also be noticed that while the use of a smaller 
pitch reduces a and the value of P as shown by (1) toward 
the limit W tan <f> or /xW when a=0, it also decreases the 
efficiency (2) towards the limit zero. Thus it is more useful 
by improved lubrication to reduce <f> than to employ a very 
small pitch, for then much of the energy employed is wasted 
in friction. 


42. Friction in Cylindrical Bearings. Friction Circle. When 
a cylindrical pin or shaft turns in a cylindrical hole (with 

the necessary small clearance), the 
mutual forces between the shaft and 
bearing will not be quite normal to 
the surface of the shaft, but inclined 
to the normal at the angle of friction. 
This is illustrated in Fig. 42, where 
the direction of rotation of the shaft 
is counter-clockwise. It will be 
observed that contact occurs at the 
point A, to which it rises from the 
lowest point in the bearing when 
motion takes place. R represents 
Fio. 42.—Friction circle, the reaction of the bearing on the 

shaft (R and the equal downward 
pressure of the shaft on the bearing are of course actually 
spread out in a line perpendicular to the figure or on W’hat 
would approximate to a line in unyielding materials). It 
is vertical and equal in magnitude to W, the total load on 
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the shaft, and tadta-d -t* angle *£££?*«* “ction, 

SSSwtwsMas^SSsS 

tangential to the friction l c Ifc follows that in a 

according to t^© durection t thrust in the link is 

not in the line of the centres of the P 1 " e ? e a relour) to 

appropriate c. 011 )™ 0 * 1 ^o*two pins at the ends. If the pin 
the friction circles of the two p na the lengt h of the 

is of small diameter m comp so the deviation 

link or if the small and often negli- 

from axiahty of the thi « sn J a u in a running shall, 

S? b1 ?* of ll may be considered as equal. 

8m !t a r "g. 42 the (clock''iso) frictional couple exerted 

the shaft is Exr6in ^or Wxrsiu* . • • ■ (D 

11 *. •„ frioHnn i e energy converted into heat 

per ^ ” 

2wWr sin ..'*** 

which may bo taken as equal to 

2 t rftW r . • • • 


on 


. . . (3) 


, lubrication of a bearing is that in 

The ideal condition of " “eparates entirely the metal 

which a continuous him of oil a Separa Thi8 , g y ^ y difflcult 

surfaces of the shaft a opposite extreme condition 

to attain and maintain The «I>pos an d this 

is contact of metal^w.th B^Xtaablo since traces of 
undesirable state too s Remove entirely. In most 

oil or grease are difficult to ^ ^ ghaft and bear ing 

bearings, there is a pa . a I ri8on with the dimensions of 
by a film of oil. 1“ co I roU gh ; and on the high 

oil molecules, the metal s between the metal and the 

spots, there is some k.nd of as boundary 

molecules of the lubncan ,, * correspond rather to 

Itsfof wcuon hetw^n Two" sohds than to that between 
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a solid and a liquid film, but the liability to seizure is greatly 
reduced compared with that for chemically clean surfaces 
of metals. 

43. Resistance to Rolling. It is well known that the 
resistance offered to rolling a cylinder, a ball, or a wheel 
is often much less than the resistance to sliding them along 
a similar track. The resistance to rolling a very hard 
wheel or ball on a very hard track is very small; but on 
softer or more yielding tracks, it is greater. 

The resistance to rolling between two bodies is not per¬ 
fectly understood, but it results from the indenting of the 
bodies by one another ; there is a certain amount of sliding 
motion when the two bodies are in contact, duo to the 
different degrees of strain in different parts of the indented 
areas of roller and track (or one body and the other). 
If both bodies are hard, the areas in contact are very 
small, but if one or both yield considerably there will be 
greater areas of contact and more relative sliding motion 
and greater resistance to rolling. 

Ball and Roller Bearings. Advantage is taken of the 
small resistance to rolling in ball bearings, and also in 



Fig. 13.—Journal ball bearing. 


roller bearings ; a very common example of the use of ball 
bearings occurs in bicycles, the free rimning of which is 
well known. I ig. 43 shows a ball journal bearing for 
carrying a rotating shaft which has no end thrust, while 
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Fi» 44 shows a single thrust ball bearing for carrymga 
shift which has an end-thrust always in the same (down- 
ward) direction. In both cases the hard steel balls are 
SEtod taY gunmetal cage in which they are loosely 


I 



I 

Fio. 44.—Single thrust ball bearing. 


confined, kept at suitable distance apart and evenly 

^"‘fallows a roller bearing used on the track wheels 
of mlnfheavy waggons and agneul^ra Jhe 

hard steel rollers are earned^/^"cTsleeve fitted on the 
cages, and run betvc- _ ^ h in8i<ie the outer casing, as 

shaft and a hard steel bush hiun in* reduce 

shown. In both The varying stress 

wear by corrosion * Inch is , . jw 43 , 44 , and 

to which the working part < iimnlo types of bearing 

45 are only hK a hearing* 

forng’rt^al^ substituted for sliding motion. 
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Traction. The resistances experienced when propelling 
a wheeled vehicle on tracks of various kinds are usually 
stated in pounds per ton. For example, for a truck on steel 
rails an approximate value of the tractive resistance is 
12 lb. per ton; but the value varies greatly with the speed; 
for low speeds mechanical friction is the most important, 
while at high speeds the air friction is greater than the 




FiO. 43.—Roller bearing. 


mechanical friction; for a cart on a good macadam road, 
the tractive resistance is approximately 30 lb. per ton. 


44. Friction and Efficiency of Machines. In many machines, 
a driving force, which may bo called the effort, is exerted, 
an external source of energy being drawn upon to do useful 
work in overcoming some resistance or load through some 
distance not necessarily or generally the same as that 
through which the effort is exerted. For example, in 
lifting machines, whether levers, pulley-blocks, screws, 
spur-geared crabs or other devices, a relatively small 
effort P may be used to lift a large load W if P moves 
through a much larger distance than W. The ratio of this 
distance moved bj’ the effort P to that moved by the load 
W is the movement ratio or, as it is commonly called, the 
velocity ratio V. In many machines, it is constant over 
finite distances but in others it is variable ; and for a given 
position of the mechanism, the ratio is the limiting value 
approached when the movements of P and W are indefinitely 
reduced, or the ratio of the instantaneous velocities oi 
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_ , w follows from the principle of conservation 

P and • energy is lost (viz. by frictional resist- 

of energy that if no e gy 8 e rgy into beat), the work 

SS SSSTffi. work don. b, P, 

or for unit movement of W 

PV=W, orP=W/V ...*(!) 

rJrr,r «r, 

exceed mechanical advantage In 

The ratio, /I, is caie “ ‘ _. nll i d bo iust equal to V, 
an ideal frictionless machine, it ^ouia do just 4 

but in actual macliines it is ess. lQad to tfaat put in 

tJ T s. •swvwff *“ <rs*:r«, taf- 

W /21 

efficiency =py. . ’ 

Experimental ati ® v’bct'wecn the movement of 

ffeh SiS 

ment or calculated from ■ d fo J. m of a papli iB a straight 
the relation of I kiiviII laboratory machine of which 

line. Pop example, m a small toi > > d corre81)0 nding 

the velocity ratio table 


Load W (lb.) 


Actual effort P (lb.) 


44 


Ideal •• effort 
W/l6 (lb.) 


Efficiency (per 
cent.) 


o 

5 

10 

15 

20 

26 

30 

35 

40 

50 

1 *6 

2 4 

3 0 

4 2 

50 

69 

7 0 

76 

00 

10-6 

o 

0-312 

0 026 

0-937 

1 260 

1*562 

1 876 

2187 

2 50 

3 125 

0 

13 0 

20-8 

22 4 

260 

26 5 

20 8 

28 7 

27 8 

29 8 


The relation of the actual ^ortPtoJh^.oa^Wis shown 

In Fig. 46, which alBO shows t w/lC. By taking the 

load in a frictionless of W 

difference of two values of P lor cont^i 
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it will be apparent that P increases at a rate of 0-18 lb. 
per lb. increase of W and that it starts from 1*5 lb., namely 
that of P shown by the graph for W =0 (not necessarily an 
actual point determined experimentally with no load, and 
which may be liable to error). Hence the value of P in 



0 10 20 30 40 50 60 

_Loa/f W (lb.) 


Fig. 40.—Graph of effort for simple machine. 

when W is the load in lb. More generally, the effort is 

P=P 0 +a\Y.(4) 

where r 0 is the value of \Y from the graph for W =0, and a 
is the increase of P per unit increase of \V. 

The graph of the mechanical efficiency (W/PV) is shown 
In Fig. 47. From equation (3), it is evident that since V=16 

Efficiency=TY/PY =W/(l-5 +0-18W)16 


. (5) 
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II W is very large, this approaches the value 

W/(16 X 0-18W) =1/(16 xO-lS) =1/2-88 

M ' =0-347 or 34-7 per cent. 

Taking the more general value (4) for P, 

Efficiency=W/PV =W/(P 0 +aW)V 

and when W is very large, this approaches the value 1/Yn. 
The graph is a rectangular hyperbola and appioaches a 



r io. i - ' 

horizontal lino at a 

tagrat'tn' indefinitely fe-eat di S tanco. ^ Tl^curte 

would also approach in the. same ^ y ^ tb( . deIlomi uator 

for it has a negative infinite ._. the value of 

is zero, i.e. when a\V + P 0 =^ <> r " ' 1 o/ "’ 
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W for P=0 corresponding to the intersection of the graph 
of P with the horizontal axis. This negative value of W 
would imply a reversal in the direction of the force W but 
not of the direction of motion. And the product of the 
distances of any point on the graph from the two asymptotes 
is constant. For the distances are W +P 0 /a horizontally 
and 1/Va —W/(P 0 +a\V) V or P 0 -HVa2(W +P 0 /a)} vertically, 
and their product is P 0 /(Va 2 ) which is a constant. The 
equation of a rectangular hyperbola with respect to its 
asymptotes as axes is that the product of the co-ordinates 
of any point is a constant. (This is well known in con¬ 
nection with what is called hyperbolic expansion of a gas, 
e.g. expansion according to Boyle’s law.) The precise 
form of this efficiency curve, if the graph of P is a straight 
line, is of mathematical rather than practical interest. 


45. Condition of Reversal of Machine. If a machine is 
capable of reversal, i.e. running back in the opposite direc¬ 
tion under the driving force of the load, the efficiency in 
the normal or forward running direction must be up to a 
sufficient value. F or one foot lift of W, the energy expended 
is PV and the useful work done in lifting will be Wxl. 
Uenco the energy lost is PV-W. If W is just sufficient 
to drive the machine with the force (P) against it 
reduced to zero, \V must bo just sufficient to overcome 
the frictional resistance and provide the energy equal to 
that lost in frictional resistance (and converted into heat 
energy). Suppose, in reversal, this remains the same, 
Z lz ‘ V T w > as in forward running, though it will actually 
be a little less with the force W at one end and zero force 
instead of I* at the other. Neglecting this small change, 

\V must exceed PV—W, 

2W „ PV, 

so that W/PV „ A or 50 per cent. 


t.e tno efficiency in forward running must exceed 50 per 
cent, if the machine is able to run backwards or reversed 
under the influence of W when P is zero. Actually the 
condition will be that the efficiency W/PV must exceed 

fact°thot“n a f ttl r 1<?S ? tha ? 50 P«r cent., allowing for the 
fact that the frictional work per ft. movement of W will 
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be a little less than PV ^w“wi,e« “the* ri"ton 

in the case of the inclined P for rl inning up or down, 

rwas 6 foW, r (4) ir“7l,Jhat the condition was that the 

em £l e applyi^g 1 the conditionjor effort 

that in the equation (4) of Art. , may include the 

required lor steady “ ot a ° ain3t ^gravitation some form of 
effort required to lift a 0 am fe ful loa d. In reversed 
cage or holder which supp tainer assis t8 motion instead 

running, the weight of su« d li£tcd> The foregoing 

of being an addition l to t ^ ^ which gravitational 
S™?, a p P a P rtf of the machine or its accessories are 
e limin ated. 

46. The Principle of Work ^pd Weal of constant 

frictionless machine, runnmg m q equal to the work 

speed, the work done by the constant speed, 

done on the load. If motion takes« o{ any 

so that there is no change m and a load W 

moving mass, we may write for an euorc 

P x movement of P =W Xmovement of W . ( 

WIP =movement of P/movement of (2) 


or 


=velocity ratio (V) 


. Tirnvinritplv verified expcri- 

This principle may* 6 gSecialiv constructed with hall 

mentally by a machine si friction to a very smaU 

bearings or other means ® f or a simple lover. 

amount, e.g. a knife-edged ^ Btating that for 

The principle might also I tbere i 8 no accumulation 

balanced effort P and resistance tbo inpu t and out- 

of energy in the machme, t.e. reck ^ ^ net work done is 
put of energy as of opp • transmitted, 

zero, and mechanical energy tbo larger principle 

The principle is a Bpeeia ^ which includes 

of the conservation of energy ^ gome energy existing 
the case of accelerated mo . ke3 bl to account energy 
in the kinetic form and a or other forms of energy, 

which may bo converted ml 
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Taking the wheel and axle, Fig. 48, as an example, and 
applying the principle of moments (Art. 23) to moments 
exerted about the axis of the axle, evidently, 

P x £D =W x id ..... (3) 

or PD=Wd.(4) 



Px*Dx0 = \YxA(7x0 .... (5) 

which is another statement of equation (1) since AD0 and 
hdO are the movements of P and W respectively. (If 
0=‘27t we have the work done by P and on W per revolution 
of the axis.) Dividing (5) by kO gives (4). 

Another very simple example of the principle is found in 
the smooth inclined plane with effort P parallel to the plane. 
Fig. lit shows the vector solution in which 

p/ic =P/\V =sin a . . . . (6) 

while by the principle of work 

P x i=W xh or P/W =h/l =sin a 


• (7) 




FRICTION AND MACHINES 

Thus the principle of work and the principle of moments 
(or a vector diagram) lead to the same 

may be directly derived from the othei. . problem8 

Lrev a ef; a adva g ota m g es S \o g some 1 cases . hen the velocity 
stated or'the' “ 



w 


part or link may easily 

principle of moments or o 1 many machines, 

wheel and axle chosen as an cxa p n, » , o’-on.c,.t ratio between 
has a constant velocity ratio o Some machines 

P and W, but this is not ahva\» tf e ^ lbe principle of 
have a variable ratio, and m indefinitely small move- 
work, if used, must be applied to ^ - re<|U ired,this 
ments. As only the ratio o tbo velocity ratio is 

presents no difficulty. 1,rct l ,. 1 J llieI ,t of time, but the 

employed. This introduces t tho KilI ne as the ratio 

ratio of the velocities of t\%o P« lIlt B mall interval of 

of their movements over an 11 . • terms of velocity 

time. But if we state the equation (1) m 

or speed, it becomes v (8) 

P x speed of r =W X speed of W • 
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or in other words 


power exerted by P=power exerted on W . (9) 

Thus the rate of accumulation or reception of energy by 
the machine is zero, mechanical energy being merely 
transmitted. It is sometimes stated that the forces exert 
zero power in the sense that the net input or output of 
power of all the forces is zero. The introduction of the 
element of time and statement in terms of poicer instead 
of work is generally unnecessary. The principle of work 
may bo stated in terms of work over finite displacements, 
or, when the movement or velocity ratio is variable, over 
indefinitely small displacements. 

Since the principle of work and the more usual statical 
methods of vector force diagrams or moments lead to the 
same results, the principle of work may bo applied to find 
the velocity ratio between two points of a mechanism at 
which forces are exerted. For if the ratio of, say, P/W 
is found by, say, a vector force diagram, then the use of 
equation (2) will give \ , since P/W =V ; this use of a vector 
force diagram is illustrated in Example 2 following. 

Example 1 . Itobcrral Balance. The mechanism shown 
at (a) of Fig. 50 consists of bars AB and CD of equal 
length, pivoted on pins E and F, which are supported in 
the fixed frame of the balance and connected by two equal 
vertical links BC and AD, which have horizontal pieces 
KM and NS carrying weights W a and W 2 respectively. 
Find the relation between the weights Wj and W 2 , the dis- 
tances a and b and tho angle 0 for equilibrium. 


It is apparent that the vertical links BC and AD remain 

vertmal for any inclination d and that every point on the 

, moves through the same vertical distance 

U’ inp ri^ 1S r m , c , reasea from zcro to any other value. 
And if AE=EB=Z, all points in tho Link ADNS move the 

same vertical distance as those in BCKM. Hence the 

velocity ratio of the weight W 2 to is unity, and W,=W, 

o'? nr u' ° ValU ? ,° f a » ?’ or lf w i i* moved“along 
KM or W 2 is moved along SN, the equilibrium is unaffected 

IT t hn < i n »>n ci /a ♦ « 1. » 1- _ 1 

=DF 
far as 


“ u. 2 inoveu along «N, the equilibrium is unaffect 
It the arms of the balance are unequal, say, AE = 
nl w hilo LB-l'L- 1, then W 2 moves n times as far 
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Wj. If Wj has a vertical movement l sin 9, then W 2 
has a vertical movement nl sin 9, and by the principle of 
work 

W z nl sin 0=V?\l sin 9 

or Wj/W 2 =n or W, =nW 2 

which is again independent of the lengths a and b and the 
angle 9. 

The principle of work thus affords a very 6tmple solution 
of this problem. The solution by the usual conditions of 
equilibrium (Art. 26) is not quite so simple. 13ut it pro¬ 
vides an instructive example of what can be found by 
applying the conditions in turn to the several component 



rigid pieces into which a mechanism can be divided^ The 
four parts of the mechanism are shown separately in r >g- *>0> 
with the forces on them resolved into horizontal and 

vertical components. , ...... . 

Consider the link BCKM as shown detached at (6) of 
Fig. 60 with the components of the forces exerted upon it 
by the pins at B and C. If the vertical upward component 
at B is Vj, that at C must be \V, —V,, to balance W x acting 
downward; and H/ at C must be equal to II, at B (but in 
opposite direction) since these are the only horizontal 
forces on the link. Thus 

H 1 '=n 1 and similarly II 2 '=Il 2 . • (10) 
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The forces exerted on AB and DC at the pins are the 
equal and opposite thrusts (reactions) to those exerted on 
the vertical links at the pins. (The pins may be regarded as 
part of either the vertical links or the horizontal bars, and 
free to turn in holes in the other member.) Hence the 
forces exerted on AB at the pins A and B are as shown at 
(d), Fig. 50. The (reactive) forces exerted by the fixed 
pins E and F are shown at ( d) and ( e ); but it is not neces¬ 
sary to know their magnitudes, as they have no moment 
about the pins, about which equations of moments can 
conveniently bo formed. Thus considering the equilibrium 
of the bars AB and DC in turn, from (clockwise) moments 
about E of forces exerted on AB, 

(n,+no)Z sin fl+OTj—V 2 )l cos 0=0 
or ^ i ^2 = —(H 1 +H 2 ) tan 0 . ( 11 ) 

and from clockwise moments about F of forces on DC, 
(H x -fH 2 )J sin e+{W l —Vj—(W 2 —V s ))/ cos 0=0 
or -V 1 +V 2 +\V 1 -W 2 =(II 1 4-H 2 ) tan 0 . (12) 

Adding (11) and (12) 

Wj—W«=0 or W I= W 2 

whatever the values of a, b, and 0 which is the result 
previously reached by the principle of work. And again, 

if AE =DF=wi instead of l, the equations (11) and (12) are 
slightly modified and 


W 2 «{=Wy, or Wj/Wo =n 

as before. 

In many cases a solution of a problem from the usual 
conditions of equilibrium (Art. 26) gives more complete 
information about the forces acting in the mechanism, but 
in this example the vertical components V x and Vo are 
indeterminate although from moments about, say, K and N 
it is evident that H 1 =W 1 a/A and II 2 =W 2 b/h. If the 
point E is shglitly raised, the bar AB may carry the whole 
vertical load V 1 =\V 1 and V 2 =\V 2 . Or if E is sLightly 
lowered, \ x and \ 2 may each become zero. 

Instead of the two equations (11) and (12) expressing 
the facts that the moments on the two arms separately 
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are zero we might have applied tl.o condition of zero 
moments for all the (external) forces exerted on t^vrhole 

mechanism .tout, either ot. exerted by the 

pivot F, the 0 vertical component of which has zero moment 
about E. Thus the (clockwise) moments about E arc 

W,(o+fcos «)-W,(6+lcos H a )i.=0 . (13) 

and substituting for n,» and H,i their values \V,« and 
w 2 b respectively, this gives 

(Wj—\V 2 )J cos 0=0 or \V 1 = NV 2 . . (14) 

irrespective of a b, and Sasbefor^ moment 

!n treating this Probl^by the condit ^ ^ ^ 

about one pivot, of all u, ?*f t reaction or supporting 

the fact that the other p votexer sa regret ‘ )lom by 

JSMSSST teaches^usThat reactions at supports should 

not bo overlooked. 

Example 2. Toggle ^^ te th f |^ r n S^P °i 

links shown in *ig- *>1, a “ , w Find the relation 

exerted against a much larger load w. r ^ p t<> w 

of W to P and hence Ond the velocity tin the two 

P acts horizontally at'the pm £ y at the eQd of the 

inclined links ZX and XY. J in guides of negligible 

link XY is in a block which slides; id > oQ bIock 

friction so that the reaction or for ido> \y is the 

by the guide is perpendicula sibling block by the 

vertical (upward) force exertci . w being exerted 

resistance, an equal (downward thrus^^ Ifit ^ x=XY 

on the load or resistance Y f orco diagrams abc and 
=1, say. Draw the simple vector force^au fc x and y 

cbd for the balanced forces ■ B tylce and vector 

respectively. The force. are sho ^ ^ ^ ^ 

diagrams by Bows notation U 

=XYZ = 0, evidently bca=20 and cbd = 0, 

P =ab =2bc sin 0 , or fcc = *r/sin 0 
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W =bd=bc cos 0 = £P cos Of sin 0 = £P cot 6 
or W/P=Jcot0. 

Thus as 9 becomes very small, W/P becomes very large, 
approaching an infinitely large value as 8 approaches zero, 
but only on the assumption of rigid or inelastic material 
(which does not exist). 



Fra. 51.—Toggle joint. 


From the principle of work, 

P X horizontal velocity of P=W x velocity of W, 
hence 

Velocity ratio = velocity of P/volocity of W=W/P = $ cot 8 

the largo ratio W/P corresponding to the large motion of 
I compared to that of W. It is convenient to speak of 
the velocity of P, but more accurately we should say the 
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horizontal component velocity of the point of application 

X of the (horizontal) force P. p/w 

We may note a type of solution of the force ratio P/W 

by the principle of work in which the vdocity rat o is 
found from small changes of position of the pms X ^and ^ 
which rive the movement ratio. Let the distance oi*. 
from the fixed line ZY be * and the dl s ta nceofYfrom the 
fixed point Z be y. Then for a smaU *««£»«iJOm 6 x 
increases by an amount 8.r say, which is S 0 x<tr/d 0 , ana 
SnZ x-l sL 0, dx\dQ=l cos 0. And for an increase 80 the 

increase”in^ is 80xJy/d0, and since y^^Zcos 0,Jy/^0 
= —2Zsin 0 (a decrease in y with mcrease in ), 
ratio of these two small changes is 

movement of P/movement of W=8x/8y 
=1 cos 0.80/2Z sin 0.80 
= $ cot 0. 

Or to state the equation of tvork for the small displace- 

P x80 xl cos 0=Wx80x2 1 sin 0 
W/P = £ cot 0. 

It should be noted that the 

the principle of work is that of .J olvcd in the direction 

of the point of application of the f on nation of work 

of the force , and the displacements m the equation ol ^ 

are those in the directions of the ■ in ^ j a not 

the actual direction of m ? vcm <;“J al corr ° onent of that 

horizontal but 8* is the horizontal compon^ay ^ ^ 

movement. (The displacements ^ noting the dis- 

found from the geometry of the g ^ j n 0 instead 

of by differentiating the expression velocity ratio 

We shall note another way of finding tue 

ofXtoYin Art. 54. 

_ _ This mechanism for put- 

Example 3. Rapaon 8 Slide. 4 lder of a ship is 

ting over the tiller and turning bloc k a works in a 

shown diagrammatically in Fig. o • * second block b 

fixed slide and carries a pm B about wfimn^ ^ turQa 

c an turn while it can also slide od 


ments 
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about a fixed axis A, thereby turning the rudder. When 
a force P is applied to the block a, what torque about A is 
exerted on the tiller, and for a given linear speed of the 
block a , what is the angular velocity of the tiller ? 

Let P be the force exerted on the block a in the direction 
CB and let Q be the resisting force exerted by the tiller 
on the block a t hrough the pin B and block b. This must 
be perpendicular to the tiller t if friction is negligible. 



Fig. 62.—Kapson’s slide. 

Evidently P and Q, not in line, cannot balance one another 
and a third (supporting) force must act on the block a. 
And if friction is negligible, this force R will be perpendicular 
to the slide, i.c. perpendicular to BC as shown. The three 
concurrent forces P, Q, and R exerted on the slide a are 
in equilibrium and they are shown in the triangular vector 
force diagram dcf, from which it is evident that Q=P sec 9. 
And if AC=/i, evidently AB=/i sec 9. lienee the torque 
on the tiller is 

Q XAB =P sec Oxh sec 0==P h sec 2 9 

a value which increases with 9 from the value PA when 
0 = 0 , and the torque increases as the helm is put over. 

And from the principle of work, 

Velocity of Q/velocity of P=P/Q=eos 9 
Velocity of Q (and B)=r cos 9 
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where v is the velocity of the block a. 

If oj is the angular velocity of the tiller about A, 

u,=veloeity of B/AB=» cos 8/h sec 0=» (cos* e)/h. 

In solving this problem by the usual principles of 
equilibrium, there is a liability to ignore the existence of 
the reaction R of the slide on the block, while in solving 
by the principle of work the reaction It does not appear 
Thus if BC=x=Atanfl, d.r/d0=ft sec* 0, and for small 
displacements Sx and 80, if T is the torque on the tiller, 
by the principle of work 

P.8x=T.80 

P(<?.t/cZ 0)80=TS0, and substituting for dxJdO 
P . h sec 2 0.80 =T . 80 or T =P h sec 2 0 as before. 

Also v=dxldl, and ,„ = d 0 /df = (*r/dl)-r(d*/d0)=t>/A sec* 8 
=r(cos 2 0 )//t as before. 

EXAMPLES III 


of friction between the crossbead slipper f this 

the frictional force opposing the sliding of the crosslieau in 

position. , . , . 

2 . The slope of an inclined plane is 20 “ %^ t l ^ n £ilined 

body weighing 2 cwt. rests on the ,i y up the plane ? 

16 “ to the plane will be necessary to draw tne bony U 1 * 

3 . A tramcar weighs 0 tons, the tractive les^stanco on j 

being 20 lb. per ton. What ho-^-power w 1 bo require,J icJ j ne 

the car at a uniform speed of 1- ' i i lho motors and 

of 1 in 15 , ( b ) on the level, 'lake the ellieicncy 

drive as 70 per cent. « <irt 

4 . A screw-jack has a thread of ^ l ^\\ \ )iS required to 

applied at the end of a handle 1^ l J*che. K • 45 » >cr cent. ? 

lift a load of 2 tons, the efficiency at this load bong 

6. A screw-jack has a double thread, the t ‘ic ^ is the 

thread being * inch. If the lever is 20 inches long, 

velocity ratio ? f .> 

0. The table of a planing machine is ■Shes* dTamet er 

pitch. The driving pulley on « c ^,t on it Vi 175 lb. The 

and the difference of tensions of the guides is 0 10 and 

coefficient of friction between the table and its gum 
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the efficiency of the screw is 40 per cent. : find the total weight 
of the table and the work on it. 

7. The efficiency of a screw is 55 per cent, and its pitch 3 inches. 
What will be the axial thrust of the screw when a twisting moment 
of 4 ton-inches is applied to it ? 

8 . In a right- and left-handed screw coupling for railway 
carriages the pitch of the two screws is £ inch. The lever attached 
to the nut is IS inches long and a force of 40 lb. is exerted on the 
end of it. With what force will the two carriages be drawn 
together ? 

9. What must be the speed in revolutions per minute of a 
single-threaded worm driving a worm wheel of 45 teeth at a speed 
of 150 revolutions per minute ? 

10. The following results were obtained from an experiment 
with a certain lifting machine whose velocity ratio is 21-9 :— 


Load W lb. 


5 

10 

15 

20 

25 

30 

35 

40 

Effort P lb. 

0 094 

0-45 

0-81 

1-17 

1-53 

1-88 

2-25 

2-01 

2-97 


Find the efficiency of the machine when lifting loads of (a) 8 lb.. 
(6) 18-5 lb., (c) 20 lb. 

11. The results shown in the following table were obtained 
experimentally. Plot the curve of P and W and find its equation. 


Load W (lb.) . | 

o 

5 

10 

15 

20 

25 

30 

35 

40 

Effort P (lb.) 

0 091 

0-45 

0-81 

117 

1-53 

1-88 

2-25 

2-01 

2-97 


12. A bicycle is so geared that for one revolution of the crank- 
eh/ift the cycle travels a distance equal to the circuinfepence of 
a wheel of 70 inches diameter. The cranks are C-5 inches long 
from the axis of the crankshaft to the axis of the pedal spindle 
If a rider weighing 110 lb. exerts a vertical force equal to his 
weight on one pedal when the crank is horizontal, find the tan¬ 
gential thrust between the road and the tyre of the driving wheel. 
If the cycle weighs 29 lb., find the instantaneous acceleration of 
the machine ami rider on level ground, neglecting any resistances 
and the rotatory inertia of wheels and cranks. 


13. If in a toggle joint such as is shown in Fig. 51, the effort 
P is replaced by a torque T applied to the link ZX turning about 
the lixed pin Z with angular velocity to, find the speed of the pin Y 
for any angle 0 if XZ = XY=/, and find the magnitude of W for 
any position (neglecting the inertia of all moving parts). 




















CHAPTER IV 

kinematics 

47. Motion of a Point. Kinematic.[deal, with motion- 

displacement, velocity, and accelei-at.on-wjthout referen^ 
to tho forces causing motion. It emotion ' of a 

reader has some elementary now proceed to 

point summarized m Arts. - ana o. 

amplify this statement. 

48. Rectilinear Motion When the^ 00 ^ 0 ^simple 

kind, such as at constant speed or rica , substitution 

ordinary arithmetical calculatmi ^ 15) is usua lly the 
in an algebraic formula (Art. 3 distance moved or tho 
quickest mode of finding, say, . Z intervals of time. 

acceleration from given ®P ecd velocity varying in some 
But when a point or a body b»J “ “algebraio 

“"" d " ,n 

numerical examples as follows . 

Example 1. A car starting to 

v feet per second after t seconds from starting, as b 

the following table : 


t 

v 


0 

0 



Find the accelerations at , al1 n^fho accelerations during 

seconds, and draw a curve sbowing the accelc ra ^ car afc 

this time. Find also the dis a average speed 

all times during the first 60 seconds and tne a 

in that time (Morley 

> Such as given in ^^^^^’AppuSTilcchan^. 
and Qughea) v Chapter I, or in 
(Morloy and Inchley). 

05 
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First plot the curve of velocities on squared paper from 
the given data, choosing suitable scales. This has been 
done in Fig. 53, curve I, the scales being, say, 1 inch to 
10 seconds and 1 inch to 20 feet per second. 

In the first 10 seconds, RQ represents 24-2 feet per second 
gain of velocity, and OQ represents 10 seconds ; therefore 




Fio. 53. 


the acceleration at N, 5 seconds from starting, is approxi¬ 
mately 24-2/10, or 2-42 feet per second per second, corre¬ 
sponding to the gradient at P. Or thus : unit gradient 
1 inch vertical in 1 inch horizontal represents 


20 feet per second 


10 seconds 


=2 feet per second per second 


From Fig. 53 


RQ 1-21 inch 


= 1-21 


° OQ 1 inch 

hence acceleration at N =1-21 x2 

=2-42 feet per second per second. 

Similarly, in the second 10 seconds, SV, which is SM —RQ, 
rej>resents (39-8—24-2), or 15-6 feet per second gain of 


I 
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velocity * therefore the acceleration at W. 15 seconds from 

l.», ^ 5 , cso, - 10 , auu and 60 8ecoUt ls 

sasis --- 1 

crease, say, in 10 seconds, thus 


t 

V 


0 

0 


5 10 15 20 

13 6* 24*21 32*81 HO 8 



Change 

In v for 

1 0 Been. 


24*2 

19 3 

16 0 

12 0 

'J l 

2 1 

Accelera¬ 

tion 


2 42 

l 93 

1-56 

1 20 

0-92 

0 21 


-8*4 


-0 84 


-13 8 
- 1 38 


-11C 


-110 


-8 0 
-0 SO 


-5 1 


-0 61 


read oil from it. ,iUt ,mo covered is found 

In the first 10 •****•.'**£ vJIooitvafter 5 seconds 
approximately by «V“ * 10 =i35 feet. This approximation 
by the time, t.e. U’d xl second as the mean 

is equivalent to taking 13» feet pei sec, 

velocity in tlie first 10 seeon< s - velocity being approxi- 
In the next 10 seconds,tho mean ( c or ,^spo n ai n ^ 
mately TW, which scales 3--8 feet I ^ ^ g ^ l() = 3 o 8 f eo t, 
to t =15 seconds), thedistan lirst 20 seconds is 

therefore the total tot»»cecov<£* » ^ . takjng 

135 +328 --4G.J feet. 1 ro ^ u H ‘» BC eonds, ami using 

10-second intervals throng i _ j following table :— 
the previous tabulated results, we get the •_ 


l 


^ ^ — 

Distance in pre¬ 
vious 10 secs. 
Total distance. 


0 

10 

20 

30 

40 

50 

no 

0 

0 

135 
135 

j 

328 

403 

454 

017 

475 

1392 

337 

1 72» 

251 

1080 


these values. 

4 
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Greater accuracy may be obtained by finding the dis¬ 
tance moved every 5 instead of every 10 seconds. 


The average velocity = 


displacement 1980 
time taken 00 


=33 0 feet per sec. 


Note that this would be represented on Fig. 53 by a height 
which is equal to the total area under curve I divided by 
the length of base corresponding to GO seconds. 

In the foregoing solutions the graphs are illustrations to 



Scale o/*Inches 


Fig. 54. 

explain arithmetical tabular work. A more definitely 
graphical solution would be to measure by any means the 
area under curve I (Fig. 53) from the origin to any vertical 
ordinate such as SM and find what distance this represents 
by observing what distance is represented by one square 
inch of area. In this case (Fig. 53) since 1 inch horizon¬ 
tally represents 10 seconds, and 1 inch vertically re¬ 
presents 120 feet per second, one square inch represents 
10 sec. x 20 ft./sec. =200 ft. 
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In finding the distance covered we have in effect taken 
the areas o£ vertical strips under the curve to be equa^ t 
their widths multiplied by the vertical heights of their 
middle ordinates, e.g. for i =10 to i =20 see.,^ve took 
OM yTW or 10 sec. X32-8 ft. per sec. =328 ft. W nen me 
convex upwards this result will be slightly too large 

and when concave upwards it will bo shightly }°° t U 

wft had taken heights of the strips to be the antiimeuc 

meanfof ?he e he^Vts of the vertical boundaries of the^r.ps, 

the reverse would have been true, e.g. for t -10 to _ s • 

a 

10 sec. x32 ft./see. =320 ft., which for a cui%e com ex 
upward is too low. 

table for the times t seconds from staitin 0 . 


t 

0 

4 

8 

12 

10 

20 

f 

10 

90 

8-4 

0-4 

3 0 

0 


Find the speed of the point at t^ -. 

interval and the distances traverse 

The acceleration-time graph is plottedfrom the table in 

Fig. 55. Reading accelerations / 1 ‘ ^ e gtri s ’ 0 rre- 

values at the middles of l . 0 f dow j n the table and 

spending to 4-second interval... 


l 

2 

0 

10 

14 

IS 

f 

0 9 

91 

7*5 

5 1 

19 


And the added speed 4 

multiplying the mean accel 2 t n > ^ addcd speed in 

the second interval (1-4-to l ) ad dcd to the 

9-1 ft./scc.2x4 sec. =36-4 ft. per sec. 



< . . 1 

1 1 

8 

12 

10 

20 

Increase of v in 
previous 4 sees. 


i 

36-1 

30 0 

20-4 

7-0 

v 

39 0 

70 0 

1060 

126-4 

134 0 


The variation of v is shown on the speed-time graph 
plotted from this table in Fig. 56. 



Fio. 50. 

By plotting the graph of v to a reasonably large scale, 
we can scale off the speeds at the middle of each 4-second 


1 
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Interval, and taking these as the mean speed find the 
distance traversed in each 4-second interval. But if we 
take the mean speeds as the arithmetic means of the speeds 
at the beginnings and ends of the intervals we should find 
the following values of the mean speed and distances 

covered. 


( . 

4 

8 

12 

10 

20 

Mean speed in 
ft./sec. 

19 8 

57-8 

910 

110 2 

130 2 

Distance moved 
in 4 sec. 

79 2 

2312 

301 0 

404-8 

520 8 

Total distance . 

79 2 

310-4 

(574-4 

1139-2 

1000 0 


The distances moved are shown in the graph in Fig.^56. 
Note that at the start, when the acceleration is changing 
only slowly, the speed-time graph is nearly straight , that 
its slope falls to zero, with the acceieratiou at J 20 
seconds; that the distance or displacement-tine graph 
approaches straightness at a constant slope asi the spec - 

time curve approaches a constant value . .J. ordinate 
In estimating the values of v from the nnddle oulmate 

of a curve of upward convexity we have values slight y 
high. Had we taken instead ordinates equa l 
arithmetic means of the vertical boundaries of the stripe, 
we should have had values 01 ft./scc./scc. lower throu I out, 
giving a final speed lower by 01 ft./sec. X 20 sec Msec., 
i.e. a final speed of 132 ft./sec and definitely too low - tor 
upward convexity. (Actually t - acce.eraUons inlut 1^ 
are given by the expression / —1 ~ . 9nn on 0/3 

v=lfdt =101 -0-025(^3, wbicli, for (=20 see., 18 200-200/3 

=133-3 ft./sec. And the distance traverscd=Jtd(_ 5 < 
-«V180 feet, which for (=20 gives feet.) 


49. Two-dimensional Motion. If the motion ?* 
is not in a straight line but along a cur ' 10 1 ’ em¬ 

placement, velocity, and acceleration nte< - directions, 
poiients relative to fixed axes, to speci y _ . v i lt) Uy 

We need only consider motion in a curve lying wholly 
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in one plane, i.e. two-dimentional motion. The straight 
line joining two points P and P' in Fig. 57 on the path 
of the moving point gives the magnitude and direction of 
the displacement in the corresponding interval of time, 
and the length of this displacement divided by the time 
taken gives the mean velocity during the interval. By 
considering two points closer together without limit to 
the smallness of the displacement and the time, we approach 
the actual velocity as a limiting value, in magnitude and 
direction, of a mean velocity for very 6mall intervals of 
time and distance. The direction of the velocity at P 
would then be tangential to the path PP' at P. 

If at some instant the velocity of the moving point is 
given in magnitude and direction by the vector v, Fig. 53, 




and after a small interval of time St the velocity Is given 
by r-fSr, duo to the geometrical or vector addition of the 
velocity So, then the mean acceleration in the interval St is 

(Final velocity—initial velocity)/time) 
or mean acceleration =(r-f Sr—r)/8t=5r/Sf . (1) 

or in the limit of diminishing displacements the actual 
acceleration is 

f=dv/dt .(2) 

where / and r, being vector quantities, have direction as well 
as magnitude. 

We may take equation (1) as giving the mean acceleration 
even when Sr and St are not small, but Sr is a vector quantity 
having direction as well as magnitude. 

It may be noticed that!'and v-j-Sr, being vector quantities, 
are not necessarily unequal in magnitude even when Sr is 
not zero. The speed may bo constant though the direction 
of motion may be changing. If we take Sr as very small 
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and v equal to t>+Su in magnitude, the direction of Su is, 
in the limit, perpendicular to that of v, i.e. a point moving 
at a constant speed on a plane curve has an acceleration 
in the plane and perpendicular to its direction of motion. 

The displacements, velocities, and accelerations may 
be resolved into rectangular components, referred to any 
pair of axes, for analytical solution of problems, but fre¬ 
quently vector explanations will serve our purpose in this 
book. We may, however, find it convenient to resolve 
into radial and tangential components accelerations of a 
point moving in a circular path. 


E xam ple 1. A point moves due south at 6 feet per 
second, and 0-16 second later, it is moving at 8 feet per 
second in a direction 30 degrees south of west. Find the 
change of velocity in that time and the mean acceleration. 

The directions of tho final and initial velocities are 
shown by Oil and OS in Fig. 59. If lengths OQ along OK 



w 

fib —cb =ab -i-bc =ac 
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which scales 7-2 ft./sec. and is inclined 16-1° to ad, i.e. to 
the west. 

Instead of determining the magnitude by drawing to 
scale, ac can easily be calculated f or bd=S sin 30°=4, 
cd=6 — 4 = 2, da=±V 3, hence ac=v / da 2 4-cd 2 ==v / 52=7*21 
ft./sec. Since the increase takes place in 0-15 sec. the rate of 
increase per second or the acceleration is (7-21 ft./sec. )-h 0*15 
sec. =48-1 ft./sec. 2 . 


50. Uniform Circular Motion. An important form of 
motion in a plane curve is motion at uniform speed (or 
uniform angular velocity) in the arc of a circle. Suppose a 
point describes, about a centre O (Fig. 60), a circle of radius 
r feet with uniform angular velocity co radians per second. 




Fia. 00.—Uniform circular motion. 

Then its velocity, v, at any instant is of magnitude cor, and 
its direction is along the tangent to the circle from the 
point in the circumference which it occupies at that 
instant. Although its velocity is always of magnitude cor, 
its direction changes. Consider the change in velocity 
between two points, P and Q, on its path at an angular 
distance 0 apart (Fig. GO). Let the vector cb, parallel to 
the tangent PT, represent the linear velocity v at P, and 
let 'the vector ab, of equal length to cb and parallel to 
Q T', the tangent at Q, represent the linear velocity v at Q. 
Then, to find the change of velocity between P and Q, 
subtract the velocity at P from that at Q ; in vectors, 

ab — cb —ab -\-bc —ac. 
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Then the vector ac represents the change^ of velocity 

between the positions P and Q. Now since aXc=POQ ^ 
length ac =2 ab . sin \ 0, which represents 2v sin i , ■ tbe 
time taken between the positions P and Q is 6/uj secon is. 
Therefore the average change of velocity per second is 

2v sin • siu k e IW 

which is the mean or average acceleration Now .suppose 
that Q is taken indefinitely close to P—i that i * tint uie 
•inrrif. f) is indefinitelv reduced; then the ratio .in 2 /($ ) 

actual 1, acc°ler£iUoif ^ ' And as 

U perpendicular^o PT, tbe tangen/at P. - it is towards O. 

51. Relative Velocity. If two points A and B 
in the same plane, the t. clou y 1 th<J subtractioII being, 
velocity of 13 minus the\elocit> * . nrii lnnetic. 


are represented in magmiunv colI1 mon point 

pa and pb respectively drawn Iron. 
then tbe velocity o£ B relative to A is ab. l o , 

pb =pa -\-ab 

0r? l ,j J -pa=ab. 

That is the velocity of 13 minus the velocity of A. 
iDai l3 > LUO veiucii/j v movin'! i 
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V B plus the velocity -v A , or vectorially pb — pa, which is 
ab. 

The notation of the vectors is such that the second letter 
(6) gives the point to which the velocity refers, and the first 
letter (a) gives the point or body to which the velocity is 
relative. Thus pb is the velocity of B relative to P (taken 
as fixed), while ab is the velocity of B relative to A. 
Similarly, ba is the velocity of A relative to B and pa the 
velocity of A relative to P. We shall adopt this convention 
in what follows and, generally, fixed points or bodies will 
be denoted by P. 



Fio. Cl. 


Example. Two straight railway lines cross: on the 
first, a train 10 miles away from the crossing, and due west 
of it, is approaching at 50 miles per hour; on the second, 
a tram 20 miles away, and 15° E. of N., is approaching at 
40 miles per hour. How far from the crossing will each 
tram bo when they are nearest together, and how long 
after they occupied the above positions t 

First set out the two lines at the proper angles, as in 
tlie eft side of Fig. 02, and mark the positions A and B 
Ot the first and second trains respectively. Now, since 

tninTh!. tra f,. B 18 coming from 15° E. of N., the first 
.f V ha8 > rclatlvc to the second , a component velocity of 
40 miles per hour m a direction E. of N., in addition to a 
component aO miles per hour due east. The relative 
>elocity is therefore found by adding the vectors pq 50 
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miles per hour east, and qr 40 miles per hour 15° E. of N., 
giving the vector />r, which scales 72 miles per hour, and has 
a direction 57i° E. of N. Now draw from A a line AD 
parallel to pr. “This gives the positions of A relative to B 
(regarded as stationary). The nearest approach is evidently 
a distance BD, where BD is perpendicular to AD. The 
distance moved by A relative to B is then AD, \\ hich scales 
23-2 miles (the trains being then a distance BD, which scales 



8-12 miles, apart). The time taken to travel relatively 23-2 
miles at 72 miles per hour is 23-2/72 hour— 0-3—- hou . 

Hence A will have travelled 50 x 0-322 or 10-1 miles 
and B „ „ 40 X 0-322 or 12-0 „ 

A will then be G-l miles past the crossing, and 
B „ „ „ 7-1 „ short of the crossing. 


52. Motion of a Link. In the preceding article (51) we con¬ 
sidered the velocities of two points with entire > f 

dent motions in the same plane. In the mowng pai ® 
machine we often require to study the motion o \ I 
on one rigid piece of the mechanism which we m y 
conveniently call a link. The motion of two s 1 ‘ 

may be very different but not independent, an 
velocity of one is specified wo may be able to i . 

the other from sufficient data. The fundamental fact is 
that the two points remain at a fixed distance I 
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Hence the velocity of each of the two points, relative to 
the other, has no component along the line joining them 
and can only be perpendicular to it. In other words, if 
two points A and B are oil a link moving in the plane of 
AB, the velocity of A relative to B (and of B relative to A) 
is perpendicular to All 

Suppose the velocity of B. Fig. G3, is V B , of given mag¬ 
nitude in the direction shown in the position diagram, and 
the velocity of A is in the direction shown in the position 
diagram. From any point p. set. off a vector pb to repre¬ 
sent V B in magnitude and direction, and set off the indefinite 
line pa in the given direction of V A . The length pa is then 
determined from the fact that the velocity of B is equal 
to the velocity of A plus that of B relative to A, and this 
relative velocity is perpendicular to AB. Hence if we 
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draw from b a lino be perpendicular to AB to meet the 
indefinite line from p parallel to V A in a, we complete the 
vector triangle pba such that 


jib =pn ~ r ab or 

Velocity of B=velocity of A -f velocity of B relative to A. 

Thus jtn. the velocity of A. is completely determined. We 
have determined not only the velocity of A but also that 
of rl relative to A (by „b) ami A relative to B <bv ba), both 
perpendicular to Ail. This velocity of 11 relative to A, 
divided by AB, gives the angular velocity of the link AB. 
it is here (in big. <»:*) obviously counter-clockwise. 

If (in addition to \ h ) the magnitude only of V (instead 
ot its direction) were known, by drawing from' b a line 
perpendicular to AB and drawing an arc from the centre p 
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with radius to represent 

determine the inten.ectm (1) tha f the magnitude 

direction ol \ A (subject to ‘ perpendicular distance 

of V must be direction AB 

of v from pa, i.e to its c l ^ , to the component 

for the component of \ A m . there wx \\ be two 

o£ V B in this d™ ct ' on f > • “* 0 ^sibto directions for V A . 
intersections and therefore 1 ■ f und bv dividing 

The velocity of » F»» t C “ f^Ybat «e/c*= AC/CB. 
ab at c in the ratio of A ^ ’velocity having the same 

for the point C must hc'direction AH an d relative to 
component as A and B in ti . ibout A. Thus the 

A a velocity AC/AB times . f c f or its components 
vector P c gives If the point C 

obviously comply J thp same rigid link as AB. 

were not in the line AB but on ab a triangle 

the points c could be found by cirawi «, 

abc similar to the triangle of a Uuk in its own 

Instantaneous Centre. A > about a point in he 

plane may bo regarded as a ‘ finite movement of 

plane. This centre of rotation for a bm ^ ^ 

the link, is easily found, but g© ‘ indelin itely small 
amounts of displacemcn . ,, i the Instantaneous 

displacement, such a ceii j ‘ ‘ provides us with an 

Centre of Rotation. i»‘ f \ n l)oill ts and to the velocity 
approach to the velocity already employed and 

diagram alternative to that aiieau. 

illustrated in Fig. 63. . . shown in Fig. 64. If A 

The link AB of Fig. 63 n» »g 1 ( . entro about which it 
is moving in the direction \. A . a - ust bo in the line AI 

may bo instantaneously swm«in« ^ of An d similarly 

drawn perpendicular to'the i ndicvl i ar to the direction ot 
it must bo in the Line IB Pcrpenda ^ rotat ion must be 

V B . Hence the instantaneous ce ^ liries ja and IB 
at I, the point of intersect ioi y Then the motion 

respectively perpendicular to A * ^ bo perpendicular to 
of any other point C m the In ^ vo iocity of A must be 
a line joining I to C, t.e. to IC. The triangle LAB 

V b x 1A/IB (and of C ib \ » a right angle (clock- 

is similar to pab but rota * 0 city diagram drawn us in 
wise), whore pab is the vect 
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If velocities of A or C or other points are required for 
several positions of the link, the vector velocity diagrams 
such as pab, drawn all to the same scale are more con¬ 
venient than triangles such as LAB, to scales which vary 
with the positions of I and the lengths IB, representing 
what may be a velocity of constant magnitude (even 
though varying in direction). Sometimes, however, the 
vector velocity diagrams such as pab are drawn in positions 
corresponding to LAB, i.e. with lines perpendicular to the 
directions of the velocities which they represent. When 
this is done, the velocity of any point, such as C, is given 
in direction by the motion of c in a rotation of the vector 
diagram about p and in magnitude by that of the velocity 




Fio. 04.— Instantaneous centre of motion. 

of c when the vector diagram is rotated about p at a proper 
angular velocity, readily found by the angular speed 
required to give the speed V B at the radius pb. At this 
angular speed, not only will the vector pc give the speed of 
any point C, but rotation of the vector diagram at the same 
angular speed about any other point will, by its radius 
vector from that centre, give the magnitude of the velocity 
ot any other point in the link relative to the corresponding 
point on the link, e.g. the velocity of B relative to C is 
given by that of b when pab is rotating about c with the 
previously specified angular velocity. 

53. Motion of Paired Links. The determination of the 
motion of all points in a link in the previous article (52) 
leads to the determination of the motion of a second link 
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• UK u ifi a link which has completely controlled 

paired with it, t.e. a imt. w a union 

motion relative to it and \ n rface This extension 

such as a pin joint or a shd ^ 8 ^ ac « iu6t ^ d by the 
of velocity determination *y nffine shown diagram- 
mechanism of a simple rec»pr dt - K 1 connecting rod 

joined^orpaired to the rod at B. 



while at A la a pin comicctmg rte^rod ^ ^ be(J T1 
which moves horizontally on a fi and tho velocity of 

vector diagram is drawn ^ ^ a8 BA is divided 

any point D is found b> ,• lar to IiD where Ii is the 

at D, or by drawing pd pcrpendmular to^ii ^ AB Now 

instantaneous centre for to a t D and tho end E 

suppose a link DE is P ,n *J ircll i ar arc about a fixed point 
is constrained to move in * r pg pin-jointed to and 

F, by joining it at E to a ra ‘ „ • determined by the 

moving about F. The motion of E m ae^ to Df it is 

facte that it ia perpendicular to^ “•/£ crpendicular to FE 
perpendicular to DE. A. j_>e in e and the velocity 

will meet a line de perpendi in magnitude and 

of E is represented by tho vector p* as G on DE 

direction. Tho motion of any po 

would be found by dividing c d=EG/ED, 

a at a point g (not shown) such that eglc<l 
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or by drawing from p a line 7 >g perpendicular to I 2 G where 
I 2 is the instantaneous centre of motion of the link DE 
(FE is perpendicular to the direction of motion of E and 
DI 2 is perpendicular to the direction of motion of D. 
These two lines meet in I 2 which is therefore the instan¬ 
taneous centre of the link DE). 

It has been assumed that the velocities of the points in 
the mechanism are being determined by drawing velocity 
diagrams to scale from which the velocities may be 
measured. We may, however, state a velocity in terms of 
the dimensions in the position or space diagram and the 
given velocity of a point such as B, say, V B . Thus 

V A = velocity of A=V b xIiA/I 1 B 
V D = velocity of D =V B x IiD/I X B 

Velocity of G =V B x (IjD/IjB) X (I 2 G/I 2 D) 

Example. A and B are two axes at the same level on a 
fixed base. Cranks BC and AD can turn about B and A 
respectively. They are connected by a coupling bar DC 
hinged to AD at D and to BC at C. If AB =25 inches, 
BC=15 inches, AD =10 inches, and DC =13 inches, find 



the magnitude of the velocity of D in terms of the velocity 
V c of C when BC is inclined 60° to AB, D and C being on 
the same side of AB Find also the ratio of the angular 
velocity of the crank AD to that of BC. 

The position diagram is shown in Fig. 66 . BC and AD 
produced meet in I, which is the instantaneous centre of 
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motion of the link DC. Since this link may be considered 
as rotating instantaneously about I, 

v d /v c =id/ic 

which, by measurement of the lengths ID and 10 and 
division, gives 1-78 or Vd-H» c V c /CB, while that 

of^ssrrr?^ ^ velocity o£ 

AD divided by th.at of I>C i fl 

(V d /AD) -r(V c /BC) or (V D /V C ) X(BC/AD) 

which is 1-78 x1-5 or 2-67^ "to 1 thlt of* Se °cr 0 a f nk h Vc.^at 
velocity of the crank AD to . the dis- 

rnd^fSS "th^pota^of 4 intersection of DC 

with AB, both produced.) 

54. Mechanisms, Machines ami 

(kinematicaUy) paired one s al Uuks are connected 

motions controlled ; and v otioI1 of all other parts 

together so that if one is fixed, a8 to bo 

is so completely control lk . : called a mechanism, 
quite definite, the combma ** motioUfi ; we think 
Mechanisms can transmit an )t 5 ion without reference 

of a mechanism as transinitt «» ™ dg wbon a moving 
to the forces or absolute I r orce8 and therefore 
mechanism transmits consit e a called a machine, 

appreciable power, it is common^ calieu^ ^ 

Without attempting to state^ 6u ilicicntly explain 

apt to be confusing, tlie lore^uu 

the terms mechanism and macil ™p i . W een two points in 
The velocity (or movement) »*>»£**“ various means, 
a machine or mechanism may varying velocity 

and we have cmployed constaia , and ^ 

ratios in Chapter III. ^ •» ct or velocity diagrams 

conveniently be found trom v «^ overj we J tan employ 
such as are illustrated in Art.■ • • ho ratio n f the velocities 

the term velocity ratio, not o > but in directions 

of two points in their actual dn-cam ^ ^ tQgglo joi t 

of forces exerted at the p 1 01 • • velocity ratio of the 

(Art. 46, Fig- 51), ^"dfwerethe direction of P 
effort P to that of the load w 
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was inclined to the direction of motion (and velocity) of 
the point to which P was applied. It is very easy to 
project a vector of a velocity diagram in any required 
direction to get a particular velocity ratio. 

55. Applications of Velocity Diagrams. Vector velocity 
diagrams may bo used for ascertaining velocities of parts 
of machines in various positions of the component links of 
the mechanism. From such determinations of velocities, 
velocity-time graphs may be plotted and the acceleration 
may be determined for points having rectilinear motion 
(as in Art. 48). From such kinematical considerations, 
with data relating to the masses moved, the forces involved 
in fast-running machinery may be deduced by the laws of 
dynamics (Chap. V). 

But we have also seen from the Principle of Work 
for the ideal machine (Art. 46) that a knowledge of the 
velocity ratio gives also the force ratio in a mechanism and 
vice versa, the force ratio being the reciprocal of the velocity 
ratio when friction is negligible. Thus an unknown force 
acting on a machine may be determined from a velocity 
diagram. And this use of a velocity diagram may be 
extended to structures by conceiving of a small movement 
of a point in a jointed structure, arising either from elastic 
yielding of the members of the structure or from the 
imaginary removal of a Liuk or part which would allow 
movement: in other words, would convert the rigid structure 
into a mechanism. The subject of this application may 
be amplified in the further study of Theory of Machines 
and Structures. 1 

Example. Find the velocity ratio of the points X and 
Y and of the forces P and W in the toggle joint of Example 2, 
Art. 46 (Fig. 51). 

The position diagram is shown on the left side of Fig. 67. 
The point Z being fixed, the point X can only move at 
right angles to ZX. Draw zx to represent its velocity to 
scale. Itelativo to Y, X must move perpendicular to YX ; 
yx is drawn perpendicular to YX, and since Y moves 

1 See “ Velocity Diagrams,” bv S. H. Stelfox in Engineering, 
December 31, 1937. 
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vertically, zy drawn vertically from a to meet the line xy 
In y, completes the velocity diagram. 

The velocity ratio 

=Speed of X/speed of Y=zxjzy 
=zxl(2zx sin 9) =1/(2 sin 9) 

But the ratio of the horizontal speed of ? to'thevertical 
speed of W is nx,zy or 

mte of work petsecond (or power), the principle of work for 
this mechanism is 

W xzy=^xxh f or W/P =hx/zy=l cot 0 

It will be noticed that the vector velocitydTacram of 
Fig. 67 is precisely similar to the \ector fo ‘ *> 

z 




h 

V 


Fio. 07. 

Fig. 51, and thus thef’^he^eloc^ diagram °is°dTawn°with 
are alternatives. If the velocity ma* 
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sides perpendicular to, instead of parallel to, the velocities, 
the vector diagrams of velocities and forces are even more 
obviously interchangeable. They represent two aspects 
of the same facts already referred to in Art. 46. 


EXAMPLES IV 

Examples Nos. 1, 2, 3, and 4 are to be worked graphically. 

1. A train starting from rest covers the distances 8 feet in the , 
times i seconds as follows :— 


t . 1 

0 

H 

m 

18 

22 

27 

31 

38 

10 

50 

6 

0 

m 

64 

170 

260 

390 

450 

504 

650 

570 


Find the mean velocity during the first 10 seconds, during the 
first 30 seconds, and during the first 50 seconds. Also find 
approximately the actual velocity after 5, 15, 25, 35, and 45 
seconds from starting-point, and plot a graph showing the velocities 
at all times. 

2. Using the graph of velocities from Example 1, find the 
acceleration every 5 seconds, and draw the curve of accelerations 
during the first 40 seconds. 

3. A train travelling at 30 miles per hour has steam shut off and 
brakes applied ; its speed after t seconds is shown in the following 
table :— 


• • • 
miles per 

0 

4 

12 

20 

20 

35 i 


50 

hour . 

30 0 

26 0 

21-5 

10-7 

14 0 

10-4 ! 

7-7 

4-8 


Find the retardat ion in foot and second units at 5-second intervals 
throughout the. whole period, and show the retardation by means 
of a graph. Head oil' from the graph the retardation after 7 
seconds and after 32 seconds. What distance does the train 
cover in the first 30 seconds after the brakes are applied ? 

4. A body is lifted vertically from rest, and is known to have the 
following accelerations / in feet per second per second after times t 
seconds :— 



m 

os 

1-9 

3 0 

3 39 

4-8 


6-8 

80 

/ • 


2-9 

2-85 

2 GO 

2-20 

1-75 


1*20 

104 


S-8 

0-97 
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Find its velocity alter each second, and plot*n^secondS^^How 
MTifmove^S toe 8‘sec“ demand bow long does it t* to 

"“.‘I wheel 8 feet diameter is rotating^/^^oftSd^na 

radians per second and h £ s =J itia i velocity of a point on 

per second per second. 1 f J. otat ion and the position and 

the rim vertically over the axis o tat Find also the 

ml^,it y ude r and 0 Sio^ of" the mean acceleration daring that 
‘T'a wheel of radius r. rotates at 

“cond" 3 Knl n th^“agmtude and direct,on of the acceleration 
of a point on the rim. afc ^ per second , 

7. An engine crank, one foot^ong, a ^ d a conn ecting rod 4 feet 
being driven by a piston rod. cro. ’ gJo 0 f 30° to the centre 

long. When the crankshaft is at aj ^ the speed of 

line 8 through the croas»iead "? swing of the con- 

the crosshead, and {b) the angu t j, e crankshaft per 

necting rod. What would be (TJse the principle of work.) 

1000 pounds thrust of the piston t (Use tnc p v 



CHAPTER V 

PRINCIPLES OF DYNAMICS 

56. Laws of Motion. The three so-called laws of motion 
may be regarded as assumptions sufficiently verified for 
practical purposes by experience. They refer primarily to 
the behaviour of a particle, a portion of matter of in¬ 
definitely small size, but having appreciable mass. But 
we may by other justifiable assumptions relate them to 
the behaviour of solids or rigid bodies of finite size. In 
applied mechanics we are concerned with the application 
of the theoretical principles rather than with their philo¬ 
sophical justification. We shall assume that the forces 
and torques necessary to give a rigid body Unear and 
angular acceleration are the same as those required to 
give these accelerations to the groups of particles of which 
the rigid body may consist. Such an assumption is amply 
justified by experience and does not involve any doubtful 
hypothesis. 

57. First Law. (a) Linear Motion. A body continues in 
its state of rest or of motion in a straight line with constant 
velocity except in so far as it is compelled by external 
force to change that state. 

( b) Angular Motion. A body continues in its state of 
rotation (or of rest) about any axis with constant angular 
velocity except in so far as it is compelled by external 
torque to change that state. 

This law is only a particular case of the second law when 
the rate of change of momentum (or of angular momentum) 
is zero. We may notice a demonstration of its truth (for 
linear motion) when a stone tied to a string is whirled in a 
circle. If the stone is suddenly released from the controlhng 
force exercised by the string it moves in a straight lino 
tangential to the circle (not radially) although this'motion 
at once begins to be modified by the gravitational pull 
exerted on the stone. Similarly, drops of water leaving 
the tyre of a car start their free paths tangentially to the 
tyre. 
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58. Second Law. (a) Linear Motion, "ate of change 

of momentum of a body is proportmnal to the unbalanced 
force exerted on it and takes place in t 

straight line in which the force acts. f nfru i a r 

(b) Angular Motion. The rate of change of Mguljr 

momentum (or moment of momentum) 

portional to the torque exerted and is about the axis 01 toe 

t0 H U the mass m or W fg of the body is constant and ^ is 

the variable velocity, the momentum »» ™ 

of change of momentum is m times t [ e a unbalanced 

which is m X acceleration, and is equa acceleration in 

or resultant force exerted. Thus if / is the acceleration 

the direction of P n 

■p=d(mv)ldt=mdvldt=™f=Vfl9 • • 

Similarly, if the moment of inertia I (or of a ^y^of 

radius of gyration k , is constant, f qU fular momentum 

angular velocity, the rate of chang ® x angular 

(mk 2 u>) is mk 2 x (rate cb ? D t f th ^ u ^ al ^ r Qce d or effective 
acceleration, which is equal to the unbalanced u 

torque T or 

T=I X angular acceleration I ^ 

=mk 2 X angular acceleration > • • (-> 

=Wft 2 /<7 X angular accelerationJ 
T=d(7 nk*u,)ldt=mWd<oldl=Id«,ldt = l* . (3) 

where a is the angular acceleration produced about ia 

axis of T. , , . . -a.j ; n terms of a rate 

Impulse. The second law w stated ^ o£ angular 

of change (a) of momentum or ( ), <3 limni j n g the effects 

motion, of moment of momentum. Summing t^ 

of constant or varying forces “ r , q lecoDI0 for a rigid 
time, the corresponding statements becom 

body of constant mass and shape 

(a) Impulse=JP . d( = total change of momentu (4) 

=m X total change of velocity 

lb) Angular impulse 

=JT . dt=total change of angular momen I . 

=IXtotal change of angular velocity) 
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In the case of a constant force, the impulse is P xt where 
t or fdt is the time for which the force acts. So that (4) 
becomes 

Pt=m(v 2 — v x) .(6) 

where v 2 is the final and v x the initial velocity of mass m 

If we divide by t , we get 

P =m{v 2 —v 1 )/t = mf .... (7) 

which is the statement of the second law as in (1). 

Similarly, if wo differentiated (4), we should get 

P =mdv/dt =mf .(8) 

Thus (1) and (4) are different statements of the same 
law, (1) being a rate of change, (4) and (G) total changes. 

When all parts of a rigid body have the same rectilinear 
motion and therefore the same acceleration, the resultant 
of all the forces necessary to accelerate the parts will have 
a resultant through the centre of gravity of the body. 
For each separate force is proportional to the mass of the 
part it accelerates, just as each gravitational pull on a part 
is proportional to the mass of the part, and the process of 
finding the centre of the accelerating forces is exactly 
similar to that of finding the centre of the gravitational 
forces. If the resultant of certain external forces on a 
body acts other than through the centre of gravity, it will 
either call into existence other reactive forces from some 
supporting agent (such as a rail) or cause the body to 
rotate, as well as to accelerate in the direction of the force. 
And the rotary effect will be the same as if the particles 
constituting the rigid body were concentrated at the radius 
of gyration about the axis of the resultant couple formed 
by the external forces. 

D'Alembert's I'rinciple. In solving problems relating to 
the forces and moments accelerating a rigid body, the 
practice is sometimes adopted of introducing fictitious 
forces equal and opposite to tlie resultant of the external 
forces and so placed as to have moments equal and opposite 
to the resultant moments of the external forces. These 
fictitious forces are therefore also equal (but opposite) to 
the product of the mass of the body multiplied by the 
acceleration of the centre of gravity, and have a moment 
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equal (but opposite) to the' gyration and by 

multiplied by the ^"^^“boutUie axis of the 
the angular acceleration of the . external forces. The 
resultant couple formed 7 . • to re( i u ce a problem 

effect of these fictitious addit ‘ instances this may 
on motion to one in statics. In some' uistan ^ working 

appear sUghtly to R,n ’P l1 ^ adoption is to be depre- 
out a problem. But its 0 tne .. . d is particularly 

cated as obscuring the physica Q ud law is best 

undesirable for the learner I he ^ ^ lhose wUich 

appreciated by working chose form of d’Alemberts 

follow, different points including this torm 

Principle will be illustrated. f 

Ex«Pt E 1. The piston piston rod and 

engine weigh 80 lb. and "ken , ec z if the thrust of 

rod have an acceleration ‘ ,f ' ^ lb find the thrust exerted 
tbe steam on the piston is 4000 ID., un 

by the crosshead on the conn ■ L sto n, etc., is 

The force which accelerates the piston, 

/.W/0=35O ^- 2 X80 lb. X 3572 ^ 

Tbe force transmitted to the conmifore'es Tro shown in 

fore 4000 lb. -869 lb.—3131 • external forces on 

Fig. 68 . Those thrusting in* ard arc 

4000 lb. 


see.*_gr»Q lb. (force) 
ft. 



, which form a single 

the piston, piston rod, and ^Ting outward arc the torces 
rigid body, while those thrusting has exerted 

exerted by this body. , T ^ ^of a-e.erating force of 
upon it an unbalanced, effective o 

4000-3131=869 lb. * a row-bar 

, a constant draw da 

Example 2. A locomotive -- when hauling 

pull of 4 tone on a tram weighing 
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it up an incline of 1 in 120. If the resistance of the rails, 
etc., amounts to 10 lb. per ton, how long will the train take 
to attain a velocity of 25 miles per hour from rest, and how 
far will it have moved 1 

The forces resisting motion are 

(a) Force of gravity =ylo 200 tons 


200 X2240 
120 


=3733 lb. 


( b ) Resistance at 10 lb. per ton =200 x 10 =2000 lb. 


Total . 6733 „ 

a pull which suffices for constant speed. 

The draw-bar pull is 4 x2240 =8960 lb. ; hence the net 
force available for acceloration=89G0—5733 =3227 lb. 

Let t be the time required ; then the impulse is 3227 lb. 
(force) xL The velocity gained is 26x6280/(60x60) 
=36-7 ft./sec. Gain of momentum is 


W 

mv =— . v = 
9 


200 X2240 lb. xsec. 2 

3^2 it. 


X36-7 


ft. 

sec. 


Equating the impulse to the gain of momentum 

200 v °°40 

3227 lb. (force) x*=“—— X36-7 lb. (force) xsec. 

Um 'J 


t =158-4 sec., or 2 minutes, 38 seconds. 

Since the acceleration has been unif orm from rest, the 
average speed is half the maximum and the distance 
travelled will be 


h x36-7ft./sec. x 158-4 sec. =2903 ft. 


Example 3. A car weighing 12 tons starts from rest, and 
has a constant resistance of 600 lb. The tractive force P, 
in lb., on the car after t seconds is as follows :— 


t 

P 


0 

1280 

2 

1270 

5 

1220 

8 

1110 

11 

905 

13 

800 

10 

720 

19 

070 


20 

000 
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Find the velocity of the car after 20 seconds from rest, and 
show how to find the velocity at any time after starting, 
and to find the distance covered up to any time. 

Plot the graph of P and t , as in Fig. 69, and read off the 



force, say every 4 seconds, starting from ! and 

subtract the 500 lb. resistance from each as follows . 


t . 

P lb. . 
P-600 



2 

6 

10 

14 

• 

1270 

1100 

080 

700 

• 

• 

770 

600 

480 

200 


18 

080 

180 


The mean accelerating force in the first 4 j^con<^8 ^ 
Xxt^o/ce) xsec 1 "whic^is ato the gain of momentum. 

The mass of the car 

12 x 2240 lb.(force) xsec. g __^ rt lb.(force) xsec^ 

~~ 32-2 ft. 

The velocity after 4 sec. 

mnmpntum 770 x4 lb. X sec. xjt. = ^. G9 f t ./ 8 eo. 

- ■ — * n 


mass 


835 lb. x sec. 2 
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Similarly, finding the momentum and gain of velocity in 
each 4 seconds, we have 


t . . . . j 

Gain of momentum 

0 

4 

8 

12 

10 

20 

in 4 seconds 

• 

0 

3080 

2700 

1920 

1040 

720 

^ £ j 

Momentum 
Velocity, feet 

• 

per 

0 

30S0 

5840 

7700 

8800 

9520 

second 

• 

0 

300 

700 

9-29 

10-54 

11-40 


After 20 seconds, the velocity is approximately 11*40 feet 
per second. The velocity after any time may be obtained 
approximately by plotting a graph of velocities and times 
from the values obtained, and reading intermediate 
values More points on the velocity-time graphs may be 
found if greater accuracy be desired. 

The space described is represented by the area under the 
velocity-time graph, and may be found as in Art. 48. 


Example 4. A motor, in starting, exerts on the shaft 

for one minute a constant turning moment of 1000 lb.-feet, 

ana there is a uniform moment resisting motion, of 800 

Rj.-feet. A flywheel on the shaft has a radius of gyration 

of o feet and weighs 2000 lb. Neglecting the inertia of all 

paits except the flywheel, what speed will the shaft attain 
m one mmuto ? 

(1) Considering the rate of change of angular momentum— 
The effective turning moment is 1000—800=200 lb.-feet. 
The moment of inertia of the flywheel 


2000 

32^2 


X52 


lb. xft .2 xsec.2 
ft. 


= 1553 lb.-ft.-sec 2 . 


second ^ a_angu,ar acceleration in radians per second per 

200 lb.-ft. =1553 lb.-ft.-sec.2 X a 

a =200/1553 radian/sec. 2 =0*12SS radian/soc.* 

And the angular velocity attained in one minute 

=C0^sec. xu*1288 radian/sec. 2 =7*73 radians per second 
~ i xG0/2tt= 74 revolutions per minute 
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(2) Alternatively considering the equality of the angular 
momentum gained and the angular impulse, if « is the 
angular velocity after CO sec. 

to x 1553 lb.-ft.-sec . 2 =200 lb.-ft. xGO sec. 


W 


200 xCO lb.-ft.-sec : _ 7 . 7 3 r adians/sec. 
1553 ' lb.-ft.-sec . 2 


Example 5. A body of weight W is drawn up a rough 
inclined plane by a force P inclined 6 to the plane. l^d 
the value of P to give the body an acceleration / up the 
track, the coefficient of friction between the body and the 
track being /* and the inclination of the plane being a. 

Let tan <£ = /*, so that <b is the angle of friction. A 
graphical solution is shown on the right-hand side of l'i 0 . < 0 . 


d 



kv 


Fio. 70. 


A vertical vector ab Is drawn to represent W to scale ai 
an indefinite fine be is drawn inclined </> to the nonn.il t 
plane or at a+<t> to ab. The thrust of the plane on o 

body is in the direction It (as in big. 3.), Art. ■ )» , 

length be to represent it is not yet known, 
is required, parallel to P and such as to g '• . to 

and B, a resultant W//</, H.o unbalanced force ™ 
give the body an acceleration / up the plane. , 

resultant may be set off from a inclined a. to ° ’ , 

and of length to represent Wf/g : lt 18 sl, °" , p 

vector, ad. Then a line cd through d and parallel 
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meeting be in o will give the vector representing P. In 
vectors, ab+bc+cd=ad. It is evident that the angle 9 
to give a minimum value of P is such that cd is perpen¬ 
dicular to cb (as in Art. 40, where /=0). 

A trigonometrical expression for the value of P in terms 
of W can be deduced from the vector force diagram abcd y 
but we may readily find it by resolving the forces parallel 
to, and perpendicular to, the plane. Thus if we take the 
normal component of R to be N and the tangential com¬ 
ponent (down the plane) to be /xN, resolving along the 
slope (upward) and equating this unbalanced force to the 
mass multiplied by the acceleration /, 

P cos 0—XV sin <z—/xN =Wf/g 

And perpendicular to the slope, the acceleration being 
zero, 

N — W cos a -f-P sin 9 =0, or N =W cos a —P sin 9 

Substituting this value of N in the previous equation 

P cos 9 —\V sin a— /x(W cos a—P sin 9)=Wf/g 
=W(f/g -{-sin a+fj. cos a)/(cos 6 -f-/x sin 9) 

which may also be written 


p=vv {//<7 cos <f> +sin ( a -f^))/cos (6— <f>) 

which reduces to the form (3), Art. 40, if /=0. 

The value of P for a force parallel to the slope is found 
by writing 0=0 , and for a horizontal force by writing 

If, in accordance with d’Alembert’s Principle, we were to 
include a fictitious force Wf/g down the slope among the 
forces exerted on the body, the external forces would then 
be ui equilibrium ; and in the first equation, instead of 
VV //<7 on the right-hand side, we should have —Wf/g on the 
ieft-hand side and zero on the right. The mathematics, 
and the value of P obtained, would be unaltered. Also 
voctonally we should then have ab -\-bc+cd-\-da =0. But 
there is no point in so making the problem one in statics 
by an artifice which does not represent the real state of 

All Q. ITS. 
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Example 6 . A four-wheeled vehicle, Fig. 71, is driven 
by the rear wheels. The c.g. is at a height h above the 
tick and distant horizontally from the front axle and 
a 2 from the rear axle. Find the greatest possible accelera¬ 
tion if the coefficient of friction between the eels and 
track is /i, and find the load carried on the rear and on the 
front pairs of wheels during such acceleration. 

Let K, and R 2 bo the vertical forces exerted by the 

track on the front and rear wheels respectively, dun g 

acceleration. The driving force exerted by the track on 



“tion of the vd.ic'le. Then from the second law of 

motion - M R 2 = w // 9 

And in a vertical direction, the acceleration being zero, 

B i + r 2 =\V 

And taking moments about an aer^befn^n^roiTion or 
perpendicular to the Vagram, g g moments are 

angular acceleration about this axis, 

equal and oj>posite 

/x R 2 ? t -j-It 1 a 1 =K 2 «2 

(Note that the moments of the externa 1 

parallel axis are not ^ ener vvf/o through G, the moment of 
have a horizontal resultant W //0 t fo 
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which is eliminated by choosing an axis through G, but 
uot if a higher or a lower position were chosen. Here the 
problem differs from that of the truck at rest or at constant 
speed. If a fictitious horizontal backward force \V f/g 
through G were introduced, as justified by d’Alembert’s 
Principle, we should then proceed as in statics, i.e. the 
horizontal and the vertical components would each be 
equated to zero and the moments of the external forces 
about any axis perpendicular to the diagram would be 
equated to zero.) 

From the three equations above it is easy to find /, R lt 
and R 2 . Substituting for Rj its value, W —R 2 (from the 
second equation), in the third equation, 

fj .It 2^ "t" (Wi ^= Itofl 2 

r 2 =w——^- 

a l H~ a 2 — H-h 

This may also be written 

Kj=M a ili a i + a 2 ) “I - ®2) 

of which Wa 1 /(a l +a 2 ) is the load on the back axle when the 
vehicle is stationary or moving at constant speed (or ^.=0), 
and the second term ixR 2 h/(a 1 -f-a 2 ) is the load transferred 
to the back axle, from the front one, by the driving effort. 
The load K t ou the front axle is therefore \\ r a 2 /{a l -\-a 2 ) 
-/tR 2 V( a i+ a 2 )) which is W(a 2 — ^h)J{a y -}-a 2 — /*/*)• The 
two equal and opposite forces /xR 2 /i/(«i +^ 2 ) imposed down¬ 
ward on the back axle and upward on the front one con¬ 
stitute a clockwise couple /xlh/i (with an arm a 1 -fa 2 )» 
balancing the counter-clock wise momeut /xRJi of the driving 
force about the c.g. 

The maximum acceleration, from the first equation, is 

f =g filin/W = — fj-h) 

If the back wheel were locked, ftR« would be reversed in 
direction and would be the decelerating force. In this 
case, 

Ito — ^l/(®l T^2 4'^^) 

and the maximum deceleration is 

-ru 2 -\- ph) 


i 
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which is obviously smaller than the maximum acceleration 
above. Acceleration increases R 2 (and pR 2 ), whUe decelera¬ 
tion diminishes both R 2 and the maximum retarding force 

^or any driving torque or braking torque short of the 
maximum at which slipping occurs, dividing the torque 
by the wheel radius we get a propelling or a retarding force 
P aav less than uR 2 , exerted by the track on the wheel, 
r^d the transfer of load from one axle to the other during 
acceleration or deceleration is F/i/(a 1 -fa 2 )» * hUe I 1 is equal 
to W fla where / is the acceleration, so that the load trans- 
ferredfr^m one axle to the other is W*(//«>/(« i+«.>- 

Px ample 7 If the vehicle in Example 6 is drawn by a 
horizontal^raw T bar pull P at a height h' above the rack, 
Olid the acceleration and retardation which would be 
sufficient to make the front and back wheels respectively 

leave the track (i.e. jump upwards). 

Horizontally, P =^U9 

Vertically, Ri-f-R 2 =W 

Taking moments about an axis perpendicular to Fig. 71 
and through G, since P is at a distance h~ h below G and 
“nee'there is no rotation or angular acceleration about this 

axi3 ’ P(/i— h')-\-U l a l =B /2 a 2 

From which equations R x and R 2 can be derived: 

BjsVV a 2 /(a! +a 2 ) —P(/i —h')J(a l +a 2 ) 
K 2 =\Va 1 /(a 1 +a 2 )+P(/i— /i')/(ai+a 2 ) 

If h Is greater than V, R, becomes zero when P reaches 

the value Wfl 2 /(^i"^ ) an( f / is then g . a 2 /( ' | eavbl g 

this acceleration the front wheels are on the reach 

the track ; while if /t were greater ’p reaches 

zero and the back wheels would lift when 

Wa,/(V-A) or / reaches ga,j(h -h). a back ward 

For retardation or de< fJ® ra ^ on i V 1 bac k wheels would 
thrust P, if h is gr eater than h tho^ bac er than ^ 

lift at a value f=ga-J( h — fl )> antl f — aa l(h'—h). 

the front wheels would lift at a value/ S u/( cq J the 

By thinking of high values of « anu 
6 
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general nature of what would happen with high acceleration 
or deceleration will be evident without calculation. 

59. Third Law. (a) Linear Motion . To every force there 
is an equal and opposite force, often called a reaction. If 
a body A exerts a force P on a body B, this body B exerts 
an equal and opposite force P on A. Thus forces exist 
only in pairs, one force being exerted on a body and the 
other by it on some other matter. In considering the 
equilibrium or the acceleration of a body, we are generally 
concerned with the forces exerted on it; but in considering 
an assemblage of bodies in contact we may determine a 
force exerted on one from a knowledge of a force which it 
exerts on another. This law is true of bodies at rest or in 
motion. 

(6) Angular Motion. To every torque there is an equal 
and opposite torque, often called a torque reaction. If a 
body A oxerts a torque T on a body B, then B exerts an 
equal and opposite torque T on A. Thus torques also 
exist only in pairs. 

60. Conservation of Momentum. An important con¬ 
sequence of the third law is that the total momentum of tho 
two bodies is unaltered by any mutual action between them. 
For since the force exerted by A on B is the same as that 
exerted by B ou A, the impulse during any interval given 
by A to B is of the same amount as that given by B to A 
and in the opposite direction. Hence, if B gains any 
momentum, A loses exactly the same amount, and the total 
change of momentum is zero, and this is true for any and 
every direction. This is expressed by the statement that 
for any isolated system of bodies momentum is constant. 
Thus when a projectile is fired from a gun, the impulse or 
change of momentum of the shot due to the explosion is of 
equal amount to that of the recoiling gun in the opposite 
direction. The momentum of the recoil is transmitted to 
the earth, and so is that of the shot, the net momentum 
given to the earth being also zero. 

The conservation of momentum is unaffected by friction. 
A frictional drag acting on a body against its direction of 
motion is a force by which the momentum is given from 
the body to the earth just as by a direct thrust or pull. 
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JSKSi 

smsHa rv*« 

opposite direction, 

1000 lb. X1000 ft./sec. =30 x2240 lb. X® 
v =1,000,000/6720 =14*88 ft./sec. 

Then if t=time of recoil, adopting lb. units of force and, 
lb.(force)/*?, units of mass 

Impulse of retarding force = 60 X2240 lb. xt 
Momentum of gun (or of shot) x8ec .* 

=1000x1000/32-2 6CC x t ir 

=1,000,000/32-2 lb.-sec. 

An d equating tbe impulse to this, 

00x2240 lb. Xt =1,000,000/32-2 lb.xsec. 

t =0-231 second. 

Travel of gunxU-88 xO-231 =1-72 ft. 

6.. Motion of Connected Weight,^ “ 

hoists or in winding gca , y atrw u c d by ropes or 

with considerable acce attac i, e d. In such cases the 

cables to which they n * cessari l y equal to the weights 

tensions in the ropes arc rones carrying 

of the attached masses as eases of 

suspended masses ; it ^ \ in 1 (lcr tho control of cords or 
masses in vertical moti motion and 

V3 s 
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scale, with various devices for measuring time and dis¬ 
placements constitutes an Atwood’s machine used to 

illustrate the laws of motion under 
gravity. (But the smooth pulley is 
replaced by a small light one on ball 
bearings.) 

If Wj is greater than W 2 , W x will 
move downward and W 2 upward, with 
a common acceleration /, say. Let P 
be the tension in the cord. 

Consider Wj : the downward force 
on it is Wj (its weight), and the 
upward force is P, which is the same 
throughout the string; hence the 
downward accelerating force is Wj — P. 
Hence (by Art. 58), 

w iSlg = w i —p . . (1) 

Similarly, on W 2 the upward accelerating force is T —W 2 ; 



w,n 


PlO. 72.—Motion of 
connected weights. 


hence W 2 //y=P—\V 2 


adding (1) and (2) 


and from (1) 


(W 1 +Wo)//( 7 =W 1 -W 2 . . 

w -XV 

or /=w7+w 2 -^ • 


• ( 2 ) 

. (3) 

• (4) 


P=Wi(1-//0)=2W 1 W 2 /(W 1 +TF 2 ) . (5) 


The acceleration / might have been stated from considering 
the two weights and string as one complete system. The 
external accelerating force on the system is W, -W 2 , and 
its mass is (W t H-W 2 )/</ ; 


hence / = 


accelerating force 
total mass 


W x —W 2 

Wj +w 2 




Note that in deducing (4) we eliminated P from (3) and 
(2) as a matter of mathematics. But in obtaining / at (6), 
we eliminated P by making it an internal force which has 
no effect on the momentum of the system of two masseo. 

As a further example, suppose a body of weight W 2 is 
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drawn along a horizontal track by a weight Wj descending 
vertically and attached to W 2 by a cord passing over a 
small pulley of negligible mass and negligible faction as 
shown in Fig. 73. Let /x be the coefficient of faction 
between \V 2 and the track, so that the resistance to motion is 



Fio. 73. 


/xW 2 . Then considering in turn the common acceleration J 
in relation to Wj and \V 2 , 


and 


// 9 = (P-^W 2 )/W 2 =(W 1 -P)/W 1 . 

P (Wl +W 2 )=W 1 W 2 + /xW 1 W 2 =W 1 W 2 (l+/x) 

p=W 1 W 2 (l+/x)/(W 1 +W 2 ) . . 

Wj-ziW, 

/= wT+WT 3 • • 


(7) 

( 8 ) 
(0) 

( 10 ) 


results which have obvious simplifications if /x-0, t.e. if the 

track is perfectly smooth. f h 

Ucro again we could simplify the work of findin / by 

considering the two masses as one system in which 1 is 
an internal force, and which being dual makes no contri¬ 
bution to any change of momentum. The external force 

in the direction of motion is Wi — /x\\ 2 , und ou tho ma8a 
Wj-j-Wz, tho acceleration is evidently 

uww, 

Wj+W 2 9 

62. Combined Linear and Rotary Inertia. In winding and 
lift problems we are often concerned with ascending and 
descending masses, which have linear accelerations in 
conjunction with flywheels which have rotary motion and 
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acceleration simply related to the linear accelerations of 
the ascending and descending masses. The principles can 
be illustrated by simple examples in which the only motive 
force is a descending weight. We can express the linear 
velocity and acceleration of the masses having rectilinear 
motion in terras of the angular velocity and acceleration 
of the axle and wheels, or we can express the angular 
velocity and acceleration in terms of the linear motion. 
Another simple method of dealing with these problems by 
consideration of energy is given in Art. 66. 

Example 1. Flywheel, Axle, and Driving Weight. A fly¬ 
wheel, together with the axle (of radius r) to which it is 




Fio. 74.—Combined linear and rotary inertia. 

attached, weighs W 2 and is accelerated by a descending 
weight W, attached to a cord wrapped round the axle as 
shown in Fig. 74. Find the acceleration of the weight and 
wheel and the tension (P) of the cord. 

Let a be the angular acceleration of the wheel. Then 
ar—f . say, is the acceleration of the weight W,. Let k be 
the radius of gyration of the combined wheel and axle. 
The effective downward force on W, is Wj -P, hence by 
the second law of motion ((1), Art. 58) 

W 1 //y=W 1 -P.(1) 

The driving torque T on the rotary parts is, from (3), Art. 
58, 

T=Pr=mass xfc 2 Xa, or, ( W 2 k-/g)(J/r) . (2) 
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Equating the two values of P from (1) and (2), 

p =Wj -W Jig =W ztzfligr 2 ) 


, _ ^ i _ .g=g 

/_ W 2 (fc 2 /r 2 )+Wi 


and 


a =fl r —(9l r )/(wj 



k 2 


+1 ) 


(3) 

(4) 

(5) 


And substituting for / in (2) or (1), 

W 2 (fc 2 /r 2 ) 


x> ** -J -:—- or 

P - 1 +W 2 fc 2 /(W 1 r 2 ) 


Wj 


Wok 2 


( 6 ) 


Note that fn ibe^. wjw,. b°e 

KS &£% “and P will be in the same units as 

Wj and W 2 . cnmritelv the motions of Wj and 

Here we considered separately But dynamically, 

W„ P being an external considered as equivalent to an 
w n at a radius r, mi„ . . }i0 wtlo i 0 system having 

addition to the rotary ine » ^h . from (3), 

exerted upon it the external torque 

AXt,B8 a (W 2 fc 2 +W 1 r 1 2 )/^=W 1 r . . • (T> 

a =g.W 1 rl(W i k 2 +W l r 2 ) ... ( 8 ) 

which is the same as (5), and ^ so obvious^iid does 

rot" glvVK'tbTugb iT may be Found from (1) when / baa 
been determined. 

Example 2. -Axle, and bt \y 3 and 

wheel which, together-arth^an axie, ^^g weight W> 
radius of gyration k, is d > t j 10 ax ie at a radius r x . 

attached to a cord wrap I cor( i wrapped round the 

tsrsi StfSa-j j?u™ t 

X“t 8 e a tb d e nature of the modifications if an externa! 
torque T' is exerted on the axle. 

Let P, be the tension of the cord attached to W, 

and P o *» *» ” 


ft 
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Considering the angular acceleration (a) of the rotary 
parts 

Torque=T =P 1 r 1 — P 2 r 2 =MV a k 2 a/g . . (9) 

And for the accelerated motion of W 2 and W 2 , let be the 
downward acceleration of W 2 and / 2 be the upward 
acceleration of W 2 

Then, Y 1 =W 1 —'WJ 1 /g=W 1 —W 1 ar 1 /g . . (10) 

and P 2 == ^ T 2 2 /if U 2 _ f _ W 2 ar 2 /y (11) 

Hence, 

I > i»’i=W 1 r 1 (l— arjg) 

Ps r 2 = W 2 r 2 (l ~\- ar i/g) 



Fia. 75. 

by subtraction, 


p i r i -P 2^2 =W 1 r 1 -W 2 r 2 -(W a rj 2 +W 2 r 2 2) a /0 . ( 12 ) 

which from (9) is equal to W z k-a/g, hence 

a(W 3 l 2 +W 1 r 1 2+W 2 r 2 2)/ i 7 =W 1 r 1 -W 2 r 2 . (13) 

__ (W, ri -W 2 r 2 ) 

W s fc2 -f-W i^i 2 +W 2 r 2 2 ' ^ • • (14 > 

This result is also evident from considering the whole 
system \\ j, W 2 , and W 3 ; the moment of the external 
[orces is \\ \r x — W 2 r 2 and the effective inertia is llg times 
\\ 3 A : 2 +VV -f-W 2 r 2 2 , for Wj and W 2 have the same 
dynamic effect as if they were concentrated at radii r x 
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and r 2 respectively. A mistake to be guarded against is 
that of supposing that the torque on the rotary sj stem is 
w r, —Wort. It is not. The torque on the purely rotary 
parts is P x ri-P 2 r 2 , and in this, P, is less than W lf w ale 
P, is greater than W 2 (if is greater than W 2 r 2 , so that 

the angular acceleration is such that Wi is accelerated 

downwards and W 2 upwards). , „ . i 

The accelerations/i =ar x and / 2 -a.ro easily folio . 

from (10) and (11) n r.\ 

v P 1= =W,(1 -arjg) .... (U) 

p 2 =\V 2 (l+ar 2 /» 7 ) .... (10) 

If a constant torque T' is applied to the axle by some 

a 0 nd"andT^Ubeincroascd Ve 

S ri 3) (n! p. e 

H T' is negative (as with a frictional or braking torque) a 
will be decreased and will be negative if T' is greater than 
wln-W 2 r 2 and hence P x will bo increased and 1 2 reduced. 

The angular acceleration will bo 

0=9(T ' + W 1 r I -W 2 r 2 )/(\V 3 * 2 +W 1 r 1 *+W 2 r 2 »). (17) 

arul the winding tensions P, and P 2 can then be fonnd 
from (10) and (11) aa before, as sliown at (15) and (1 ’)• 

i0 \TZy Winstead of winding off a larger diameter of 
il, 1 * , \y in connected with the axle ol NN 2 

axle or drum tha 2 * . t ty runs n times as fast as 

fe^^a^rtia (Abe gea^mg isnegf.^ 

the preceding results for a, /i, ^ na J£ 2 

se'&■=w‘,inz,3 ~... 

should have (T ._ Wlft )/( V v 1 H + W 2 r,*) . • (18) 

and the winding tension P 2 would be as given in (11) and 
(16) with the value of a from (lo). 

B* 
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Example 3. A truck when loaded weighs 2500 lb. and 
is hauled up an incline of 1 in 25 by a rope parallel to the 
incline. The rope is wrapped round a winding drum 4 feet 
diameter mounted on a shaft which also carries a flywheel 
weighing in all 3000 lb. and having a radius of gyration of 
1-8 ft. Neglecting the weight of the winding ropes, rotary 
inertia of the truck wheels and friction, find the torque 
necessary on the shaft to give the truck an acceleration of 
0-8 ft./sec. 2 up the incline and find the tension in the rope. 

Let P be the tension. The gravitational pull on it will 
be 1/25 of 2500 lb. =100 lb. Then for an acceleration of 
0-8 ft./sec. 2 , the effective pull will be 

P -100 lb. =0-8 X 2500/32-2 lb. 

P =100+62-1 =162-1 lb. 


The angular acceleration of the drum, shaft, and flywheel 
will be (0-8 ft./sec. 2 )/2 ft. radius =0-4 radians/sec. 2 And 
the torque T necessary to give this angular acceleration and 
the pull P will be 


T =162-1 lb. x2 ft.+ 


3000 lb. 
32-2 ft./sec. 2 


1-S 2 ft. 2 0-4 radian 

X— -x- 5 — 

1 sec. 2 


=324-2+3888/32-2 lb.-ft. 


=324-2+120-7=445 lb.-ft. 


63. Conservation of Energy. The principle that energy 
cannot be destroyed, though it may be transformed into a 
different land of energy, is based on experience and serves 
to solve many problems. In mechanics we \are mainly 
concerned with (1) potential energy, such as that possessed 
by a body raised above a datum level to which it can 
subsequently descend, doing work, or an elastically strained 
spring which can do work in relaxing to its former con¬ 
dition, and (2) kinetic energy or energy of motion—often 
written in the abbreviated form Iv.E. Mechanical euergy 
is transformed into heat energy when frictional resistance 
is overcome ; it may be transformed into electrical energy 
by driving an electrical generator; we know the rates of 
exchange into those other forms of energy, but such 
transformed energy does not further concern us in applied 
mechanics. 

We have had an example of the conservation of energy 
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in the energy expended and the cnergy usefully employed 
in a simple frictionless machine in Art. 46. In this a 
imnortant condition, in addition to the absence of friction, 
was that there was no acceleration and therefore no change 
Akinetic energy?he. bo energy exerted was converted into 

kinetic energy ./ 

64. Kinetic Energy. . («) iinr«r ^oii 0 „ “ a f °J ce P f 

is exerted in ^£//W TttToZu 

?irec“on A of pVnd & a, is tL ■ ^1 ^ the 
final speed patter,say, a time t is r 2 =t'i +/*> aud the dista 

moved is ,, , .. ( 1 ) 

* = J(Uo+t;i) X(t* 2 — l *i)// 

or *>//.<;> 

o r . . W 

The work done and energy expended in the exertion of 
the force P through a distance s is 

• < 4) 

which is the increase of K.E. And if a, =0, then the kinetic 
energy is K . E . = jW„*/,.< 5 > 

(6) Rotation If a 

about the axis is I or \ A /$,f - Jar 4 loc ity after an 
If a*| is the initial and the the angular displacement 
interval of time <, o> 2 =«*»i + a * aua ° 

or movement 0 is / w , . (6) 

0 = £(a> 2 +tui)<. 

0 = i(co 2 +toi)(o. 2 -u> 1 )/a 

0 = I(a, 2 2-ai 1 2 )/a. 

or 2a0 =a> 2 2 . ' 

The work done and energy expended in the exertion of the 
torque T through the angle U is 


or 


T 0 =T X i(o, 2 2 -ojS)la = £K"2 2 “"I 2 ) 

= |\Vfc 2 (w 2 2 - < * J i 2 )/^. 


( 0 ) 
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which is the increase in K.E. Andif^ 1 =0, 

K.E. =|Ioj 2 2 or £Wfc 2 tu 2 2 /y . . . (10) 

The analogy between the relations for linear and angular 
motion is complete. 

In (4) and (9) the work done by a constant force and a 
constant torque respectively is in each case equal to the 
gain of K.E. But these relations remain true if the force 
P or the torque T are variable quantities, provided P and T 
denote the mean values of the force or torque respectively, 
the mean being not with respect to time but with respect 
to displacement, i.e. to distance and angle respectively. 
In other words, for a small displacement 8 s, the work done is 
P. 8s and the gain in K.E. is (|W Jg) x S(r 2 ), and over a larger 
displacement 

27(PSs) = 2:{(|W/0) x8(v2)}=l(W/y)(r 2 2 -Vi 2 ) (11) 

where P is a variable quantity. And for a variable torque 
T, T . 80={\Vk*/g) x8(o> 2 ) and 

r(T80)=§2:{(W k*/g) xS(ai 2 )}=J(Wfc 2 /<7)(<i>2® w i®) (12) 

The relation (11) is shown graphically in Fig. 76, where the 
effective accelerating force P is shown as the excess of the 
driving forces such as PN above the resisting forces such 
as P'N,and the area MPP'M' represents the effective work 
done in accelerating a body and the gain in K.E. by the 
body. If the resistances exceed the driving effort, the 
area between the graphs of effort and resistance would 
have to bo reckoned negative. 

A weight oscillating to and fro, straining and relaxing 
a spring of any kind, is a good example of energy being 
repoatedly transformed from K.E. to some form of potential 
energy. In this case the strain energy temporarily stored in 
the spring and restored to the weight as K.E., reaches a 
maximum at mid-stroke and falls to zero at the ends of 
its stroke when all the energy is transferred to the spring 
(see Art. 74 and Fig. 94). And in a pendulum there is a 
similar repeated exchange between K.E. and the potential 
energy stored in the pendulum lifted against gravity, this 
potential energy reaching a maximum when the pendulum 
reaches its highest position and is instantaneously at rest 
with no K.E. 
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Example 1. A tram weighmg 120,000 ft. movcs^at 

60 miles per hour. Find its K.E. oft/sec. 2 , " hat 

from rest with a constant accelerati tbat needed for 
average power is required £P ? Neglect the rotary 
frictional or gravitational res ^ . g sh e ut off and the 

train* sub ject°to^a constant retarding force equal to 7-5 per 



Fio. 70. 


cent, of its weight, how far will it run before coming to 

Since the speed is 88 ft./see. 

K.E. = j • 88 *(/<./ 6 cc.)‘ x 120,000 lb./(32-2 ft./sec. ) 

=14,430,000 ft.*lb. 

i rft /see )— 2 ft./sec . 2 =44 sec. 

Time to get up speed =88 (ft./sec./ . i 

Average work per sec. =1-1,130,000 ft,lb./!4 see 

„ s“““; ™SS“S 

power required would t" ^ tw ice the average speed, 
the maximum speed would t>c but this example 
Actually accelerations are no . neccS sary for the high 
serves to show that lugh ^^“bTtoilway with high 
accelerations m, say, an intervals ; the energy 

average speed and ■*«* “LStoSTby braking. The 
is converted into heat m 
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power greatly exceeds that necessary to overcome resist¬ 
ances of a frictional kind, e.g. if these were as high as one 
per cent, of the load, i.e. 1200 lb., the maximum h.p. 
required to overcome this would be 

1200 lb. x88 ft./sec. -r-550 ft.-lb./h.p.-sec. =192 h.p. 

A resistance of 7*6 per cent, of 120,000 lb. =9000 lb. 
This multiplied by the distance run is equal to the work 
done in absorbing the K.E. Hence, 

distance run =14,430,000 ft.-lb./9000 lb. =1603 ft. 

Alternatively from the second law, Art. 58, equation (1), 

120,000 lb. x//(32-2 ft./sec.*) =9000 lb. 

/=2-415 ft./sec. 2 

time taken =88 ft./sec.-r-2-415 ft./sec. 2 =36-44 sec. 

distance =£ x88 ft./sec. x36-4 sec. =1603 ft. 

We may note that to find this distance the former method 
is more direct and shorter. 

Example 2. A rail truck weighing 3 tons moves at 
10 ft. per second, meets and collides with a truck weighing 
2 tons moving at 5 ft. per second in the opposite direction. 
If the two trucks then move together, find their common 
speed and how much K.E. has been lost. 

The total momentum in the direction of the first truck 
is unaltered, hence if v is the speed in that direction after 
collision, 

(3 xlO) —(2 x5)=(3+2)d 

v =4 ft./sec. 

The K.E. before collision is 

(3 xlO 2 -}-2 x5 2 )/64-4 ft.-tons =350/64-4 ft.-tons 
K.E. after collison=5 x4 2 /04-4 =80/64-4 ft.-tons 
Loss of K.E. =(350-80)/64-4 =270/64-4 =4-193 ft.-tons 

=9391 ft.-lb. 

Example 3. A car weighs 12-88 tons, and starts from 
rest; the resistance of the rails may be taken as constant 
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and equal to 500 lb Alter it has moved * feet 





e 

P . 

0 

1280 

20 

1270 

50 

1220 

80 

1110 

110 

905 

130 

800 

100 

720 

190 

070 

200 

660 


Find the speed of the intermediate points, 

rest; also lind the velocity at ^anous dcscribe d. 

and plot a curve of spec ‘ y 77 and read off the 

Plot the curve of P and a as m I 



60 ftO '00 '20 

S 7/t 

Fio. 77. 


zoo 




m 

10 

30 

50 

& S 

p 

1275 

1200 

1220 

P-500 

775 

700 

720 


70 
1150 
050 


00 

no 

130 

150 

170 

1050 

550 

905 

405 

800 

300 

740 

240 

095 

105 


100 

(170 

170 


The mean accelerating force “ 
motion is approximately equal to that at 
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hence the work stored as kinetic energy (K.E.), t.e. the gross 
work done less that spent against resistance is 

775 lb. X20 ft. =15,500 ft.-lb. 

Then if v is the speed after covering s feet, for s =20 ft. 

K.E. =£Wt > 2 /<7 =15,500 ft.-lb. 

and W is 12-88 x2240 lb., hence 

©2=15,500 ft.-lb. X64-4 ft./sec. 2 +(12-88 x2240) lb. 

=34-8 (ft./sec .) 2 
©=5-90 ft./sec. 

Similarly, the gain of K.E. in each 20 feet interval gives 
i 2 and p, e.g. in the next interval 

gain of K.E. =760 lb. x20 ft. =15,200 ft.-lb. 

Total K.E. at *=40 is 15,600+15,200=30,700 ft.-lb. 
and so on, from which wo can tabulate as follows:— 


e In feet 

0 

m 

40 

60 

80 

100 


140 

ICO 

180 

200 

Gain of K.E. 
In 20 feet, 
foot*lb. 

0 

15500 

15200 

14400 

13000 

11000 

8100 

6000 

4800 

3900 

3400 

Total K.E., 
foot-lb. 

0 

15500 

30700 

45100 

58100 

C9100 

77200 

83200 

88000 

91900 

95300 

r* 

0 

34-8 

68-5 

100-6 

129*4 

1540 

1721 

185*5 

196*2 

204-8 

212-5 

v In ft. per 
see. 

0 

5-90 

8-28 

10 03 

11-34 

12-40 

13*12 

13 62 

14*01 

14-30 

14-58 


Those velocities have been plotted on a base of spaces in 
Fig. 78. 


Example 4. A wheel weighs 6000 lb. and has a radius 
of gyration of 3 ft. 6 in. Find its K.E. at 180 r.p.m. 
What uniform torque will be necessary to give it this speed, 
from rest, in 50 revolutions t What average h.p. will be 
required and what will be the maximum h.p. t 
Let T bo the torque in lb.-ft. 

Angular velocity =2 tt x 180/60 =677 radians/seo. 

K.E.=iW*2o> 2 /0 

=3000 lb. x3-5 2 ft. 2 x36tt 2 rad./sec. 2 H-32-2 ft./sec. 2 
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Equating the work done to the K.E. 

T X50 x2tt=3000 X 12*25 x36tt 2/32*2 ft.-lb. 

=405,500 ft.-lb. 

T =1291 lb.-ft. 



Average h.p.=405,500ft.-lb./(83-33 sec. X 550 ft.-lb./scc ) 

=22*14. 

Maximum h.p. =2 X 22*14 =44 3. .. 

Note that we could also solve ^^^gjji^accelcratioii 
of angular momentum; ta 2 ^/__ 3G7T 2 /(2^277 x60) =97r/50 

from ( 8 ), Art. 64, as * /i- 

radian/sec . 2 

9tt 6000 x 3*5 2 =1291 ib.-ft. as above. 
Then T =al =^- Q X 30 T 2 

65. inertia of Roiiing Bodies. CWJeeW. ^“g^Une 
rotation about an axis and tr separately, both in 

for a single body have been d tum [ Q Art. 58 and 

considering rate of change ° m oq a track it has 

K.E. in Art. 64. But when a body r 



146 


APPLIED MECHANICS 


motion of both kinds. Instantaneously, it is turning about 
an axis through the parts in contact with the track. For 
dynamical purposes, the motion is equivalent to that of the 
whole mass at the c.g. together with a rotation about an 
axis through the c.g. If v is the velocity of the c.g. of a 
wheel or a solid of revolution and r the distance of the c.g. 
from the track, the angular velocity of the wheel or other 
rolling body is 

a)=v/r .(1) 


The total K.E. is 

IWvt/g+lWWajyg .( 2 ) 


where k is the radius of gyration about the axis of spin. 
This may also bo written 


K.E.=4(Wr2/ff){l+A- 2 />- 2 } ... (3) 


Thus the inertia of the body in rolling is increased 
1 -\-k 2 fr 2 times that of the same body sliding along at the 
same speed without rotation. For example, in a solid 
disc of uniform thickness and material, rolling on its edge 
(or a cylinder rolling on its curved surface), since k 2 /r 2 = 0-5, 
the inertia is increased 50 per cent, by rolling. In a very 
thin circular hoop without spokes or hub, the increase would 
approximate to 100 per cent, since k approaches r. 

Note that k may exceed r in the case of a wheel mounted 
on a spindle which rolls on a track while the wheel over¬ 
hangs it or lies between two parts of it. 

The inertia of wheeled vehicles is increased by the 
rotary inertia of the wheels, but often the wheels are so 
small in proportion of the total moving weight that the 
rotary inertia of the wheels is negligible. But to take 
account of it, let W x be the total weight of a loaded vehicle 
including, say, W 2 the weight of the wheels which have 
a radius of gyration k and radius r from axis to track. 
Then from (3) the total K.E. is 

Thus if the wheels amounted to, say, 5 per cent, of the total 
weight (or W 2 /Wj= 0-05) and the radius of gyration were 
0-8r or k 2 /r 2 = (0-8) 2 =0-64, the total K.E. would be 
1 -f-0-05 x 0-6-1 or 1 032 times that of the same weight moving 
with the speed of the c.g., and the error in neglecting the 
rotary inertia would bo 3-1 per cent. 
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JK8.3&S S&ftSte — 

an incline with a total height h. r- pr ?v if W is 

By the principle of Conservation of Energy, u 

weight of the body, 

Wfc=$(W« 2 +Wfc*«*)/0=4Wt>*(l+fc lr )lg 

and for a soUd cylinder or disc * 2 /r 2 =0*5, hence 

V 2 = 2 g / i /( l + fc 2 / r2 )= 4 ^/ 3 _ ^ 

t? = \/4y/j/3 (instead of for a sliding 30 y). 

Fr0 m this it is evident since ,-2/. if . is * • -ec a for 
a slope at angle a to the horizontal, that 

2 / s = 2^/(1 +* 2 / r 2 > . . 2 

and /-«(*/»>/( 1 +**'*>» or ’ S, “ “ /( + ' .■ „ 

vw* obtained by considering 
These results may easily be b d rolling down 

the forces and moment exerted on the Doay 



F.O. 79.—Motion of cylinder on inclino. 


1' iU« • V. —- 

in T?i<r 79. F is the 
the incline. The forces are ^nal thrust of the truck on 

tangential thrust and B the direction of motion, the 

the wheel. In the (downward) direction 
effective accelerating force, 

W sin a— F—W//0 

And about a horizontal axis through ^“"tderation 
the diagram, the moment givmg b 

a/r), is Fr, hence p r=(WkW x (//r) 

F =\X(k 2 lr*)(Jl9) 
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and substituting this in the equation W sin a—F=W f/g, 

f/g{l +k 2 /r 2 } =sin a 

f=g sin a/( 1 +& 2 /r 2 ) as before. 

Notice that the first solution easily and quickly gives v 
but no information about F. 

The value of F is W (k 2 /r 2 )(J/g), which is equal to 
(W . sin a)k 2 /(r 2 +k 2 ) t but the greatest value F can have is 
/iR =/x. W cos a, where /x is the coefficient of friction between 
the rolling body and the track. Hence (W sin a)k 2 /(r 2 -\-k 2 ) 
must not exceed /*\V cos a or tan a must not exceed 
{1 +(r 2 fk 2 )}iL if there is to be no slipping or sliding but 
pure rolling. 

66. Alternative Solutions of Dynamical Problems. In this 
chapter, problems have been solved by applying the second 
law of motion and stating the equality between the rate 
of change of momentum and the effective (or unbalanced) 
forces in the direction of the acceleration. Or for rotary 
motion, by equating the rate of change of moment of 
momentum to the effective torque. Alternatively the time- 
integrals of both sides of such equations have been used, i.e. 
the impulse of the effective forces has been equated to the 
total corresponding change of momentum. (And in rotary 
motion, the angular impulse has been equated to the total 
change of moment of momentum.) 

liut, in many problems, yet another method is applicable, 
namely that of energy. The work done by the effective 
forces in accelerating a body may be equated to the 
Increase in K.E. produced in the body. Since the algebraic 
expressions for K.E. arise directly from those for forces 
and movements, the methods are not mathematically 
independent. The choice of method is to some extent 
one of individual preference. The different equations 
used represent different physical principles, e.g. on the 
one hand the second law of motion and on the other the 
conservation of energy. Where the data allow the work 
done on, or energy given to, a body to be directly calculated, 
the speed or change in speed may conveniently and simply 
be calculated from the energy equation without determining 
the time taken or the acceleration produced. But as was 
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noted in the example at the end of Art. 65 it toguot 
directly give the forces evolved and « hicb may 4 of 

We now proceed to diustratoths typoo iously 

problems by the energy equations by exa I 1 and 

solved by other means, Pomtii^onttbo ^. To" under¬ 
disadvantages according to ion sbould be considered, 

stand mechanics, each type of s T) roblems it is desirable 

but in application to engmeermg [ o direct and 

to have the abihty to choose the ^ethoam ^ and f(jr 

simple for a particular others are not required, 

finding a particular quant y e . lv0 the square of a 
Since the expressions for KM .■ i ted for finding a 

speed, the energy equation producing it. The 

speed from the energy ©xpen for £ witb tho symbols 

three methods, set out in a 1 "® f linear motion with 

of preceding articles, are as ^Hovns, for 111 p 

constant acceleration under a co 

(1) Effective force =mass x acceleration 

P =mf or W fig 

(2) Impulse =gain of momentum 

J>t=mft=m(Vo—Vi) or (\\/<7)( r 2 1 

(3) Worh or 1(W , 

Example 1. The example 2 of Art. 68 might proceed 

thus: ,, . ,ii 

3227 lb. x< = 1(200X2240 lb./32-2 

t =2903 ft!/(l X36-7) ft./sec. =168 seconds 

This solution offers no advantage m 

and merely illustrates an alterna 

ExAsnmE 2. Example 4 of Art. 68 might be solved 

,0 !'°7 1 . £t 1 ec.x ^=200 1 b.-ft.xC 0 sec.x^ 

ilo> 2 =i * 1553 lb.-ft. se . ^ =200 x 60/1553 radiuns/sec. 

=7*73 radians/sec. 
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Again the energy solution offers no advantage but is an 
alternative to that in Art. 58. 

Example 3. Find the speed of the two weights in 
Fig. 72, Art. 61, after they have moved a vertical distance 
h and hence find the acceleration. 

The equation of energy is 

i(W 1 +W 2 )r 2 /<7=(W 1 — W 2 )A 

*= =2gh(XV 1 -W 2 )/(W 1 +W 2 ) 

v = V2gh( Wj-WoJ/tWj +W 2 ) 

And since also v 2 =2fh 

f—9 X (Wj-W 2 )/(W 1 +W 2 ) 

The solution does not give P (which is W^l —f/g)). 

Example 4. Example 1 of Art. 62, involving the inertia 
of linear motion with that of rotation, can well be solved 
by an equation of energy so far as concerns speed and 
acceleration. The equation of energy for a vertical dis¬ 
placement h of W 2 is 


£(W lV 2 +w 2 fc2t o 2 )/g = W\h 
(WjI 72 w 2 A:2f2/,-2) =2W 1? /1 

v 2 =2gh/{l + (W 2 /W i)(k 2 /r 2 )} 
v = V2ghl{l+(W 2 J\\ 1 )(k 2 /r 2 )}. 

And since v 2 =2fh 

/=^/{l+(W2/W 1 )(A-2/,-2)} 

As in (1), Art. 62, and a=//r as in (5), Art. 62. This 
solution is simple for v ; the tension P may be found from 
(3). Art, 62. 


Example 5. Similarly, Example 2 of Art. 62 may be 
solved by equating the K.E. to the net work done in pro¬ 
ducing acceleration. Taking an angular displacement of 
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the 408lt equal to 0, the vertical displacement o£ W, is r x B 
and of W 2 is r 2 0. The equation of energj is 

i( w ,1V +W.«V + W 2 «.*r t »)/S = ('V It, - W 2 r 2 )0 

a,r x and <*r 2 being the speeds oi W, and W, respectively, 

tu »=2ff9(W 1 r 1 -W i r 2 )/(W 3 ^+W 1 r 1 ^+W 2 r^) 

And since cu 2 =2a0 ((B), Art. 64) 

0 = 3 (W 1 r 1 -W*r 2 )/(W^* +W,r l * + 

as in (4), Art. 62 This -thod of solutionis P£«cu.ariy 

simple and direct for fint ^ n ® ’ it d ^ es not give the tensions 
weights (viz. u>r x and o>r 2 ), but of force. Lf these 

Pi and P 2 which need ^Sn otrsecond law 

forces are required, the direct api solution of 

of motion (Art. 62) might well be used lor 

the whole problem. be noticed (:is 

In this and preceding l>rob bv the energy 

guidance for others) that U purposes (finding 

equation is simple and direct furnish the inforina- 

speed and acceleration), but does tbc methods 

tion about the forces mvohed afforded oy law of 

used in Art. 62, i.e. the apphcation Mtlje equat . onB of 

motion to each moving mass, •. found when the 

forces • Nevertheless, the.forces are^easily (ollIld 

acceleration is known. Thus 1 1 determined, 

from (10) and (11) of Art. 62 when a has 

as above, from the energy equation. 

Example 6. In a UttUuf — pandit S 

ofthe m C ac a hi^ 8t are negUgibte and ^^^K.E^and’sp«d 

as an effort, lifts a load of 04 move d 10 feet 

of the load and effort, after t wou ld the results be 

vertically downwards. (0) °'' used were absorbed 

modified if 10 per cent, of the energy u *® ? {c) what 

in friction, i.e. if the efficiency from which is 

would be the effect of the mert 20 lb driving weight t 
unwound a cord which carries the 20 lb. orivm b 
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(a) Energy input =20 lb. xlO ft. =200 ft.-lb. 

Energy used in lifting load =64 lb. xlO/4 ft. =160 ft.-lb. 

K.E. of moving masses (by difference) = ~40 ft.-lb. 
Let v bo the speed of effort; then t?/4 =speed of load. 
K.E. = i X 20t'2/32-2 + * x 64(ii>)2/32*2 =40 ft.-lb. 

t> 2 (20 +4) lb. =40 X64-4(ft.-lb.) xft./sec.2 

v 2 =40 x 64-4/24 =107-3(ft./sec.)2 
v = 10-35 ft./sec 

Speed of load =10-35/4 =2-59 ft./sec. 


From the above it is evident that the K.E. of 40 ft.-lb 

on):?? 11 , th ® e£tort and load masses in the ratio 
20 to 4 or -0/24 of 40=33-67 ft.-lb. in the 20 lb effort 
weight and 6-33 ft.-lb. in the 64 lb. load. 

iiwI Ce . the E mass att ama a speed of 10-36 ft./see. in 
“, 0 , t ‘ h ,° acceleration (t>*/2») is 107-3(ft./sec.)» 

mass is 36/4 =1-34°f t./secS accoIeratioa ° f ‘he 64 lb. 

i ho tension of the cord carrying the descending °0 lb 

tenln of~the X ^' 3 ^ = 2 ° U -0-166) =16-7 lb. and Z 
=66 7 ib f ^ 11/11115 rOP ° 1S 64(1 +134/32-2) =64(1-0416) 


thfusofnl wort- a e “ fc ' ° f tl \°, ? ner ^y in I )Ut were lost in friction 
tno useful NNorh done would bo 180 ft.-lb. instead of 200 ft.-lb. 

and subtracting the work done in lifting (160 ft.-lb), the K e’ 

40 r U \ d # v * ' 20 "-lb. instead of 

1 / f- f ?, Uld b ? rcduc ® d 50 Per ^nt. and v would be 

30 ue7eont\ "Tt! prev ! OU8 value <*’•«• reduced nearly 

nerV n R V, « ? 16 accelcration would be reduced 50 

“y. 8mco » f° r a 3 n cn travel it is proportional to 

(c) The inertia of the drum would add to the left side 
i* ih!>° w euer 2y equation a term l\Yk*u,*/g where \V 

" itS velocity The 

E ?, =r-“* 1> * SfW-sca&s 
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diminished value. (The driving torque remains as before 
but the inertia is increased.) 

Example 7. A shaft A is geared to a shaft B which it 
drives at four times its own speed. Shaft A and a wheel 
attached to it weigh 60 lb. and have a radius of gyration 
of 18 Inches ; B and an attached wheel weigh 30 lb. and 
have a radius of gyration of 12 inches. Find the K.E. 
of the system when shaft A reaches a speed of 200 r.p.m., 
and the proportion of the whole in A and B respectively. 
Find the constant torque which would, if exerted on A, 
bring the system up to full speed in 50 revolutions of A. 

aj A =2tt X200/G0 =6-67tt radians/sec., 
tu B = ‘JG-67tt rad./sec. 

K.E. = i • 50 x (1-5) 2 X (6-67 tt)2/32-2 

+ $ • 30 Xl 2 x (26-67 tt) 2/32-2 ft.-lb. 

= (G-67tt)2(50 X 2-25-1-30 xlG)/G4-4 ft.-lb. 

=0-813(112-5+480) =4036 ft.-lb. 

Proportion of K.E. in A =112-5/592-5 =19 per cent. 

Proportion of K.E. in B =480/592-5 =81 ,, ,, 

Let T be the torque on A. Then in 50 revolutions or 
1007T radians 

T x100t7=4036 ft.-lb. 

T =40-36/77- =12-84 lb.-ft. 

The torque might alternatively bo found from the 
angular acceleration. With constant torque, the average 
speed in running up to 200 r.p.m. will bo 100 r.p.m., and 
therefore the time taken to make the 50 revolutions w ill 
be 30 seconds and the angular acceleration of A will be 
200 x2tt/(60 x30)=2tt/ 9 radians/scc. 2 , and that of B will bo 
four times this. Also, to give any particular torque to 
B will require four times that torque on A. Hence 

T={50 xl-5 2 X(2tt/9)+4 x30 xl 2 x8t7/9}/32-2 

=2w( 112-5+480)/(32-2 x9) =12-84 lb.-ft. as before. 
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67. Changes in Kinetic Energy and Speed. Flywheels. A 
change of speed of a moving body involves a change in its 
K.E. When the speed of a moving body is diminished, 
the body gives up some energy ; and when it is accelerated, 
it absorbs some energy. Thus a fast moving body of 
considerable mass may act as a temporary reservoir, 
storing and restoring energy, particularly during a succes¬ 
sion of events which is repeated at intervals as in the cycle 
of operations in a reciprocating heat engine—either a steam 
or internal combustion engine. Thus a flywheel is used 
as a means of reducing speed fluctuations, within a cycle of 
events, in machines of various kinds. It decelerates and 
gives up energy when otherwise the machine, of which it 
virtually forms a part, would be unduly reduced in speed 
owing to a deficiency of driving effort or an excess of 
resistance or load at some part of a cycle of events. It is 
then accelerated in periods when the driving effort is in 
excess of that required for driving the machine. Thus the 
speed is not made uniform but the cyclical changes in speed 
{e.g. in one revolution) are reduced and controlled. The 
heavier the flywheel and the higher the speed, the smaller 
the speed variations and we now consider the relation of 
the inertia and speed of the wheel to speed variation. 

If oj 1 is the maximum and too the minimum angular 
velocity of a wheel of weight W and radius of gyration k the 
fluctuation of K.E. from the maximum to the minimum, 
expressed as a fraction of the K.E. at the mean speed, 
j(o>2 is 

-«,*)/* w **(*)*(« 1 +0,0)21 

= 2(a, 1 -a,o)/{*(o, 1 +o,o)}/ * * W 

i.e. twice the extreme fluctuation of speed expressed as a 
fraction of the mean speed. Or, again, if the speed increases 
one per cent, the proportional gain of K.E. is 

{(l*01o>)2 —o>2J/o>2 =0*02 .... (2) 

(or 2 per cent.) very nearly. 

If, in order to find a suitable flywheel fora given machine, 
we plot graphs of the driving torque and the resisting 
torque on angular displacement of the shaft as a base, 
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both will have the same mean height (i.e. the torques will 
have the same mean values), but the two curves will 
eenerallv cross one another forming loops. The areas of 
the looifs (between the two graphs) will represent energy 
to be stored by a flywheel in acceleration when the driving 
torque Uin excess of the resisting torque, and energy to be 
restored by the flywheel when, during deceleration, the 
resisting torque exceeds the driving torque The geo- 

metrical form TsutanL.. 

‘°nc b r 6 gy“om y a maximum Ipeed to a minimum speed », 

lsS ^° r jWfe 2 (on 2 -w 2 2 )/y= 8E . . • • (3) 

where W is the weight of the flywheel and k is its radius of 
gyration. 

Hence JW^i+“» 2 )(" 1 -^)/!' =8E * * * (4) 

a small fraction such as 0-01 say, then 


uj x —0*2 = n X i(«°i +^ 2 ) 


( 5 ) 


And 


(a> 1 2 -cri 2 2)-(a Jl -tozHoJx+OJt) 

=nxlhW =2n ^ w i+^ 2, (6) 


Substituting this in (3) 

$\V& 2 x2n{£(ai 1 +w 2 )} 2 /0=8E . . . ( ) 

Wlc2=g&Eln*o 2 . 

1 1 / When all the quan- 

where w is the mean speed ‘ wfc2 i 8 known ; and 

titles g , 8E, and are given, the p r °au< i. >> ^ 
if k is decided upon, W cun be simply foi 

a ainr»le-cv Under internal-combustion 4- 

Example. A single c > unu and between the 

stroke engine of 20 l.h.p. runs BtorC(i i 8 three 

^eTXrdevXpTVer . 

limited^^o tl T*5 °per fr »ent^of‘ the mean ‘speed, find what 
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weight of flywheel will be required if its radius of gyration 
Is 3 ft. 

Work per rev. =20 x33,000/250 ft.-lb. 

=2640 ft.-lb. 


Work stored between minimum and maximum speed 
= JW*2(ai 1 2-cu 2 2 )/ ff =3 X 2640 =7920 ft.-lb. 

And a*i — to 2 =0-015 x 

OJ\ 2 —t o 2 2 =0-015 X \(toi -f-COo) 2 
=0-03 X { cog)} 2 
=0-03 X (250 x2tt/ 60)2 
=0-03 x ( 26 - 18)2 

=20-56/(radians/sec.) 2 


W* 2 = 


2 X32-2 ft. 7920 ft.-lb. xsec. 2 


sec. 2 


20-56 


=24,800 Ib.-ft. 2 


And if £2=9 ft. 2 , W =24,800/9 =2767 lb. 


EXAMPLES V 

1. A train weighing 200 tons has a resistance of 15 lb. per ton, 
supposed constant at all speeds. What tractive force will be 
required to give it a speed of 30 miles per hour in 1-5 minutes ? 

2. A train travelling at 40 miles per hour is brought to rest by a 
uniform resisting force in half a mile. How much is the total 
resisting force in pounds per ton ? 

3. A gun weighing 40 tons projects a shell weighing 1500 lb. 
with a velocity of 1400 feet per second. With what initial 
velocity will the gun recoil ? What average force will bo required 
to bring it to rest in 3 feet ? 

4. A gun weighing 40 tons has its velocity of recoil destroyed in 
2 feet 9 inches by an average force of 70 tons. If the projectile 
weighed 14 cwt., find its initial velocity. 

5. A lift has an upward acceleration of 3-22 feet per second per 
second. \Y hat pressure will a man weighing 140 lb. exert on the 
floor of the lift. ? What pressure would he exert if the lift had an 
acceleration of 3-22 feet per second per second downward ? 
\\ hat upward acceleration would cause his weight to exert a 
pressure of 170 lb. on the floor ? 

0. A body is to bo moved up a track inclined 30° to the 
horizontal by a horizontal force and is to have an acceleration 
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equal to half that of a body falling freely. If the body weighs 
80 lb. and the coefficient of friction between it and the track is 
0-3, find the force necessary. 

7. A bicycle has wheel centres 4 ft. apart. The cycle and rider 
together weigh 180 lb., and combined have a c.g. 3 feet above 
ground and 1 foot in front of the rear axle. Find the pressures 
between each wheel and the ground (a) when the machine is 
moving with constant speed, and (6) when subject to a decelera¬ 
tion of 8 ft./sec.* due to a brake on the front wheel. 

8. A flywheel weighing 1-5 tons has a radius of gyration of 
4 feet. If it attains a speed of 80 revolutions per minute in 40 
seconds, find the mean effective torque exerted upon it in pound- 
feet ? 

9. A weight of 40 lb. attached to a cord which is wrapped round 

the 2-inch spindle of a flywhee descends, causes 

the wheel to rotate. If the weight descends 0 feet in 10 

and the friction of the bearing is equivalent to a force of 3 lb >. 

at the circumference of the spindle, find the m ?. n, * n , ? 

of the flywheel. If it weighs 212 lb., what is its radius of gyration t 

10. If the weight in Question 9, after descending 6 feet, is 
suddenly released, how many rotations will the wheel make before 

coming to rest ? 

11. A flywheel weighing 250 lb. is mounted on a apintUe 2-6 

inches diameter, and is caused to rotate by a 8 After 

60 lb. attached to a string wrapped round the Tn.l the wheel 
falling 6 feet in 8 seconds the weight is detached, and.the wheel 

subsequently makes 100 revolutions before coming 
Afwuminff tho tangential frictional resisting force at the circum 
the a'flc'fc be constant throughout t* and 
stopping periods, find the radius of g> ration o 

12. Find the acceleration and tensions on ^ ^ ^ 

cord in Fig. 72, if the radius of the puHey « '■ *** t befiTg W, 
gyration k and its inertia is not negligible, ' k 

13. A load of 300 lb. is lifted by a ca f ble ^P^ e ^ f r ^ U " eh^Tnd 

18 inches diameter having a radius of on G f q-5 

weighing 600 lb. If the load has an upward ucceleiation oiuo 

ft./sec.*, find the necessary torque on the arum. 

14. A car weighs 2000 lb. What is its K.E. in iTt.-lb^ when 
running at 40 m.p.h. ? If the resistances amount U> 60 b 

far will it run with the motor disengaged (a) on the level, ( P 
a slope of 1 in 40 ? 

16. A flywheel is required to store 8000 ft.-lb. of energy w ion 
ite speed increases from 219 to 251 revolutions per mini • riM jj ua 
would be ite K.E. at 250 revolutions per minute and if its radius 

of gyration is to be 3 feet, what should it weigh e 

10. What uniform torque will be required to bring the flywheel 
In Question 16 to rest in 80 revolutions r 
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17. A wheel, 6 feet diameter, with a radius of gyration of 
2 feet 9 inches, rolls down a slope of 1 in 100. What speed will 
its centre acquire in running down a distance of 150 feet ? 

18. In an experimental wheel and axle, the effort is provided 
by a weight of 10 lb. suspended by a cord wrapped round the rim 
of the wheel which has an effective diameter of 2 feet. The load 
is lifted by a rope which is wound round a drum of 0 inches 
effective diameter. This effort will just lift 35 lb. without 
acceleration. If a load of only 30 lb. is lifted, find the total K.E. 
and the speed attained by the 10 lb. effort weight after it has 
traversed a distance of 0 ft. vertically downwards, assuming 
friction remains as when 35 lb. was lifted without acceleration, 
(a) If the rotary inertia is negligible. (6) If the rotary parts 
weigh 15 lb. and have a radius of gyration of 0 inches. 


CHAPTER VI 

CIRCULAR MOTION 

_ . . a common instance of motion in 

a curved* path in ia a motion inVcSde and at constant ^ 

l • | 1 Q I | | e characteristic of direction as 

is not, for velocity has the ^acte ^ c0Qtillually 

weU as magnitude ; and since the ^r tije re is ^deration, 

changing, the velocity is changing investigated the 

which also has directio . . . b e 0 j magnitude 

acceleration in Art. 50 diaUy inwards toward the 

or v*!r and directed radiaLly in a COQ8ta n t 

centre of the circle, where r ls , U f. r ‘ r velocity. In 
speed and o> (or r/r) thecon s mqy ^ body, in accord- 

order to have this ac ? ele ^ t * f ’ tion (Art. 58), must have 
ance with tbo second la^ o mass multiplied 

exerted upon it a force ^°A'^ r Action of the acceleration, 
by the acceleration and m t ight of the body, the 

i.e. radially inward. If V> »s the 
radial inward force exerted upon it must 

_ « nr 


(W/j)Xw 2 r or (W/ff) X(r 2 /r) Wi-l ( J r 


( 1 ) 


This is called the centripetal force acting on the 
We have seen that forces ^e ^al ^ the ^.y^e M tho 
a radially outward force, of thesara‘ ? t tQ follow a 

centripetal force, on wbateve called the centrifugal 

circular path. This outward constraints and not 

force; it is exerted by the bo y * entr if uga l force is 
on the body. The magnitude of the cent e 

tbeD (\V \gWr or W v*\gr . • • • (2) 

(The solution of problems, on t ho f^nnoTtlio 

orbits by d’Alembert s Prmcipl ( • force on t i, 0 body 

introduction of a fictitious o ‘ ntripeta i force has led 

equal and opposite to the . ac p bably the conditions, c.g. 
to serious misconceptions , P J t f orC c, have been 

the artifice of introducing a non existc 
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omitted or forgotten. There is no need for this artifice, 
or this method, which proves so misleading.) 

While there is no external radially outward force acting 
on a body moving in a circular path, parts of the body 
constrained by other parts so to move may and do exert 
outward (internal) forces on other parts, the material of 
the body being thus in a state of stress. Similarly, a truck 
moving in a curved track will have exerted upon it an 
outward force by a load which it carries, and the truck 
then exerts an equal inward force on its load. But these 
forces are internal and the joint system of truck and load 
will be subject to an inward force, e.g. from rails. 

Conical Pendulum. One of the simplest examples of a 
body moving with constant speed in a circular path is 



Fia. 80.—Conical pendulum. 


that of a conical pendulum. This consists of a small but 
relatively heavy piece of material, generally a metal 
(called the bob of the pendulum and treated as a particle), 
suspended by a flexible thread AB from a fixed point B, 
Fig. 80, and moving with constant speed v or constant 
angular velocity or v/r, in a circle of radius r. In such 
circumstances, if minor resistances are negligible, there 
are two forces only keeping the bob in its circular path 
and giving it the necessary acceleration. These are (1) the 
pull T of the thread AB, and (2) the gravitational pull W 
of the earth on the bob where W is its weight. These two 
forces must have a resultant along AO towards O and of 
magnitude W v z /gr (or Ww-r/g). The relations between 
T (the tension in the thread), the weight W and their 
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resultant W to^r/g are shown in the vector triangle abc 
in Fig. 80, where ab is parallel to AB, be is vertical and ae 

horizontal, and vectorially, ac=ab+bc. Then 

length of the thread AB and h is the vertical height (OB) 

of the conical |)eudulum, 

o^ = T = l . . (3) 

be W h 

W be .... (4) 


W ufir/g 


ac 


a result which may be found by equating the clockwise 
moment of W about B to the moment (also clockw ■se) of 
W»V/j about B, since the moment of a I ' c 8'jltant iB e(|iuU 
to the moment of its components and that of T about B 

zero. 


The height 




<JJ 


(5) 


is characteristic of the angular speed w, ‘^^ “oncn^tl 
(for any given w) and will be expressed in the units of long h 

used for o Thus if g is in ft./sec. 2 , A will be in ft. If the 

r^d "if increased, /i is reduced and the corneal pendulum 

takes up a new shape with increased r since r romams 

Annol to \/l~ _where l is constant. 

Instead of considering the forces exerted on the b °Me 

might have taken those acting on on it have 

far as its mass is negligible, the forces 

the thread by the bob. This may be split into « com 
ponent parts : (1) 'V vertically downwar > | ^ j,ob 

horizontal outward centrifugal force w>‘>oh ‘h° ” 

suspension " 

by some form 

^afpuu“e e r^anTf reduced height of the conical 
pendulum of which the balls are the bobs. The balls, m 

6 
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pulling the links to a new position, thereby operate a lever 
(or series of levers) which controls and checks the supply 
of energy to the engine. In books dealing with governors 
the mechanics of the operation is very often misstated. As 
already indicated, there is no radial outward force exerted 
on the ball, nor is the ball in eq uili brium ; it has a resultant 
force, directed radially inward, exerted upon it, giving it the 
radially inward acceleration of a body moving in a circular 
path. Governors are dealt with in Art. 70. 

69. Motion on Curved Banked Tracks. Suppose a body P, 
Fig. 81, to be sliding round a smooth circular track of radius 
OP equal to r ft., with constant speed v. At what angle a 
to the horizontal plane should the track be inclined or 
banked in order that the body shall remain in its circular 
path ? The two forces exerted on the body are (1) its 



weight W, and (2) the reaction R of the track, normal to 
the track, since this is assumed to be smooth and incapable 
of offering frictional resistance. 

These two have a horizontal resultant W v*/gr towards 
the centre!)of the horizontal circle in which the body moves. 
If wo draw a vector, ab (Fig. 81), vertically, to represent 
VV, then It is inclined at an angle a to it, where a is the angle 
of banking of the track. If a vector, be, be drawn from 
b inclined at an angle a to ab, to meet ac, the perpendicular 
to ab from a, then be represents R, and ac or (a6-j-6c) 
represents the resultant of W and R, viz. W v 2 /gr and 


ac W v 2 
tan a =— =— . - 
ab g r 

which gives the angle a required. 
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If a track i a horizontal, or insufficiently banked, the 
radial inward or centripetal force exerted by the track on 
the moving body must be supplied by a component of the 
reaction of the track to the thrust of the body. In the case 
of a vehicle on a road, this radially inward force directed 
toward the centre of curvature of the track is frictional, 
while on a railway the force is exerted by the rail on the 
flanges of the wheels of the vehicle, while the centrifugal 
or outward thrust of the wheel flanges is exerted on the 
outer rail and would push it outwards but for ^©resistance 
exerted by the sleeper or tie embedded m suitable firm 

m In order to have the action and reaction normal to the 
track the outer rail is raised, and the track thereby inclined 
to the horizontal. The amount of tins superelevation 

suitable to a given speed is easily calculated. . 

Let d be the gauge in inches, say, the velocity m feet 
per second, and r the radius of the curve m feet. Let AB 
(W 82) represent d ; then AC represents the height in 





A<frepresents d tan a, or, substituting for tun a from (1), 
VVbeded''vehicles. Since the forces which constrain a 
££? ££ contacts Q of £ 
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consists of two components : (1) the vertical downward 
thrust equal to the weight W of the vehicle, and (2) the 
horizontal centrifugal thrust W v 2 /gr, both through G the 
c.g. of the vehicle. These are shown by the arrows outward 
from G together with their resultant R which cuts the 
track AB in H. The forces exerted on the vehicle by the 
track are the reaction at A and B, the points of contact of 
the wheels with the track. They must have a resultant 
equal in magnitude to the thrust R of the vehicle on the 
track and in the same straight line, i.e. directed towards 
G in the line HG. Then the forces exerted on the vehicle 
(in or parallel to the plane of the diagram), are (1) a force R 



Fig. S3. —Forces exerted by and on vehicle on curved 

unbanked track. 

in the position and direction HG, (2) the vertical pull of 
gravitation equal to W vertically downward through G, 
and these have a horizontal resultant W v z /gr, towards the 
loft, through G. The point II is easily determined, for, 
either taking GCII as a vector triangle of forces, or from 
equation of moments of the components about II, 

CH=GC X (Wt> 2 /<jr)/W =hxv 2 /gr . . (2) 

Splitting the reactions of the track at A and B into normal 
and lateral components N A and F A at A and N B and F B at B, 

n a+ n b= w and F A +F B =Wi; 2 /jr . . (3) 

In the case of a rail track (except for friction which 
must be neglected in comparison with flange pressure), 
If a =0 > and in the case of a road the lateral force will be 
limited to n (N A +N B ) where n is the coefficient of friction 
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between the tyres and the road. We can find and N* 
conveniently by equating their moments about G to the 
moment of F A +F B (or XV v 2 far) about G (since there is no 
“on about G Vnd the resultant force on the vehicle 
acts through it, with zero moment about it), -Lhus, 


and 

Hence 


N b X \d -N A X \d = (Wv2 far) X h 

N B _n a =2XV (h/d) X (v*far) 
N b +N a =W 

/ h v 2\ 

N E =w(i+ a .- r ) 

/ h V2\ 


(4) 


( 5 ) 


the fraction hv 2 ldgr representing the proportion of the 
verticaTload W 'transferred from the inner to the outer 

ra w a e may 'assume in the case of a road that, short of the 
We m ay assume _ N / N ie . that the two obhque 

slipping speed, f a/Fb-^ a /J b» oq the vohicle are 

or resultant reactions of tl =0 (conv0 ntionally at 

C' s a t 1 1 le and I F -W^Vjr the reaction at B being inclined 
while that at A is -rUcal and^N..^ 

point 6 o r f e “ection of a vertical line through A with the 

Un ® H ^ produced.) which the vehicle is about to 

upset orrotate about an axis perpendicular to the diagram,' 
i.e. when H reaches B, N A =0, and N B = W , 


W X $d=(Wt' 2 /l/ r ) xA or (>'/<*>x--l 

v 2=gr xdj{2h) . • • ■ 


( 6 ) 


or 

v and Na decreases and thus increase 

1 AflvIncreases.NBincrc g3 f which balances the 

the moment, countxir-cloc * ut Q g But a limit to this ad just- 

clockwise moment of 1 » + 1 * ' . hea ze ro, since it cannot change 

ment is reached when N a jeax; z N B = W and the moment 
sign and act downwards. At the lnrut, bout 0 . S ub- 

IsNvxfd balancing a nw, Iff ali K. 

m2r^s r0 do^°notUp?y a radial outward movement o< O. for 
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Unless h is large, i.e. the c.g. is high, side-slip will occur 
at a lower speed than v given by (6). For if F A -fF B 
(i.e. W* 2 fgr)=fj.(N +N B )=/xW, 

fji=v 2 /gr and v 2 =figr .(7) 

which will be less than grd/(2h) of (6) if p is less than $d/h, 
i.e. unless h is less than \d/ t u ; e.g. if /x=0*5, the speed given 
by (7) will be less than that given by (6) if h is less than 
d , as it would bo in most road motor vehicles. The condition 
for which the vehicle is on the point of upsetting and 



Fio. 84.—Motion of vehicle on curved banked track. 

sliding is given by equating (6) and (7) and is stated in 
(15). In the case of a rail vehicle, the speed lim it would 
remain as given by (6) for overturning, namely, v 2 = ±grd/h. 

Proceeding to consider a similar symmetrical vehicle on a 
banked curve, Fig. 84, it is evident that at rest and at low 

Fig. 83 merely represents an instantaneous position of O, which is 
moving in a direction perpendicular to the diagram, and in accord¬ 
ance with the first law of motion, will continue so to move except 
in so far as it is compelled by forces to move in any other direction. 
There is no outward force exerted on the vehicle, and in any 
overturning motion, G will arrive outside the outer rail by a 
tangential rather than a radial path. Similarly, “ side-slip ” of a 
road vehicle on a curve represents a tangential continuation in a 
straight line of motion rather than radial motion. 
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speeds the resultant thrust on the track will fall to the left 
of C, with a greater load on A than on B, and F A acting up 
the slope. And at the speed for which the banking is 
designed, the thrust will be through C, i.e. normal to the 
banking, and as in (1), (Wv 2 /^)+W=tan a or v*=gr tan a. 
For greater speeds, the horizontal centrifugal thrust of the 
vehicle will increase and the resultant thrust through G 
will be along some line such as GII. The reactions of the 
track at A and B together with the gravitational pull W 
produce on the vehicle an inward radial force Wv*fgr to the 
left of G, or the reactions together are vectorially equal to 
W upward plus Wv*lgr horizontally, leftward. Taking 
components of the reactions normal to the slope and 
tangentially down it, N A and F A at A, N B and F B at B, and 
resolving W and W v*/gr in these directions, 

Normally, N B +N A = (W v^Jgr) sin a+W cos a . . (8) 

Laterally, F A +F B =(\Vv*/gr) cos a — W sin a . . (9) 

And taking moments about G (about which there is no 
rotation) of the forces exerted on the vehicle, 


(N B -N A )|d = (F A +F B )/i 

=\V v 2 jgrh cos a —\> h sin a 

N B —N a =W(2 hld){{v*lgr) cos a -sin a} . 


( 10 ) 

(ID 


and from (8) 

N b +N a = W{(i n ~lgir) sin a + cos a) 


By addition, 

2N b =W v*lgr{(2hl<l) cos 


a + sin a} 

+ \V{cos a —(2 hfd) sin 



and by subtraction, 

2 N A ='Vy 2 /^r{sin a—(2 hfd) cos a} 

+ W{(2 hfd) sin a+cos a} . (12) 

At the overturning speed, N A =0 and then from (12), 
V 2=gr(h sin a + $d cos a)/(/t cos a —id sin a) 
or V 2=gr(h tan a. + \d)J{h — \d tan a) . . (13) 

which reduces to v z =grd/(2h) when a=0 as in (6). 
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The length CH is easily determined, say, by taking 
moments about C of the forces exerted by the vehicle on 
the track. CH X (N B +N A ) = W x EC — W (v z /gr) x EG where 
EC =h sin a and EG = h cos a or HB/AB =Na/(N b -f-N A ); or 
taking GCH as a vector force diagram, 

CH//i=(F a +F b )/(N a +N b ). 

On this slope, without rails and flanged wheels, side 
slip will occur when F A +F B reaches a limit /x(N A +N B ) and, 
using the values from (8) and (9), that occurs when 


(W v 2 /gr) cob 


a —W sin a=/x{W cos a+(W v z /gr) sin a} 


or ti 2 =jr(/i+tan a)/(l-/x tan a). . . (14) 

If wo equate the right-hand sides of equations (13) and (14) 
we should have the conditions under which the vehicle 
was on the point both of side slip and of overturning, viz., 


h/d=l/2fjL or h=d/2fx or h = \djfi . . (15) 


which Is independent of a and covers the case of the 
unbankod track (a=0). 

It may be noted that on the steepest banking on which 
the (symmetrical) vehicle can remain stationary without 
sliding sideways to the inner side of the track, viz. when 
tan a=/x, it is also, when stationary, on the point of over¬ 
turning inwards if h=$d/fjL. And at the speed given by 
(13) or (14), it is on the point of side slipping and over¬ 
turning outwards, for tan~i CB/GC or tanis the 
maximum inclination of the resultant thrust between the 
vehicle and track without overturning and without sliding 
if this angle is tan _1 /x. The speed for such banking is 

given by v 2 =gr x2/i/(l —a* 2 ), i.e. v is \/2/(l —/x 2 ) times that 
for Bido-slipping on an unbanked track as given by (7), say, 
64 per cent, greater when /x=0-4. 


Example 1. If on an unbanked track of 300 ft. radius 
a vehicle is to travel at 60 m.p.h., how high may the c.g. 
of the vehicle be without derailment if the distance between 
wheel centres is 5 ft. ? 


From (C) h=grd/2v 2 

=32-2 ft./sec. 2 x 300 ft. X 6 ft./(2 x 88 2 )(ft./sec.) 2 
=3-12 ft. 
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higher value than could be expected. Only a rad and 
flanged wheel could be expected to retain avehicle > on u 
track of such curvature at speeds approaching -P- 

(which would be much above a safe Limit). 

"Ft ample 2 Find the height of the c.g. for overturning 
wifh the data of Example 1 but with track bauked so that 

tan a = 0 - 1 . 

Substituting in (13) 

+!. rM 

7i(7744 —9GG) ft . 2 =(24,150 +1036) ft . 3 

h =20080/6778 =3-85 ft. 

(compare with 3-12 ft. 

Fx AMPLE 3. If a coefficient of friction of 0*2 can be 
curve TlOO ^^ad^uT^villioutsid^U^^^^oR 

vt. ‘ sf 'sttx rss - 

banked road without any latorai frict.onal support t 
(a) From (7), .*-^-0-2 X32-2 ft./sec.* xlOO ft. 

v 2 = v / 644=25 , 4 ft. /sec. or 17-3 m.p.h. 

<6) J=32-2 ft.’/sec.*xl ° 0 ft. ( 0-2 +0-125)/(l-0-2 xO-125) 

=3220 X0*325/0*975 =1098 (ft./sec .) 2 

v =3314 ft./sec. or 22-6 m.p.b. 

With no lateral support, from (1) 

v 2 =0-125 4-32*2 ft./sec . 2 X100 ft. =402-5 

v=201 ft./sec. or 13-64 m.p.b. 

_ . Tf _n .4 Qnd the height of the c.g. in 

terms of the distance betwe . ^ of both s id e slipping 

metrical vehicle would be on 1 slope of one 

and overturning on a track banked to a 1 

6 * 
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vertically to five horizontally ( i.e . tan a =0*2). At what 
speed would a condition of overturning and side slipping 
be reached if the radius of curvature of the track is 100 ft.l 

Substituting in (15), h/d= 1/0-8=1*25 
And from (14) 

i? 2 =32-2 (ft./sec. 2 ) X100 ft. X (0-4 +0-2)/(l — 0-4 xO-2) 
=3220 (ft./sec.) 2 X0-6/0-92 =2100 (ft./sec.) 2 
t)=45-8 ft./sec. or 31-2 m.p.h. 
which may be checked by (13), putting h/d =1-25. 

70. Dynamics of Simple Centrifugal Governor. Any general 
treatment of governors is outside the scope of this book, 
but very simple cases may be used to illustrate the import¬ 
ance of centrifugal force in the study of machinery. 

Let Fig. 85 represent diagrammatically a simple 
centrifugal governor in which on one side an arm AJB is 



pin-jointed at its upper end A to a vertical rotating spindle 
and at its lower end to a ball B. A link BC is virtually an 
extension of the ball B (but of negligible weight) and is 
jointed at its lower end C to a sleeve which can slide on the 
revolving spindle and, by its movement, actuate a lever 
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and thereby operate a valve. The other side of the 
governor is' similar. Consider the forc^ exerted on the 

a 7 t B Wh Theylrf ( mu°e r forceo "the a r£ by 
lhel£ zt°A hi the direction BA, (2) the weight W (3) the 
centrifugal force F exerted by the ball on the arm, and (4) the 
force if any, exerted by the link' BC on the arm AB at B 
TfTuVrm AR is of negligible mass and therefore not 
subject to anv (other than negligible) gravitational force 

fir, 4 £ w fjz «s 

r.s/r Tfr >*. i°“£* “ s stt 

,3 draw n parallel ^ esent8 veetorially the centrifugal 
horizontal line J P , vector force diagram is 

force F, of magnitude Wr/ , ' t “ 1 ® e ' r o is no pull or thrust 
a closed polygon O^ang^ ) (There will always 

exerted by the I nk weight of the link and 

be a small tension 0 i ar velocity of the governor 

sleeve.) Now 1 { [ Lnk BC oilers no resistance, 

to increase from a>o to o,i. i pendulum) will take up 

the arm AB (constituting at conical penau^ ^ But 

not change, a tension , l parallel to BA and 

in diagram (b) of I ig. 8.>, 18 u ‘ a * W'wfrlq, then a 
*h * drawn horizontally to ^ 

lino from /i P arall< . by the link BC in magnitude 

the pull exerted on t o ai r Tho closed vector 

rf ^e.t there ia ‘a decrease t° ^. by .nakmg f,d mjo), 
stress in^tbrOink* BC, involving a thrust on the piu C, the 
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vertical component of which would be a force pushing the 
sleeve downwards. (With two balls this would be doubled.) 

As a second illustration we take a slightly different type 
of governor, represented diagrammatically in Fig. 86, and 



Fio. SO. 


find the forces by equating opposite moments on the arm 
AB which has exerted upon it the forces W, F, T, and P 
as before. By taking moments about the point O at the 
intersection of AB with the vertical axis we eliminate any 
moment of T, the pull of the upper pin on the arm AB and 
we get 

F xh = W x r +P x ON .... (1) 

where P is the pull in the direction BC and ON is the 
perpendicular distance of the lino BC from O. 

If at speed t u 0 , F . h=W . r, where F =Wcu 0 2 r/g and 
h=g/oj Q 2 , P=0 at speed cu 0 . But, if the speed is increased 
to a without change in h and r the equation of moments 
about O becomes 

h x W<o 1 *r/j=Wr+P 1 xON ... (2) 

h x Wo> 0 2 r/< 7 =Wr.(3) 

And Bince, by subtraction, 

h X W —oj 0 2 )r/g =Pj x ON.(4) 

p i =WAr(cu a 2 -a, 0 2 )/(<7. ON). (5) 


or 
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Similarly, at the lower speed o> 2 , 

p 2 =\VM^ 2 2 -“o 2 )/ 0 - ON ... ( 6 ) 

which is negative ( i.e . a thrust) since o> 2 is less than w 0 - 

The vertical component of P represents the vertical 

upward pull (or push) on the sleeve at 9 for one ball. It 
upwaru pm* V i ' f p ^ee with those in Fig. 85, 

the »tio 1/ON is the same as 

/^■//jT ^nce /lffl =A/ON) xWrlV-^te as found for 

P Since from (3), h=gh o 2 as /or the simple conical pen- 
dulum, Pi from (5) may be written 

P 1 =Wr(ai 1 2 — • ( 7 ) 

, .. , 2 2 W.. 1.2 will not be altered if we write 

Evolutions per^inute instead of the corresponding number 
of radians per second, thus 

p 1 =\Vr(N l 2 —N 0 2 )/N 0 2 xON . . (8) 

and similarly for (6) 

p 2 =Wr(N 2 2 —N 0 2 )/^o 2 xO>> . . (0) 

.* 

p i= =^\ r {(oj^loj 0 2 )-^ca . . • (10) 

and the vertical pull on the sleeve (per ball) is 

W'=P, cos a = iW{(co 1 2 /«io 2 ) — 1} 

= iW{(N 1 2 /N 0 ) 2 -i) • dD 

r? ?rrr.^rr,r r;,Ti 

as shown in (11). . iI18 '‘”. npn t W' and a horizontal com- 

p ‘ “ “r?” t"— t r - ON O 

PxON=W'xr+W x(r/h)xh=2W r 

hence from (7) 

2 \V'r=Wr(<iJi 2 -wo 2 )/ w o 
or \v' = JW((wi 2 /wo 2 ) -1 } ^ ln 
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Limitations of Simple or Unloaded Governor. The height 
of the conical pendulum or unloaded governor is A=<//to 2 , and 
if g is in ft./sec. 2 , h will be in ft. Thus at 60 r.p.m., uj=2tt 
radn./sec. and h is about 0-8 ft. or, say, 9*6 inches. With 
increase of speed, h will become impracticably small, e.g. at 
180 r.p.m. it will be (1/3) 2 or 1/9 of 9-6 inches. A reasonable 
height h and size of governor can be used by increasing 
the controlling force (which counterbalances the centrifugal 
force) by gravitational force or by springs. By reference to 
equation (2) it is evident that at the higher speed o> x the 
values of h and r appropriate to the speed a > 0 (viz. h=gfcu 0 2 ) 
may be maintained by providing a sufficient pull P in the 
link BC. This is done in the loaded type of governor by 
adding a considerable weight to the sliding sleeve. The 
clockwise moment about O then exerted by P is adequate 
to balance a higher centrifugal force F corresponding to a 
higher speed oj 1 . 

Application of Principle of T York to Governors. The re¬ 
lations of the forces, speed, and dimensions in a governor 
may conveniently be established by the Principle of Work 
(Art. 46). This may be briefly illustrated by the loaded 
governor. Suppose a gravitational load W' per ball to 
be on the sleeve of the governor in Fig. 86. The forces 
exerted on the weightless link BC (exclusive of the ball) 
are in equilibrium and are (1) the centrifugal force F, 
(2) W' vertically at C, and (3) the pull T at B. The 
instantaneous centre of motion of BC is at I, the inter¬ 
section of AB produced with a horizontal line through C. 
In the general case we might well draw the vector velocity 
diagram, but with the simple case of links and arms all of 
equal length, we can write IC=2r, 3B =h sec a, where a 
is the angle of the arms and links to the vertical. 

Omitting the common factor of the angular velocity of 
all points of BC about I, and equating the rate of work 
done by F to that done on W and \V' 

F X IB cos a =W x IB sin a-f-W' xIC 

(W u> z r/g) xh=W xr-fW' x2r 

*=(^ 2 )(1+2W7W) . . . (12) 

^=(#)(1+2W'/W) . . . (13) 


and 
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Comparison of (12) with the height ? /<uM°r the naloaded 
governor (W'=0) shows that the height of the loaded one 
is°gT eater in the ratio ( 1 + 2 W/W) to one. 

•Pv ampt f 1 The spindle of a simple centrifugal governor 

mm 

the height of the balls, ^ , the . a ™^° a £ric “ i on what load 

“nm to run at 

125 r.p.m. 7 

From (11), for 10 per cent, increase in speed 

W=J xl2 x(l l 2 —l) =c x0*21=l*26 ">• I> er balL 

Total vertical pull =2 xl ' 2 ® = :3^ 5 —1^5/50=2* 

For a speed of 125 r.p.m., NJbo-i-WOO 

W' = iXl2x(2-5*-l)=6*5-25=31-5 lb. per ball. 

Total vertical pull to be balanced by a load 

=2 x31*5 lb. =63 lb. 

Note that the height * for 50 r.p.m. (unloaded) would he 
h =p/aj 2 =32*2/(100v/60) 2 =32-2/27 -41 =1T747 ft., and 

governor could not be used. 

Example 2. Neglect mg ^nd tile speeds when 

» rsarw ^ 

^henSu ^1 ^nch 1 o "o- 083:1 <>9“ “ ■ 

„ lK =n i/so=vrirnTToon = VI-0093 =1-0490 

11 0 Nl =50 X1 0496 =52-48 r.p.m. 

When the balls faU ^00^^258 ft. 

i _ N mo=vrii577r2 5I =' /0 ' 9338 

<U2/ “° N *=50 x 0*9063 =48*3 r.p.m. 
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Example 3. If the governor in Example 1 has a 
frictional resistance which may amount to 2 lb. in either 
direction at the sleeve, find the speed limits without 
movement of the governor (a) without load, (ft) with the 
63 lb. sleeve load. 

The total resistance of 2 lb. is 1 lb. per side, so that 
considering one side only, W' for condition (a) is ±1 lb. 
and for (6) is (31-5 ±1) lb. 

(a) For the higher speed limit a>j, say, by (13) 

w i 2 =(fl r /^)(l +2/12) =(g/h)(l -+-0-1G67) 
cj 0 2 =g/h 

oi^lw 0 2 =1^2/502 =1-1667 

Nj/50 = \/l-16G7 =1-080 N=54-0 r.p.m. 

For the lower limit o> 2 , say, 

w^/ujo 2 =N 2 2/502=1 —0-1667 =0-8333 

No/50 = \/0 8333 =0-9129, N 2 =45-6 r.p.m. 

The range of speed is 54-0—45-6=8-4 r.p.m. or 16-8 per 
cent, of 50 r.p.m. 

(*) 

°>i z =(o/h){l +(2 x32-5)/12}=(<7/A)(6-4167) 

<»o 2 = (9/I‘)(1 4-5-25) =(<7//i)(6-25) 

N 1 2/1252 =6-4167/6-25 =1-02667 

N =125 x Vl-02667 =125 xl-0133 =126-7 r.p.m. 

N 2 “/l252 =^ 2 2/ Wo 2 ={i + o x30-5/12}/(l +5-25) 

W 2 =125 X \/6-0833/6-25=125 xO-9866 

=123-3 r.p.m. 

The range of speed is 126-7—123-3=3-4 r.p.m. or 2-7 per 
cent, of 125 r.p.m. 

71. Balancing. In one Plane of Revolution. Any mass 
attached to a shaft and revolving with it about the axis of the 
shaft will exert a pull on the shaft, viz. the centrifugal force 
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which the mass exerts on the connection which constrains 
it to move in a circle. This pull is perpendicular to the 
axis of the shaft and tends to bend it, and moreover it 
causes a pull on the bearing of the shaft. Such forces on 
the bearings in any given direction are periodic, reaching 
equal and opposite maxima once per revolution and so tend 
to set up vibrations in whatever structure holds the 
bearings. If a second mass is attached to the» shaft *ith 
its c g. in the same plane of rotation as that of the first o 
and diametrically opposite to it and exertmg an equa^ 
centrifugal in the same straight line as the first one, but m 

the opposite direction, the second mass 

first one and no resultant centrifugal force will be exerted 

on the shaft by the two masses. second 

Let W lt Fig. 87, bo the first mass and W 2 be the second 

one, and let f, and r 2 be the respective distances o£ their 



— > 


one another, Wl «* l/ »-W*-*r I /, . ... W 

where is the angular velocity of the shaft and attached 
masses. Evidently this is satisfied it 

W 1 r 1 =W 2 r 2 . 

and the factor a, 2 /? ma y be "tho^haftf^Not© 1 that the 
centrifugal forces exerted on the snait. 
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c.g. of the combined masses W x and W 2 is then in the axis 
of the shaft. 

But a mass with its c.g. diametrically opposite to that 
of Wj is not the only means of arranging a centrifugal 
pull within this plane of rotation, equal and opposite to 
that exerted by W x . Two masses arranged so that the 
resultant of the centrifugal forces which they exert on the 
shaft is equal and opposite to that of W 1 will balance it. 
In other words, if the vector sum of the centrifugal forces of 
two balance weights W 2 and W 3 , say, is equal and opposite 
to the centrifugal force of Wj, or if the vector sum of the 
centrifugal forces of W lt W 2 , and W 3 is zero, the centrifugal 
forces (or the masses) are balanced. This is illustrated in 
Fig. 88, abc being the closed vector triangle of forces. 
And obviously we are not limited to two balance weights; 



and it is true generally for several masses having their 
centres of gravity all in one plane of rotation, that they 
are in balance among themselves if the vector force polygon 
of sides proportional to the products Wr and directions 
parallel to the radii r, is a closed figure. The condition of 
balance is the same as that for any set of concurrent forces 
in one plane (Art. 20), and may be expressed by the closing 
of the vector force polygon or by the equations (7) of 
Art. 21, 

H =0, V=G.(3) 

where II and V are two sets of rectangular components of 
the centrifugal forces 27(P cos 9) and 27(P sin 6 ), or 

r(\VK cos 5)=0, 27(WR sin 6) =0 . . (4) 

It may be noticed that in case of balance of masses 
in one plane, the c.g. of all the revolving masses (combined) 
is in the axis of revolution. If any revolving mass has its 
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c.g. not in the axis, it exerts a resultant centrifugal force. 
If it (or a group of masses) has its c.g. in the axis, it exerts 
no resultant centrifugal force on whatever constrains it to 
revolve in a circular path. (There will be stresses set up 
in the material of the mass and its constraints.) 

Example 1. A mass A of 20 lb. with its c.g. 6 inches 
from the axis of rotation is to be balanced by masses B and 
C, each of 10 lb. If the angular distances of the centresi of 
gravity of B and C from that of A are 13o and 210 
respectively, measured in the same direction from A, find 
the radii at which the e g. of B and C5 should be P| aced o 
Using equation (4), 27(Wr cos 9) = 0, if r B and r c are the 

radii to c.g. of B and C respectively, 

20 lb. x 6 in. -f Br B cos 135° +Cr c cos 210° =0 

0-7071 Br B +0-800 Cr o =120 lb.-m. 

, . I(Wr sin 6) =0 

and using ' 

120 sin 0° -f-Br B sin 135°+Cr c sin 210 ° =0 

0 -f0-707lBr B —0-5 Cr c =0 

Subtracting this from the first equation 

1-366 O c =120 lb.-in. 

C r c = 12 0/l-366 =87-80 lb.-in. 

B r e =0-5 X87-80/0-7071 =02-12 lb.-in. 

And since B and C are each 10 lb., 

r B = 6212/10 =6-21 in., r c =87-86/10 =8-79 in. 

i „ r.iipfk from a vector triangle 

*=° 2 ,b - in ’ 

ca= 88 lb.-in. 

-si SO, f r-rit rS 

jsso-jiA sr-srs 

90” and 135“, say c ockw ‘“ e ’,„ bnlan« this, centred 12 
ScKmte* arisfan? specify its angular position with 
respect to the first mass. 
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Let 9 be the angle clockwise. Then from (4), 

15 lb. x4 in. xcos 0°+10 lb. x5 in. xcos 90° 

+6 lb. x8 in. xcos 35°+12 in. W cos 0=0 
60+0—48x0-7071+12W cos 9=0 
12W cos 9 (in.) = —26-06 lb.-in. 

Also 

60 sin 0°+10 lb. x5 in. xsin 90° 

+6 lb. x8 in. xsin 135°+12 W sin 9=0 
12W sin 9 (in.) = -83-9 lb.-in. 

Dividing by the former equation 

tan 0=83-9/26-06 =3-221=tan 252-75° 

the acute angle 72-75° not satisfying the requirement that 
sin 9 and cos 9 must bo negative. 

W =-83-9/12 x (-0-955) =7-32 lb. This and the angle 9 
=252-75° can easily be verified by a vector polygon of 
sides Wr, etc. 

72. Balancing. In more than one Plane of Revolution. 

(a) One Weight. It is not always convenient, or even pos¬ 
sible, to balance a mass by other masses with their centres of 
gravity in the plane of revolution of the first one. But 
a force can be balanced by two or more forces not concurrent 
with it provided they are parallel to it. Thus the centri¬ 
fugal force of a mass W lt Fig. 89, can be balanced by those 
of two other masses, W 2 and W 3 , in the same axial plane, 
provided they have a sum equal to the centrifugal force 
of Wj (proportional to Wjr^ and so spaced along the axis 
as to produce, with W^, no resultant couple in the axial 
plane of the centres of gravity of the masses (which is the 
plane of the diagram). The conditions are, of course, those 
of elementary statics for the equilibrant of two or more 
parallel forces, and if the moment of the forces is zero about 
any one point in the plane, it is zero for all points in the 
plane. Wo may conveniently equate the moments about 
the point A for which the moment of the centrifugal force 
(Wifi) of Wj vanishes. The conditions of balance^ are 

W 1 r 1 =W 2 r 2 +W 8 r s .... ( 1 ) 

W 2 r 2 xd 2 = W 3 r 3 xd^ .( 2 ) 
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We may notice that it W 2 r 2 were equal to W^, and W 2 
were zero, the magnitude of the resulting unbalanced 
couple rocking the shaft (and causing reactive forces on its 
bearings) would be W 1 r 1 xd z xoj 2 lg or W 2 r 2 d 2 u> jg. Also 
that even if conditions (1) and (2) are satisfied, while there 
is no moment or couple on the shaft as a whole required to 
balance the moment of other external forces such as 
reactions at bearings, there is a moment to be resisted 
by the shaft and which causes bending. For exampie, at A 
the shaft is subject to a bending moment ^ times 
W 2 r 2 d 2 or W\r, d d 3 and to lesser amounts at other pomts 

be We C ma B y a a D lto C note that if W. were to be balanced by 
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Fio. 89. 

W a and W 2 , both to the same side of W 3 (as in fact it-is by 

of it these two forces must be m opposite directions one to 
'“Tor each of the masses W 2 

(in accordance with the pr ,n ^I» ( ’ A f revolution 

equal to the centrifugal force of the mass ^plated 

V little of 

Plane. For if 


182 


APPLIED MECHANICS 


we balance each mass by two masses in the (normal) 
planes of revolution through B and C, we should then have 
a series of provisional balance weights in those planes, and 
such balance weights can be replaced in accordance with 
the method employed in Art. 71, Fig. 88, by single masses 
in each of these two planes of revolution. The single mass 
would be placed at such a position that its centrifugal force 
would be the resultant of the centrifugal forces of the 
several (provisional) balance weights. This will be the case 
if its force vector is equal to the vector sum of the centrifugal 
forces of the several provisional balance masses found for 
the same plane of revolution. We proceed to illustrate 
this by finding the balance weights in given planes of 
revolution for two unbalanced masses not in the same axial 
plane nor in the same (normal) plane of revolution. 

( b ) Two Weights. The two masses W x and W 2 of Fig. 90 
are to be balanced by two masses in the planes of rotation 
B and C. To determine them we first find the (provisional) 
centrifugal forces in B and C, opposite to W lt but in the 
same axial plane as its centre of gravity, which will balance 
the centrifugal force W l r l (omitting the factor < o 2 /g). 
Secondly, we find the centrifugal forces in B and C which 
will balance the force W 2 r 2 which is not in the same axial 
plane as W 1 r 1 , and finally we find the resultant of the two 
centrifugal forces in the plane B and the resultant of the 
two in plane C. In Fig. 90, Wj has its c.g. in the axial 
plane of the diagram (a), but this is not the case for W 2 
and the position of W 2 can bo seen in the end views ( b ) 
and (c). These end views are in British Standard or first 
angle projection, but show only the balance forces in B at 
(fe) only, and those of C at (c). The provisional or com¬ 
ponent centrifugal forces to balance YVjrj are 

In plane B, w? 3 r 3 =W 1 r 1 xEA/EF 

In plane C, tc 5 r 6 =W 1 r 1 xFA/EF 
And the provisional centrifugal forces to balance W 2 r 2 are 

In plane B, tr 4 r 4 =W 2 r 2 xED/EF 

In plane C, w 0 r 6 =W 2 r 2 xFD/EF 

These centrifugal forces are shown by vectors at (6) and (c) 



183 


CIRCULAR MOTION 

of Fie 90. Then in plane B at (b), the vector Bum of 

balance W, and W, completely The 
SSSW S/so th B at they can 
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Fi a. 90. 


. „ nf vv is w -r 7 l W„ and the radius to 

The radius of the c.g. of b 

the c.g. of WoiB yg/Wc. balance weights in two planes 
This process of finding the . li( . ubl(J to more than 

of rotation (B and C) is equa. y 1^ Qf the triangles (or 
two unbalanced masses, fc [ of the pairs of forces 


more than two Blues.* - - “ 

i Since all the centrifugal 

in that plane are equal and W™ 1 * ° t to two mutually per- 
sum. These might be stated m P |ne relat ion is covered by 

S5S5T&*“ T'.&r poison having -idea »P—« 
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polygon method has been used for explanation, com¬ 
bination of the several provisional centrifugal balancing 
forces may of course be made by resolution into rectangular 
components, algebraic addition and recombination in a 
single resultant. 

Standing and Running Balance. If several masses 
attached to and rotating with a shaft are such that their 
centrifugal forces (proportional to W r) have zero resultant, 
(i.e. if equation (1) is satisfied), the shaft is said to have a 
standing or static balance. If placed freely between 
horizontal axial pivots at its ends, the shaft and attached 
masses would stand in any angular position of the shaft. 
For the moments of the gravitational forces of the masses 
about the shaft axis would have zero sum, being the pro¬ 
jected values on a horizontal plane of the centrifugal force 
products, i.e proportional to Wr, etc. The standing 
balance would still hold even though the centrifugal forces 
might have a resultant moment about a point in the axis, 
or, rather, about an axis perpendicular to that of the shaft. 
If, in addition, the centrifugal forces have no resultant 
moment about any axis perpendicular to that of the shaft 
(i.e. if equation (2) is satisfied), the masses are said to have 
also a running or dynamic balance. 

Example. A locomotive has two cylinders with centres 
2-5 ft. apart and cranks at right angles one to another. The 
balance weights on the wheels will have their centres of 
gravity 5 ft. apart and will be at a radius of 2 ft. from the 
axis of the crankshaft. Find the masses required and 

product of the several centrifugal forces and their respective 
distances in an axial direction from a point in the axis forms a 
closed polygon. The inclinations of the sides are those of the 
various centrifugal forces, i.e. of the radii in the planes of revolu¬ 
tion, joining the centres of gravity of the masses to the axis, and 
the polygon is in a plane perpendicular to the axis. This forms 
the basis of calculation Known as Dalby’s method and the 
axial distances by which the centrifugal force factors, Wr, are 
multiplied, are measured from any “ plane of reference " chosen 
for greatest convenience. Unless it is chosen so that all the 
centrifugal forces are on the same side of it, those on opposite 
sides will require opposite signs ; the directions of the vectors 
of, say, negative products will be reversed in drawing the vector 
polygon of products (W.r.d, etc.). The development of this 
method, though simple, is outside the scope of this volume. 
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their positions if the masses to be balanced are 600 lb. at 
63 The^trrangemen t is^ s^own in °Fig. 91 where tc 3 and «■* 

-awas-. zanrr ss ~ 

a Vertical'^xia through the centre line AD, say an axis AD, 





Fio. 01. 


of the horizontal forces in the horizontal plane CABD 
(and omitting the common factor u lo), 

„ 6 X 2 ft. Xl-25 ft. =tr 3 x2 ft. x3*75 ft. 

ir 6 =3 w 3 

And equating opposite horizontal forces, 

2 ft. X(IC6+«'3)= C00 lb Xl “• 

^£,+^3=300 lb. 

and since tc 6 =3tc s , 4 u 3 —300 1b. 

t^3 =76 lb. 
tc b =225 lb. 

ntfl about a horizontal axis through 
And from the moments about a 
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FE, to 4 and to 6 may be found, but by the symmetry obviously 
ta 4 =w & =225 lb., and w 0 =w 3 =75 lb. 

The resultant centr ifugal forc e due to to 5 and ir 0 is pro¬ 
portional to 2 ft. x V225 2 +75 2 and the mass required at 
2 ft. radius on wheel C is 

\/225 2 +75 2 =76V9~+I =237-2 lb. 

And its c.g. radius vector makes an angle 0 with the 
radius vector of tv B such that tan 9— 225/76=3, i.e. 0=71-6°, 
or at an angle of 180+71-5 =251-5° from the near crank 
measured in the angular direction of the far crank. 
Correspondingly the other balance weight of 237-2 lb. on 
wheel B is to be placed 251-5° from the crank nearer to B 
measured in the angular direction of the crank more remote 
from B. It will be noticed that in this example, calculation 
is simplified by the fact that the centrifugal forces of 
and W 2 and their provisional equilibrants form two in¬ 
dependent sets of forces which, being in mutually perpen¬ 
dicular planes, have components only in their own planes. 
In the more general case, either a vector polygon will be 
required or the forces will need to be resolved into two 
components in two mutually perpendicular planes. 

(Checking by moments about a horizontal axis through 
C perpendicular to CB, 600 lb. xl ft. X3-75 ft. +237-2 lb. 
X2 ft. X5 ft. X sin 251-5° =(2250—2250) lb.-ft. 2 =0.) 

73. Centrifugal Stress. When a body rotates, any part of 
it will be constrained to follow a circular path by the 
adjoining material, which will exert upon it an inward 
centripetal force, and will itself be subjected to a 
centrifugal force. Thus the dual forces across an imaginary 
boundary in the material will constitute a stress (Art. 93). 
We only need consider the case of a thin circular ring or 
rim of material rotating about its central axis, as shown in 
Fig. 92, where r is the radius of the ring, v its linear speed 
and io=v/r is its angular velocity. The results will also 
apply to the centrifugal tension in a belt running on a 
pulley. 

If we consider the upper half of the ring, its c.g. at G 
is at a radius 2r/rr from O and it will therefore have an 
inward radial force 


Wa> 2 x (2r/7r)/g 


(1) 
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exerted upon it, where W is its weight, to keep it rotating 
about O. If to is the weight of the material per 
volume and A is its cross-sectional aiea 

W = vT xAxio .( 2 ) 

An d the inward radial force (1) is 

ttt x A X to X oj 2 x2r/(7Tg) =2Aaj*r 2 wlg . • (3) 

This is transmitted from the other half of the nng by 



p * - 

Fio. 92.—Centrifugal tension. 

the total tension P at each diametrical boundary between 
the two halves, hence 

2P=2Ao t*r*u>lg 

p = Au> 2 r*-ic I g ot Av*wI g . ... I 4 ) 

Or the intensity of stress, i.e. force per unit of cross-section, 

P/A=M'(ifV 2 /? or WP 2 /? .... (5) 

Evidently if g is in . ft -| 8e ^’ 2 ^ But founds per* square 
ft./sec., P/A will be in lb./ft. 2 But poim ^ p * to 

foot is an unusual unit for a stress inches/sec. 

be in Ib./sq in t* must be m lb./cia m., ^ 

and o in inches /sec. 2 , t.«. 32 2 Xi^ 1 / 

P/A=wn; 2 /(32-2 Xl2) or «o J 2 r 2 /(32-2 Xl2) . ( ) 

Example. A wheel ha ^ t,) i lU revoK’e^^thout ^tusinga 
At what speed in r.p.m. may j we jg^ 8 

STlh^u-rf 7 ^rany q e^of^pohes. 
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From (6) 

P/A =7 X2240 lb./in. 2 

= (0-28 lb./in. 7 8 ) Xeo 2 x36 2 in. 2 /(32-2 xl2) in./sec.* 
0,2 =(7 x2240 X32-2 xl2)/(0-28 x36 2 ) (radian/sec) 2 
o, =129-2 radians/sec. which is equal to 1234 r.p.m. 


EXAMPLES VI 

1. At what speed will a locomotive produce a side thrust equal 
to Ju of its own weight on the outer rail of a level curved railway 
line, the radius of the curve being 750 feet ? 

2 What is the least radius of curve round which a truck may 
run’ on level lines at 20 miles per hour without producing a side 
thrust of more than of its own weight ? 

3 IIow much must the outer rail of a line of 4 feet 8J inches 
gauge be elevated on a curve of 800 feet radius in order that a 
train may exert a thrust normal to the track when travelling at 
30 miles per hour ? 

4. At what speed can a train run round a curve of 1000 feet 
radius without having any thrust on the wheel flanges when the 
outer rail is laid 1-6 inches above the inner one, and the gauge is 
4 feet 8J inches ? 

6. To what angle should a circular cycle-track of 15 laps to the 
mile be banked for riding upon at a speed of 30 miles per hour, 
making no allowance for support from friction ? 

0. What will be the inclination to the vertical of a string carry¬ 
ing a weight suspended from the roof of a railway carriage of a 
train going round a curve of 1000 feet radius at 40 miles per hour ? 

7. The wheels on the same axle of a truck are 4 feet 0 inches 
apart and the c.g. of the truck and its load is 0 feet above rail 
level. If the truck travels round a level curve of 000 ft. radius 
at a speed of 30 m.p.h., lind the normal (vertical) pressure on the 
inner and outer wheels if the loaded truck weighs 25 tons. What 
elevation of the outer rail would equalize the normal pressures 
on the inner and outer rails ? At what speed would the truck 
be upset with no elevation of the outer rail ? (Assume symmetry 
of truck and load). 

8. A truck travels round a curve of 60 feet radius on an un¬ 
banked road. At what speed will it side-slip or skid if the 
coeflicient of sliding friction between the tyre and the road is 
0 3? If the wheel axles are 6 feet apart, what is the greatest 
height above road level of the c.g. of the loaded truck in order 
that it shall not overturn before the side-slipping speed is 
reached ? (Assume symmetry of truck and load.) 

0. Solve No. 8 if the road is banked to an angle of 10°. 
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10. Find the height of a simple governor to run at 40 revolutions 
per minute neglecting friction. If the friction at the sleeve is 
equal in each direction to a force one-tenth of the weight of the 
two balls, find the upper and lower limits of the governor speed 
without alteration of the position of the sleeve. 

11. If the governor in No. 10, i.e. of the same height, carries a 
load 5 times the weight of the two balls find the speeds of running 
without friction and the limits without change of sleeve pos tion 
if the friction at the sleeve can amount to iV of the weight of the 

two balls. 

12. A loaded governor has arms and links all 12 inches long. 
The two balls each weigh 0 lb. and the central load la*30 lb. 
If at the lower end of the speed range, the radius of the ball path 
fs 7 5 inM and alt the maximum speed it is 0 inches, find the extreme 
speeds if friction is neglected. 

13. Three masses of 15, 12, and 10 lb. at radii of 10 12, and 
14 inches respectively revolve in the same plane. 1 he second and 
third masses have their centres of gravity at angular posaioM 
of 00° and 240° respectively from that of the first 1 
magnitude and position of a mass at a radius of ~0 inches vo 

balance the three masses. 

14. An unbalanced rotating mass is equivalent to 60 1^ at a 
radius of 2 feet from the axis of rotation. W 

with their centres of gravity in the same axia plane. situakd 
one in a plane of rotation distant 1 foot from that of the OO lb. 
mass and the other 1-5 foot on the opposite side, will balance^the 

ByBtem if both the added balance masses rotation ? 

gravity at a distance of 20 inches from the axis of rotation 

16. Solve No. 14 if the two rnasses rotate in planes 
the same Bide of the plane of rotation of the 

to balance. . . . A 

10. Find the magnitude and position 
on the wheels of a locomotive to balance t ie rot* . and at 

centres of gravity of the balance weights are •> . j between 

2-5 feet radius, the cylinders being symmetrically placed between 

the wheels with centre lines 2 feet apart ^ 

throw of 10 inches and the weight of the lotating pans are 
equivalent to 600 lb. at the axis of each crank pm. 

17. Find the linear speed at which t ' ,e j^'Aot Vo 
wheel may revolve if the resulting ce " t ' ,f .> efTects Q f H pokes. 
exceed 2000 lb. per eq. in., neglecting the <-' tccUi 01 
Take the weight of cast iron as 0-20 lb. per cu. in. 



CHAPTER VH 

OSCILLATORY MOTION 

74. Simple Harmonic Motion. This is the simplest form 
of to and fro or reciprocating motion. The study of it can 
be approached in two ways ; the first and most usual is to 
define the displacement of a point and then find its velocity 
and acceleration at any period in its repeated reciprocating 
motion. The second is to specify the varying force for 
the different displacements producing simple harmonic 
motion and find from it the kinetic energy, speeds, and 
accelerations at those displacements. 

(1) Simple Harmonic Motion an Projected Circular Motion. 
If a point Q, Fig. 93, moves in a circular path AQB of 



a -- a -H 


Fio. 93.—Simple harmonic motion. 

radius a with constant angular velocity w (or constant 
linear speed aw), then the motion of P, the rectangular 
projection of Q on a diameter AB, is simple harmonic 

motion. Let 6 be any angular displacement AOQ of Q 
and let x=OP bo the corresponding linear displacement of 
P from its mid-stroke position at O. Then 

x=a . cos d .(1) 

The length a, the half stroke, is called the amplitude of the 
motion and 6 gives its phase at P. A complete oscillation 

190 



191 


OSCILLATORY MOTION 

T=2tt/o>. ( ' 

and is in seconds if w is in 0 ra( jj*of IPisfthe horizontal 
In any position such as Q, t F x0 M/OS, for Q is 

projection of the velocity o,a of O, t.e. w i 

moving parallel to OS, hence 

speed of P=«=wa xOM/OS = — wa sin • < 3 > 

^fppo^itefo - U-t 

is the rate of decrease of x. - „ K ; u 2 0=1—cos 2 0 , 

In terms of the displacement *, since sin 


—uf %££% Ss £ d 

. • /= —a> 2 a cos 0 = —^ 2<r 

t,c ‘ , „ r riirocted towards O 

the minus sign being used sine / ^ ifl p 08 itive. It 

in the opposite direction to that in G f x (,\ e . the 

indicates that v is decreasing wi Note that/is pro- 

negative magnitude of v is l ^ Lr x^nd'at the rate of <* 2 per 

may be expressed as _____ -r —- 

T =277/^ =27, Vdisplacemenl/SSSaSi^o 5 . U 

If we reckon time from the “ A ’ “ 

where t is time in seconds, and ». m y ^ gln ^ 

Displacement =r=a cos ad, vctocity^ ^ 

Acceleration =/—d x/dl horizo ntal 

The displacement of P is re P r r e ^o the velocity of P by 
projection of the rotating \ec * projection of OS, 

QP or OM (the latter bemg the horizontal I J 
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a rotating vector representing — o>a), and the acceleration 
by ON the projection of a rotating vector OQ' representing 
—a» 2 a. Then we may write 

Displacement, x=a cos cot ; velocity, v=dxjdt 

=a<o cos (cot 

Acceleration, f=d 2 xldt z =aw 2 cos (a>£-|-7r). 

these being the projections on the horizontal of the radii 
vectors OQ, OS and OQ'. Thus the displacement, 
velocity, and acceleration may be represented in related 
graphs on a base of time t or angle cot by three cosine 
curves of different phase, as illustrated to the right in 
Fig. 93. The phase or angle of the velocity graph is £tt 
radians or 90° in front of that for the displacement graph, 
and that for the acceleration is v radians or 180° in front of 
the displacements. (Note that the three graphs represent 
the horizontal projections of Q, S, and Q', and are not pro¬ 
jected sideways from the circle in Fig. 93, which would give 
vertical projections, but from points 90° in advance of 
these points.) 

The relations of displacement-time, velocity-time, and 
acceleration-time graphs to one another (Art. 48) are well 
illustrated in these curves, e.g. the maximum v occurs 
when the slope of the x graph is a maximum, i.e. when 
x=0, zero velocity when the slope of the x graph is zero, 
maximum acceleration when the slope of the v graph is 
greatest, zero acceleration when the slope of the v graph 
is zero, and so on. 

Forces producing Simple Harmonic Motion. From the 
known value of the acceleration (5) we know the variable 
force P necessary to give simple harmonic motion to a body 
of weight W, say, viz. 

P = W f/g = — Wco-xjg or -ex . . (7) 

where e= force per unit displacement=Wco 2 /^ 

Acceleration to-x = —Vgf\\ 

or a> 2 = -Pg/Wx= -(P/x)+(W/g) . . (8) 

the negative sign merely indicating that P is of opposite 
sign to x. Wo may write (8) as 

t*> = \/(f orce P er ft- of displacement/mass) . (9) 
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A force P, proportional to the displacement from mid- 
stroke as in (7), is provided by the force of a btiained 
e^stic spring, and oscillations of a body controlled by a 
spring are 1 simple harmonic. If e is the force exerted by a 
spring per foot of displacement, P=e*, *hero * is in feet, 

and (9) becomes 

o* = vW/NV.(1®) 

and the time of a complete vibration from (2) is 

T —OnV^Jcg or 2t rVS/y • 


(ID 


where 8=W/e is the displacement duo to a static load W. 
*2! Enerau in Simple Harmonic Motion. U instead of 

JXf/Z »o«Jw.. r £v 

simple harmonic motion, w o ca , f j (( u \y 

displacement as follows. Suppoj^a JJod, « to 

the toplacemontfrom au equihbrium position ol the spring, 

D 



at the rate of . lb. (force) per ft. oland that 
it has a vibration amplitude a. Jl hen wo t. At 

diagram of work done in s rc rising to a maxi- 

the force =0. At displacement x it £ o£ work 

mum ae at the end of tlie stroke. 04 . The 

done in stretching the spring amplitude a is 

work done in straining the sprmgto the At 

represented by the triangle OAD or *ax 3 

7 
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mid-stroke O, this has become wholly kinetic energy so 
that 

total energy = lea 2 .... (12) 

When the c.g. of the body is at P, i.e. at a distance x 
from O, the energy stored in the spring is \ex 2 represented 
by the area of the triangle OPH, and the remaining energy 
is kinetic, which is represented by the trapezium PADH : 
its amount is 

K.E.=*ea 2 — \ex 2 = \e(a 2 — x 2 )=±Wv 2 /g . (13) 

nence v 2 =ge(a 2 — x 2 )/W .(14) 

v = Vge(a 2 —x 2 )IW .... (15) 

And at x=0 

v 0 = Vgca 2 / XV =a Vge/W . . (16) 

where v 0 is the speed at O for x=0, 

and v/v 0 = V(a 2 —x 2 )/a .(17) 

The values of v from this or (15), if plotted on a; as a base 
lino, give a circle of radius a representing v 0 as graph, and 
the ratio (17) is that between one side Va 2 —x- and the 
hypotenuse a of a right-angled triangle, the third side of 
which is x. Or the ratio is sin 6 where x/a=co 3 9. Thus 

r/i’ 0 =sin 9 or v =v 0 sin 9 . . . (18) 

which is the projection of a speed v 0 along the circum¬ 
ference on a diameter AB of a circle of radius a, Fig. 95. 
Since v=0 at x=a, the times of travel of a point along a 
diameter AB, Fig. 95, will correspond with those of a point 
vertically above, moving at a constant speed v 0 along the 
circumference. In other words, the c.g. of the body will 
coincide with the projection P of the point moving in the 
circumference of the circle with constant speed v 0 . Thus 
we reach the original specification of the motion from 
consideration of the force producing it and the distribution 
of the energy between K.E. and strain energy in the 
spring which supplies and regulates the driving effort. 

Calculus A otation. The relations of x f v, and f are very 
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simple. If we write 8=ojt, ddjdl =a>(constant); also dxjdt =v, 
and d 2 xjdt 2 or dv{dt=f y then 

x=a cos . .(19) 

v=drldt={dxld8) ^dd{dl = -aaj sin 8 . (20) 

f=dvjdt --f g . J t = COS « = -»** . (21) 



Example 1. A weight rests freely on a scale-pan of a 
• ! onrt wl.irh is eivcn a vertical simple harmonic 

Siou of period 0 5 "second. What is the greatest 
ampLitude the vibration may have in order that the weight 
may not leave the pan ? What is then the pressure of the 
weight on the pan in its lowest position 1 

on the body is , 

occurring when the weight is m “S 

where l therefore »«. must not exceed 

g } or 

a x ( 27 i/ 0 - 5 ) 2 must not exceed g 

a must not exceed g x(0.5/2tt ) 2 

or 32-2 (ft. /sec. 2 ) x(0-5/2tt) 2 sec.* 

„ 0-204 ft. or 2-45 inches. 

U «% t • 
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If the balance has this amplitude of vibration, the pres¬ 
sure between the pan and weight at the lowest position 
will be equal to twice the weight, since there is an accelera¬ 
tion g upwards which must be caused by an effective force 
equal to the weight, acting upwards, or a gross pressure 
of twice the weight, from which the downward gravitational 
force has to be subtracted. 


Example 2. Part of a machine has a reciprocating 
motion, which is simple harmonic in character, making 
200 complet.o oscillations in a minute ; it weighs 10 lb. 
Find (1) the accelerating force upon it in pounds and its 
velocity in feet per second, when it is 3 inches from mid- 
stroke ; (2) the maximum accelerating force ; and (3) the 
maximum velocity if its total stroke is 9 inches, i.e. if its 
amplitude of vibration is 4-5 inches. 


Time of 1 oscillation =00/200 =0-3 second 


therefore the acceleration per foot) 
distance from mid-stroke ) 


= (2-/0-3)2 ft./sec. 2 


and the accelerating force 0-25 ft. from mid-stroke on 
10 lb. is 

(10/32*2) x0*25 x(2tt/ 0*3)2 =34.06 lb. 

and the maximum accelerating force 4*5 inches from 
mid-stroke is 1*5 times as much as at 3 inches, namely, 
51*09 lb. 

The maximum velocity in ft. per sec. occurring at mid- 
strokG=(a><i)—amplitude in ft. x2tt/0*3 =(4*5/12) x2tt/ 0*3 
=7-85 ft./sec. 

Velocity at 3 inches from mid-stroke 


= 7*S5 x V4-5 2 —3 2 /4*5=5*85 ft./sec. 

Example 3. A light helical spring is found to deflect 
0*4 inch when an axial load of 4 lb. is hung on it. How 
many vibrations per minute will this spring make when 
carrying a weight of 15 lb. ? 

The force per foot of deflection =4 -4-0*4/12 =120 lb. 


Time of vibration T =2t7\/15/(32*2 x 120) =0*3914 second. 
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And the number of vibrations per minute is 60/0-3914 
=153-3. 

75 Reciprocating Piston Motion. The reciprocating motion 

in a straight line of a piston or a crosshead attached to a 
mate to simple harmomc motion if the rod is long n 

ss-esfe 



necting rod mechanism for a irerj elioit rod ^ ^ 

»n h o r the & 

ESS |T<£ o^foran indcli.iitclv long rodent , 

OD for this short rod. (Ql> '» an arc 01 

centre C.) ^ iUn velocity v of C ns in 

From Fig. 96 it is easy to flnd thcjeloclt^ ^ ^ 

Art. 62 by a vector veiocity diagr ^ ^ ^ i( „ 

instantaneous centre of the i <- velocity, t l^r 

is the angular velocity of Q and «rit hncar^v ^ # 

=OF/OQ, or, r^^^r witl. Bi.lcs perpendicular to 
velocity triangle for Q and G, ® olllll (n, d Uio accelera- 

finding ^^^velocity a^nd”acceleration of the piston ,or cross- 
head O) is as follows. 


198 


APPLIED MECHANICS 


It is easy to show 1 that if n is fairly large, the displace¬ 
ment from mid-stroke is approximately 

a;=OD=r{cos 0—(l/2n) sin 2 0} . . (1) 

Hence by differentiation with respect to time t , since 
dd/dt=aj, a constant angular velocity of Q, 

v =dx/dt=(dx/dd) x(d0/dt) 

=—«or{8in 0 -f(l/2n) sin 20} . (2) 

/= —dvldt=(dv/d0)(d0/dt) 

= — a> 2 r{cos 0-f(l/n) cos 20} . (3) 

At 0=0, this becomes -w^l+l/n); and at 0=180°, its 
value is -f aj 2 r(l —1/n). It reaches zero before 0=90° 
(the angle for zero acceleration when n is infinte, as in 
simple harmonic motion), viz. when cos 0 = — (1/n) cos 20, 
and is -fa> 2 r/n when 0=90°, and a smooth curve through 
these four points (or oven three for 0=0°, 90°, and 180°) 
would give an approximate graph. 

Example 1. The crank of an engine makes 150 revolu¬ 
tions per minute, and is 1-3 feet long. It is driven by a 
piston and a very long connecting rod, so that the motion 
of the piston may be taken as simple harmonic. Find the 
piston speed and the force necessary to accelerate the 
piston and other reciprocating parts weighing altogether 
300 lb. (1) When the piston is farthest from the crank¬ 
shaft. (2) When the crank has turned through 45° 
from the first position. (3) When the piston has moved 
0 G5 ft. from the first position. (4) and (5) When the 
crank has turned through 90° and 1S0° respectively from its 
first position. 

The angular velocity a> of the crank is 

150 x27r/G0=57r or 15*71 radians per sec. 

Linear velocity of crankpin =5 tt xl-3 =19*59 ft./sec. 

Using Fig. 93 and equations (1), (3), and (7), Art. 74, 

1 DP = nr( 1 —coa <f>) — nr( 1 — V1 — sin 1 and since QP = r sin 8 

= nr sin DP =nr(l— V l — (1/n*) sin* fl=rx(l/2n) sin* 6 approxi¬ 
mately. 
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(1) When 0=0, 

a? =1*3 cos 0°=l-3 ft. 
v = — 19-59 sin 0°=0 

f = _ w Zr cos 0 ° = -25^ x 1-3 X 1 = -320-7 ft./sec 

accelerating force 

P =300 lb. x 320-7/32-2 =2987 lb. (toward centre). 

(2) When 0=45°, 

£=1-3 xcos 45°—1*3 x0-7071=0-919 ft. 
v= —19-59 ft./scc. x0-7071 = —13-80 ft./soc. 

P= -320-7 X0-7071 x300/32-2 
=2113 lb. toward centre. 

(3) When ® = 1-3 -0-65=0-05 ft., cos 0=0-65/1-3 = 0-5 

Q _(jQ° 

’ t? =19-59 sin 60° =19-59 xO-8G6 =10-96 ft./seo. 
p = _300 X320-7 x0-5/32-2 = —2987/2 
=1493 lb. toward centre. 


(4) When 0=90°, 

x=0, P=0 

t, =19-59 sin 90° =15-59 ft./seo. 

(5) When 0=180°, 

a: =1-3 X (—1) = — 1-3 ft- 


v =0 

p = -2987 lb. x ( —1) =2987 lb. (towards centre). 


Example 2. Work Example 1 when the very Iona rod * 
, , AnA fmir times a8 long as the crank (n=4). 

re We“can y And the piston velocities by vector velocity 
diagrams, but tbe WJ^o'S' lb“ (force) will be 

the accderation in ft./sec.* given by (3) 
300132 2 times c; the ug0 many of the arithmct.cal results of 

Example 1. 
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Using Fig. 96, quantities directed to the light will be 
positive and those to the left negative. 

(1) When 0=0° (Fig. 96) 

x =1-3 ft. 
and from (2) 

v — —19-59 x0=0 

From (3) 

P = —320-7(1 +0-25) x300/32-2 = —2987 Xl-25 
=3734 lb. (to centre). 

(2) When 6=45° 

a;=l-3(0-7071 —0-125 X0-5) =0-8376 ft. 
v=— 19-59(0-7071+0-125) 

= —16-3 ft./sec. (to centre). 

P=—320-7(0-70714-0) X300/32-2 
=2113 lb. to centre. 

(3) x =0-65 ft. =1-3 —l-3(cos 0—0-125 sin 2 0) and divid¬ 
ing by 1-3, 

1 —cos 0 4-0-125 sin 2 0=0-5 
—cos 0 4-0-125(1—cos 2 0) = —0-5 

multiplying by 8, 

cos 2 0+8 cos 0—5=0 

Solving this quadratic equation,cos 0= —4 -\-y /21 =0-583, 
0=54-3° 

v = —19-59 (0-S121 4-0-125 sin 108-6°) 

= —19-59 x0-9305 = —18-23 ft./sec. 

P = —300 x320-7(cos 54-3° 4-0-25 cos 108-6°)/32-2 
=—2987(0-5835—0-0797) =1504 lb. (to centre). 

(4) When 0=90°, 

27=1-3(0—0-125) = —0-1625 ft. 
v = —19-59(1 4-0) =19-59 ft./sec. as in Ex. 1. 

(Note that in Fig. 96 F would fall on E.) 

P = —2987(0—0-25) = 4-747 lb. 
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(5) When 0=180°, 
x = —1*3 ft. 
v =0 

p = — 2987 ( —1+0-25) = +2240 lb. (toward centre). 


The graphs of v and / on a base of angle (or time) are 
shown in Fig. 97 with the corresponding graphs for a very 
long rod (i.e. for simple harmonic motion) in broken lines 
for comparison. The effect of the obliquity of the connect¬ 



ing rod in modifying the sine and cosine curves of simple 
harmonic motfon is Considerable Note that the values o 
v are eoual at 0 = 90 °, and from 90 to 180 the values are 
smaller^Cor connecting-rod mechanism than for Bjmp.e 
harmonic motion : it will be obvious from F lg. 9b that I 
in this range will fall lower than Q, though above it from 

e ~In Fig. ^9 8 the acceleration / is shown on a base ofval^s 

of x the piston displacement. If "‘"he redact 
richt-hand end of the stroke, as indicated on the redu M 

diagram of the mechanism, then the acceler^ions at that 

end are positive as * iB increasmg with time, and both 

7 * 
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acceleration and displacement ( x) are positive to the left 
and ordinates of acceleration are graphed as positive 
upwards. The area ZAD between the graph and the base 
line represents kinetic energy stored in the reciprocating 
parts during the acceleration from the beginning of the 
stroke at A to the point Z, where the acceleration is zero. 
And the area ZEB represents the energy restored from the 



Fio. 98.—Piston acceloration. 


reciprocating parts to the crankshaft during the period in 
which the piston is decelerating and losing K.E. The 
areas ZAD and ZEB are, of course, equal. 

The straight line graph shown by a broken line indicates 
the corresponding accelerations for simple harmonic motion. 

The graph in Fig. 98 is of some importance ; for nearly 
all purposes it can bo drawn with sufficient accuracy by 
finding a few points, including those for the two end 
ordinates. To a different scale, the same curve represents 
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P, the force required to accelerate the 

which is W/ff times the transmi tted to 

^ss^jtrss 

required to ac “’®”‘ e nece ssary to determine the turning 
reciprocating parts is ^ in t lie different positions 

moment exerted on tbo crankshaft. 

of the mechanism oon necting rod and its Unear 

But the movement of the co t g ^ portion is 0 f te n 

and angular acceleration is * r * t as rotating at the 

SS s ”» “p«". ■■ 

?he U ^npl U e appr°oxfm^ this article for the 

lion of energy ™thm is pitted. In this, the 

shaft, a crank eflort uia*r< along the circum- 

horizontal ordinates may ^ ^ centre of the crank pin, 

ferenceof the Circle des J cd forces perpendicular to 

and vertical ^dmates the resoiveu^ Qf the pist0Q 

the crank which ie ‘ sU ,, rod Neglecting friction, 

acting through the connecU b ^ pi8ton> w0 can find the 
knowing the thrust exerte y 1 k at the crank pin 

resolved ^rce perpendicular t^o the c ^ ^ ^ ^ ^ the 

by, say, the I ,rm ^ ipl ° t d on t he connecting rod by the 

IJSiS“ih.I-™ 6 r ted ' <2 ’' “• “■ 

,,xP,=Ex»r or K=PpX»>f • 

BUt “oF/OQ,thcrefore K =P r xOF/OQ . 

The quantity rcqCed'tTKeSto’thS 

on the piston minus t , 6UC b a crank effort 

reciprocating parts._ * n pl( J t tbe Total effective pressure on 
diagram, we should fi b I o\ and then plot the 

the piston with the strode 


( 4 ) 


(5) 
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accelerating force curve, similar to Fig. 98, on the same 
scale and use the difference of the ordinates as the effective 
pressure on the gudgeon pin at the small end of the con¬ 
necting rod. This is the force P p above. The crank effort 
diagram, in conjimction with a curve of resisting force 
(reduced to its equivalent at the crank pin, i.e. the re¬ 
sisting torque divided by the length of the crank throw), 
enables us to determine the excess energy to bo stored 
and restored by the flywheel, the quantity 8E of Art. 67. 
This energy SE is represented by the loops made by the 
successive intersection of the curves of (1) crank effort 
and (2) resistance. If the resistance is constant it is equal 
to the total energy of one revolution divided by the cir¬ 
cumference of the crank-pin circle. To a different scale, 
the curves of crank effort and resisting force represent 
driving torque and resisting torque. The construction of a 
crank effort diagram and determination of 8E make an 
instructive exercise for the drawing office. In a fast¬ 
running reciprocating engine the form is materially affected 
by the inertia of the reciprocating parts, which take con¬ 
siderable forces to accelerate and decelerate them. 

Piston Speed-displacement Graph. The piston speed-time 
curve on Fig. 97 may be replotted on a distanco or piston 
displacement base. This graph for simple harmonic motion 
is a semicircle (rex sin 0 and x oc cos 6), while that for the 
piston or crosshead with crank and connecting rod motion 
is a somewhat similar curve but lop-sided, going outside 
the semicircle in the first part of the stroke and falling 
inside it in t he latter part (as is evident from Fig. 97). The 
graph is not of much importance. 


Example 3. If the engine of Example 2 has a cylinder 
6 in. diameter, find the crank effort when the crank angle, 0 , 
is 45° if the effective steam pressure on the piston is 150 lb. 
per sq. in. 


Total effective pressure on piston is 150) 
lb./sq. in. x6 2 X0-7S54 sq. in. ) 

From Ex. 2, at 0=45°, force to accelerate) 
reciprocating parts ) 

Force transmitted to connecting rod, by) 
difference v 


=4241 lb. 
=2113 lb. 
=2128 lb. 


r p =16-3 ft./sec., cur =19-59 ft./sec., ratio v P fojr =0 S321. 
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Hence from (4), crank effort (R)=2128 x 0-8321 =1770 lb. 
i.e. a driving torque of 1-3 ft. xl770 lb. =2301 lb.-ft. 

76. Torsional Simple Harmonic Motion. Simple harmonic 
motion is not necessarily rectilinear. A common form of it 
is a torsional oscillation, i.e. angular oscillation about an 
axis. The analogy between this and the linear simple 
harmonic motion of Art. 74 is very close. We may veil 
start from the point of the forces operating during the 

oscillation. 

Simple harmonic angular oscillation about an axis occurs 
when the moment of the forces exerted on a body about an 
axis is proportional to the angular displacement of the body 
from its mid-position of oscillation. If the angular position 
is speciGed as an angular displacement <f> radians from the 
central position (or position of rest), then the moment of 
the forces exerted will be M <f> where M is the moment for 
unit angular displacement (one radian) of the body or the 
moment of the forces about the axis ot oscillation per radian 
of angular displacement from mid-position. (M is analogous 
to e in Art. 74 and <f> to x.) Let </>, be the extreme value 
of or the angular amplitude of oscillation (analogous to 

a in rectilinear Art. 74). , 

If a is the angular acceleration of the body when it has 

the displacement <p, 

(\V 7c 2 /#) a = — M <£ = (W A- 2 /j/) o> 2 </> ... (1) 

corresponding to (\V lo)f=~~ cx * J1 ^! t : . T\ ie 

negative sign indicates that the angular speed is diminish¬ 
ing with increase of <f>, 

a =w2<f>=-y\‘H(Wk-l(j) . 

oj 2 = — M/(WA 2 /j/) ..•_ * 

moment per radian dis placement 
(W'jgjk* about axis 

T—time of oscillation = 2 tt/o>= 2 w\/WA 2 /iM'/ . 

(note that hero M does not denote mass). In this, a, is not 
to be confused with the variable angular speed (d^dl) of 
the body It is the constant angular velocity of a point 



( 2 ) 

(3) 

( 1 ) 

(3) 
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moving in a circle which specifies the motion. The circle 
would have as radius (f> lf i.e. a length equal to an arc sub¬ 
tending an angle <f>x radians at the centre of a circle of unit 
radius. As in the linear simple harmonic motion, we should 
have, 

<f> =<f>i cos 0 .(6) 

corresponding to (1), Art. 74, for rectilinear S.H.M. and the 
angular spe^d, say, a>' at this phase of the motion would be 

a/ = —sin 8 .(7) 

corresponding to (3), Art. 74, for linear S.H.M., while 
angular acceleration would be 

a =—COS 0= — oj 2 </> .... (8) 

corresponding to (5), Art. 74, for linear S.H.M. 

There is the same type of distribution between kinetic 
energy and potential energy (viz. elastic strain energy) 
as in linear S.H.M., and Fig. 94 would hold good if the base 
lino represents values of <£, with total length 2<f>\ (in place 
of 2a), and the vertical ordinates represent values of M<£ 
(in place of ex). The area representing the K.E., viz. 
\(Wk 2 /g)(aj') 2 , is the trapezium HDAP. The triangle OHP 
represents the (potential) elastic strain energy £M <f> z for an 
angular displacement OP or <£, the total energy being repre¬ 
sented by the triangle PAD or £M^x 2 or £(W fc 2 /g)(oj<f>i) 2 . 

Example. A metal disc is 10 inches diameter and weighs 
6 lb. It is suspended from its centre by a vertical wire so 
that its plane is horizontal, and then twisted. When 
released, how many oscillations will it make per minute 
if the rigidity of the suspension wire is such that a twisting 
moment of 1 lb.-foot causes an angular deflection of 10° ? 


Tbo twisting moment per radian twist is ) 
1/(10x77/180) 5 

£2 = £(5/12)2 

Time of vibration is 

2nV6 X0-0868/(5-73 X32-2) 

Vibrations per minute =60/0-334 


=5-73 lb.-ft. 
=0-0868 ft. 2 


}= 


0-334 sec. 


=180. 
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77 Pendulums. Simple Pendulum. This name refers 
strictly to a particle of indefinitely small dimensions and 
vet having weight, suspended by a perfectly flexible 

weightless “thread from a fixed point, abou ‘ " ^^' a6 a 
„ an L cwines freely in a circular arc. In practice, a 

small piece of heavy metal, usually called a pendulum bob, 

suspended by a moderately long thin fibre, behaves very 

neariy indeed like the ideal pendulum defined above, the 

resistances such as that of the atmosphere, being small. 

Let o! Fig. 99, bo the point of suspension of the particle P 

of a simple pendulum. 7 , . 

Lot OP, the length of thread, be l feet 

Let 0=angle AOP in radians which OP makes with tho 
vertical (OA) through O in any posi¬ 
tion P of the particle. 

Draw PT perpendicular to ui, 
i.e. tangent to the arc of motion to 
meet tho vertical through O in i. 

Tho tension of the thread has no 
component along the direction of 
motion (PT) at P. The acceleration 
along PT is then g sin 0, since 1 1 a 
inclined 9 to the horizontal, U v is 
very small, sin 0 may be taken cqua 
to 6 in radians. (If 0 does not exceed 
5°, tho greatest error in this appioju- 

mation is less than 1 ]P ar * b ^ • gQ approximately. 

Hence the acceleration y acce i er ation along 

And fl=arc AP-adms Ol , J iB ortioua i to 

PT =3 X arc Ar/i, and the a p {rQnl ^ boing gjl per 

the distance A1, along the . t ho time of a complete 
foot of arc. Hence from (0), Art. <4, me 

oscillation in seconds is 



Fig. 1 ) 0 .—Simple 

pendulum. 


2vlVgll=2”' /l l'J • 


( 1 ) 


and the velocity at any point may be^found, as in Art. 74, 

for any position of the ^ndulum bob has finite 

In an actual penduium, P erully bo somewhat 
dimensions, and the lengtl l K suspended. The 

°' ■™ e 
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Fig. 100.—Com¬ 
pound pendulum. 


as an actual pendulum of any form is called its simple 
equivalent pendulum. For this ideal pendulum the relation 
t=2-nVTfg holds, and therefore l=±t 2 g/i r 2 , from which its 
length in feet may be calculated for a given time, t f of 
vibration. 

The value of the acceleration of gravity, g, varies at 
different parts of the earth’s surface, and the pendulum 

offers a direct means of measuring the 
value of this quantity g, viz. by accurate 
timing of the period of swing of a pen¬ 
dulum of known length. The length of 
an actual pendulum, i.e. of its simple 
equivalent pendulum, can be calculated 
from its dimensions. 

Compound Pendulum. We now pro¬ 
ceed to find the simple pendulum equi¬ 
valent (in period) to an actual pendulum. 

Let a body be suspended by means of 
a horizontal axis O (Fig. 100) perpen¬ 
dicular to the figure and passing through 
the body. Let G be the c.g. of the body 
in any position, and let OG make any angle 6 with the 
vertical plane (OA) through O. 

Suppose that the body has been raised to such a position 

/\ 

that G was at B, and then released. Let the angle AOB 
be <f>, and OG=OB=OA=/i. 

The body oscillating about the horizontal axis O con¬ 
stitutes a pendulum. 

Let 1 =length of the simple equivalent pendulum ; 

Jc 0 =radius of gyration about O ; 

b-j —radius of gyration about a parallel axis through G. 

Let W bo the weight of the pendulum, and let M and If 
be the points in which horizontal lines through B and G 
respectively cut OA. 

When G has fallen from B to G, the work done is 

W xMN = W(ON—OM) =W(h cos 0 — h cos -fc) 
=W7i(cos 6 —cos <f>) 

Let the angular velocity of the pendulum in this position 
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be then its kinetic energy is ***.*«*/» (Art. «>;«*** 

if* thenT are°no Vesi'stan'ces'To moKe kinetic energy is 
equal to the work done, or 


(2) 

(3) 


iWA- 0 2 w 2 /3 = ^^ co8 0 —cos 4>) 

and therefore ,. lh 2 

aji = 2gli(cos 0 — cos <£)/*o 

0'"e^ble a treadoftengthi! anVbe relied ^ 

position B' such that B 6'A-* O'A being vertical tts 

velocity v when passing G', such that G'O'A = 0 ,» g.ven by- 

r 2 =2g . M/N' =2gl(cos 0 -cos <£) 
and its angular velocity w about O 
being i'll 

ujZ = 2 g(cos 9—cos <f>)ll • (’*) 

or r 2 = 2 ^(cos 0-cos 0) • ( 5 ) 

The angular velocity ol a l‘ arti(I ® 

(or of a simple pendulum) Ki''® '■ 

equation (4) is the same as that 
G (Fig. 100) given by equation (3), l 



gll=g ,f l ,c o 2 
!=*«*/* 


i.e. provided .( 6 ) 

This length *../* is then.thellngt., of th esh, 

same *at'any* angular P^or s,,nple P—' * 

muBt'be the samc^Aud^froin equation (3, ot tU. AppeoOix, 


fc 0 *=to* + »* 

hence, from (6) =/l +^ 2 ,,,. (7) 

tlo . <w>nr^5! ( tsa2-"*«s 

the line OG is called t , g at a jjgtancc k 

beyond G fJomV* Aparticle placed at C would oscillate 
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in the same period about O as does the compound pendulum 
of Fig. 100. 


Example 1.—Find the length of a clock pendulum which 
will make three beats per second. If the clock loses 1 second 
per hour, what change is required in the length of pendulum? 
Let l = length of pendulum in feet. 

Time of vibration =$ second 


, (J) 2 x32-2 32-2 

47r2 367T 2 


feet =1-09 inches 


The clock loses 1 second in 3G00 seconds, i.e. it makes 
3599 x3 beats instead of 3600 x3. Since lxt z xl/n z , where 
n =number of beats per hour, therefore 

correct length 3599 2 , 

1-09 inches ~TfiVo) 2 

=1 —tsW approximately 
therefore shortening required 

=1-09/1800 inches =0 000606 inch 


Example 2. A flywheel having a radius of gyration of 
3-25 feet is balanced upon a knife-edge parallel to the axis 
of the wheel and inside the rim at a distance of 3 feet 
from the axis of the wheel. If the wheel is slightly dis¬ 
placed in its own plane, find its period of oscillation about 
the knife-edge. 

The length of the simple equivalent pendulum is 

3 +(3-25) 2 /3 =3 +3-5208 =6-5208 feet. 

Hence the period is 2 ttV 6-5208/32-2 =2-S3 seconds 

78. Unbalanced Circular Motion in Vertical Plane. In the 
preceding article (77), it was assumed that the angular 
amplitude of a pendulum was very small, and if this con¬ 
dition is fulfilled the motion is very nearly simple harmonio 
and the period independent of the amplitude. We now 
briefly consider the motion if the amplitude is not small. 
T lie motion may be oscillatory up to an amplitude of 180°. 
Or it may be continuous rotation in a constant direction 
of a pendulum bob and thread or of a rigid body but with 
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It may be kept in the circular patn oy u ^ — 
to O, or by an inward pressure of a circula ' 

Let B =the radial inward force exerted on the particle 

its constraints. 

W=tho weight of the particle in pounds , 

bf rS"S“ “.“S’* “• — 

fcrence ; 

t>. =the velocity at A ; . 

h= the radius of the circle m feet. 

Then the kinetic energy at A is v A jg 

At P the increase of potential ^^ b Jfro % Teo work done 
kinetic energy w /* and mechanica l energy at P 

or lost between A and I, tne 

is equal to that at A, m) 

‘ w " +ffxA f 2 :S'-?xAN' : : '• • « 2 » 

v i = vS-2gh{l-co* 0) . • • 


(3) 
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If the amplitude of oscillation is <£, v=0 when 0=<f> 

0 =v A 2 — 2gh(l — cos <£) ... (4) 

v A 2 =2g}i(l —cos <f>) .... (5) 

And v 2 =2g/i(cos 0— cos <f>) ... (6) 

the length 7i(cos 6 — cos <£) is the vertical distance of P 
below the position of the particle at the top of its swing. 
In order to move in a circular path of radius h at a speed v, 
the particle must have exerted upon it a radial force 
W v z /(gh) towards O, in addition to which the axis has to 
support radially the gravitational (component) force 
W cos 6 , hence 

R =Wv z Jgh + W cos 0=W(3 cos 0-2 cos <f>) . (7) 

The value of R at any given point can be found by sub¬ 
stituting for v from equation (3), provided v A is known. The 
least value of R will bo at B, the highest point of the circle, 
where gravity diminishes it most. If v A is not sufficient to 
make R greater than zero for position B, the particle will 
not describe a complete circle. Examining such a case, the 
condition, in order that a complete revolution may be made 
without change in the sign of R, is that R at B shall be 
greater than zero, and since 

R B =Wr B 2 /((/ft)+W cos 18O°=W(V707i— 1) . (8) 

the condition is that v B 2 shall be greater than gh. And 
from (3), at 0=180° 

v B =v A 2 —2ghx2=v J 2 —4gJi ... (9) 

Hence the condition is that v A 2 —4gh shall be greater than 
gh or v A 2 greater than 5 gh or v x >Vogh } i.e. the velocity 
at A must bo greater than that due to falling through a 
height 4/i, for which the velocity would bo Vbgh. For 
example, In a centrifugal railway (“ looping the loop ”) the 
necessary velocity on entering the track at the lowest 
point, making no allowance for frictional resistances, may 
be obtained by running down an incline of height greater 
than two and a half times the radius of the circukir track. 

The pendulum bob, suspended by a thread, is of course 
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limited to oscillation of less than a semicircle or to complete 

^Proceeding to the rigid bod^^nation (5),^ 17, 

gives the angular speed y position defined by 

linear speed of aU pom ) f ‘ > complete oscillation 

e, and from the amplitude angles </>. the 

may be calculated, bu f A £or fl ^° te ^ti 0 n involving cither 
calculation is not simple , * ser i e3 or tabulation 

an approximation by ^^“^^1 angle being the angle 

of small parts, the time for a sinau an^ aQglo 

divided by the value o " Ue d mechanics and need 

This is not of importance in «11 

not bo investigated ^ere. revo i u tions, its speed will 

If the body makes complete gravitational 

still vary because of; d urin g a single revolution. 

forces about the axis of < highest point B (see 

If is the angular speed at the I' A tho 

Figs. 102 and 100) and ^ that ^ 

equation of energy (2), Art. < h u 

iW^/^l'^'o^/ll+'VMl+cosJ) (10) 

= i\V7c o W-/l/-^ V/,£1 - COS0) (1 > ) 

and JlYfc 0 2 (wA 2 =2 W/t . . ■ ( ) 

in order that the body shall just make a complete 
revolution, i.e. ai B — 0 , 


<"A 


i\VA- 0 W/(/ =NV/i * ’ ' 
•1 jA/l-o* or « A *=-1 ghxl‘V k <r 

v .=y/\gh . hjko 


(13) 

(14) 

(15) 


t.g. for a uniform rod suspended from 

fc 0 2 = (length) 2 /3, ^ 2 / /l 'o 2 =3/l, of tho free end. 

the maximum speed of the ^7 ex cited on the body by the 

The radially toward force K ■ or w<u 2 /,/ 0 , due to 

ds O, Figs. 100 and 102, 8 " -\ v cos 0 in support of 
itation at the angular speed « and 


axis vj, riLD. o-w --- ' . 

rotation at tho angular speed 
the gravitational pull W » 

B^Ww^/j+W cos Q 


(16) 
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as in (7), and, if the body is oscillating with angular 
amplitude <f >, inserting from (3), Art. 77, the value of w 2 

R=2W(cos 6— cos <f>)h 2 J1c z -{-W cos 6 . (17) 

which agrees with (7) when k 0 =h (for a particle). 

If the body just completes a circuit so that <£=180°, 
cos 4> = —1, and 

R=W{cos 0+2(cos 0+l)A/* o s } • • (18) 

If the body is a uniform bar oscillating about an axis 
perpendicular to its own, at one end, /i 2 //; 2 =3/4 as before, 
and 

R=£W(5 cos 04-3) .... (19) 

R reaches zero and changes sign and becomes a radially 
outward force when 5 cos 0+3=0, i.e. cos 0 = — 0-6 or 
0=126-9° (about). (R is here only the radial component 
force exerted by the axis on the body. There is another 
component perpendicular to it which, with the component 
W sin 0 of W perpendicular to OG, will suffice to give G 
its linear and the rod its angular acceleration). 

Example 1. A stone weighing W lb. is whirling in a 
vertical circle at the extremity of a string 3 feet long. Find 
the velocity of the stone and tension of the string—(1) at 
the highest position, (2) at lowest, (3) midway between, 
if the velocity is the least possible for a complete circle to be 
described. 

If the velocity is the least possible, tho string will just 
be slack when tho stone is at the highest point of tho circle 

Let i’ D bo tho velocity at the highest point, where the 
weight just supplies the centripetal force ; using Fig. 102, 

(1) W Xt'„ 2 /(3 x32*2)=W 

r B 2 =3x32-2 ft. 2 /sec. 2 , v B =9-83 ft./sec. 

(2) At the lowest point, since the total energy remains 
constant, 

UVr A 2 /32-2 = l\Yr B 2 /32-2+W x6 

v A 2 =r B 2 +2 x 32-2 x 6 =90-6 4-386-4 
v A = V4S3=22 ft./sec. nearly. 

And tho ten8ion=W 4-W x 483/(32-2 x3)=W 4-5W =6W. 
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(3) When the string is horizontal, and the speed is t>„, 
eiroilarly 

!Wv 0 2 /32-2=£Wv b 2 /32-2+W x3 

9 o I o y q 32’2 =96-6 -{-193*2 

t>o 2 =V + 2 X - 3 X' 3 *- * =289-8 (ft./sec .) 2 

1)o = V289 : 8=1'7 ft./scc. 

And the tension=W X289-8/(32-2 x3)=3W. 

Example 2. A uniform ^ S’Sgh'nl end 
turns in a vertical circle abo tho ro j if its speed 

and perpendicular to the cent rpm (or 2n radians 

when in a horizontal position is P- b ( o ^ 2 ) below 

per sec.), find its speed when vertically ( Q \ ' and by 

the axis of rotation, and fin f h average angular 

tho axle in these positions. Estimate r 

velocity and time taken in on 1 th0 angu lar velocity 

Using the notation of Fig- Iq^= 0-283 radians/sec. 

when the rod is at tho level O is w 0 — w 
and h =2 ft., * 0 * =42/3 =16/3 ft. 2 

From (11) when 0=90°, 

since 2<,W= 2 x32 ‘ 2 ft -/ 6CC - 2 x2 ft / (1G/3) ft ' 

=24-15 (1/sec. 2 ) 

u , a »=<v 0 *+2 9 W=4v*+ 24-15=C3-C3 (1/sec. ) 

cu a = 7-977 rad./sec. 

An d for any angle 0 (Fig. 102), 

^2 — C 2 £ 7 ft/*o 2 )(l —cos 0) 

—o>a 2 (1 —(24-15/63-G3)(l —cos 0)} 

w =tUi vr^oi37ihI(T^5r0) 

=4-915 Vl-635+cos 0 rad./seo. 

For 0=180°, putting cos 0= —1, gi vc3 

oj b =3-910 radians/sec. 

0.16 radians/sec. might be 
0,0=277=0-283 or 4 («<a+“b)-J "I 1 " tru0 mean value is 
considered mean values of w. bur lue velocity or 

the time-average of the values of tho angular 
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2 rr divided by the time taken for one revolution. The 
integration of dtjdd, the reciprocal of dd/dt( =oj), involves 
special functions or integration of a series and is not simple. 
But we can find the time of a revolution by dividing, say, 
a half revolution on either side of the vertical diameter 
of the circle (Fig. 102) into intervals of 20°, i.e. tt/9 radians, 
and calculating the time St taken in traversing each 20° 
from the angular speed at the middle of the interval, i.e. 
at values of 9 of 10, 30, 50, 70, 90, 110, 130, 150, and 176 
degrees. The sum of the time St, say 27 (St), gives the time 
for a half revolution and the mean angular velocity is 
rr/27(8/). The results would naturally be tabulated to 
facilitate calculation and need not be reproduced in detail 
hero. The time taken for the half revolution is 27 (St) 
=0-54577 sec. or 1-0915 sec. per rev., and the mean 
angular velocity is tt/0-54577 =1-S32tt or 5-757 radians/sec., 
against the values of 277 or 6-2S3 radians/sec. for tu 0 and 
5-946 radians/sec. for i(a> A -ftu B ). A little consideration, 
particularly with a sketch of the graph of qj or of 1/a> on a 
base of values of 0, will show that these values are too high. 
The mean height of such a graph would represent an 
angle-average and not a time average, and each equal part 
of the circuit would contribute one of 9 ordinates to the 
sum on which the average is based, even though it corre¬ 
spond to less (or more) than 1/9 of the time of the half 
revolution. But in the half circuit above the level O, the 
speeds being slower, the time taken for any given angular 
travel is greater than in the lower half of the circuit, and the 
slower speeds are more potent in their contributions to the 
total on which true time-average is based, and the time- 
average is a smaller quantity than the angle-average. Thus 
if wo average the values for each 20°, we get an angle-average 
value of 6-117 radians/sec., which is too high. The value 
5-757 radians/sec. is, of course, an approximation and might 
be improved by dividing the half circuit into smaller 
intervals than 20°. (But as the graph of l/o> has reversed 
curvature on opposite sides of 0=90°, the larger intervals 
are justified and give a good result, confirmed by integra¬ 
tion.) The result will suffice to illustrate the difference 
between a time and a space or angle average. 1 

1 As a very simple illustration of this point, if one mile ia 
covered at 00 m.p.h. and one mile at 20 m.p.h., the space average 
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The equal and opposite forces exerted on the rod and 
axle are from (16), when 0 = 0°, a* 2 =a> A 2 =63-63 (1/sec. 2 ), 

R a =W( 1 +63-63 x2/32-2)=4-95W 
and when 0=180°, 

R =W(15-33 X2/32-2 —1) =W(0-9521 —1) = —0-05W 

t.e. an upward thrust of the axle on the rod and a downward 
pressure of the rod on the axle of 0-05W (R changes sign 
(R=0) when cos 0 = -0-9521, i.e. when 0=180 -17*8 
=162-2°, or 17-8° before the rod reaches the vertical 
position at B). Note that the difference {4-95 -( -0-05)}\V 
=5 0W is much greater than 2\V, the difference duo to 
the gravitational force of the rod. The <iu< !,° 
difference of speed is W(<« A 2 —w B 2 ) X2/3--2 —3-0 . _ h 
note that in the vertical positions of the rod there is no 
angular acceleration ; the forces R A and R„ are not merely 
radial components but the resultant forces between the axle 

and the rod. 

EXAMPLES VII 

1. A point has a simple harmonic motion of 

and period 1-6 seconds. Find its velocities and 
0-1 second, 0-2 second, and 0-6 second after 
extremity of its path. 

2. A weight of 10 lb. hangs on a spring, which stretches O-loincj 

per pound of load. It is set in vibration, and its g « « - 3 

tion whilst in motion is 10-1 feet per second per u 

the amplitude of vibration ? . . 

3. A point, A, in a machine describes a t vert ^ a, D ^on° of the 

diameter, making 00 circuits per minute. Paieht line, and 

machine weighing 400 lb. moves in a horizontal b . g ^ a 

is always a lixed distance horizontally from A, portion, 

stroke of 3 feet. Find the accelerating forces on this P t 
(1) at the end of its stroke ; (2) 0 inches from the end , and (J) 
0*05 second after it has left the end of its stroke 

4. A helical spring deflects J °*jn 

Dow many vibrations per minute will it maao n 

when carrying a load of 12 lb. ? _ 

of speed is J(00 +20) =40 m.p.h., whereas the true trnie-avemge 

speed is obtained from the fact that « n ° . e . an,’/therefore 

1 minute and one mile at 20 m.p.h. takes 3 8pce d of 

2 miles take altogether 4 minutes, x-e- a t « n aco average of 
30 m.p.h., which is 25 per cent, less than the space aver b 

40 m.p.h. 
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6. A weight of 20 lb. has a simple harmonic vibration, the 
period of which is 2 seconds and the amplitude 1*6 feet. Draw 
diagrams to stated scales showing (1) the accelerating force exerted 
on the weight at all points in its path ; (2) the displacement at 
all times during the period ; (3) the velocity at all times during 
the period ; (4) the force acting at all times during the period ; 
(5) the K.E. at all points in its path. 

0. A light stiff beam deflects 1-145 inches under a load of 1 ton 
at the middle of the span. Find the period of vibration of the 
beam when so loaded. 

7. A point moves with simple harmonic motion ; when 0-75 
foot from mid-path, its velocity is 11 feet per second ; and when 
2 feet from the centre of its path, its velocity is 3 feet per second. 
Find its period and its greatest acceleration. 

8. Use the data in Example 2, Art. 75. When the crank has 
moved 135° from the dead centre in which the piston is farthest 
from the crankshaft, find (1) how far the piston has moved, 
(2) its speed, (3) its acceleration, and (4) the force required to 
decelerate the reciprocating parts. 

9. If, in No. 8, the effective pressure is 40 lb. per sq. in. on a 
piston 0 inches diameter, find the torque on the crankshaft in 
the position stated. 

10. A piece of metal weighing 10 lb. is suspended by a vertical 
wire which passes through the centre of gravity of the metal. 
A twist of 8-5° is produced per pound-foot of twisting moment 
applied to the wire, and when the metal is released after giving it a 
small twist, it makes 150 complete oscillations a minute. Find the 
radius of gyration of the piece of metal in inches. 

11. A flywheel weighing 3 tons is fastened to one end of a shaft, 
the other end of which is fixed, and the torsional rigidity of which 
is such that it twists 0-4° per ton-foot of twisting moment applied 
to the flywheel. If the radius of gyration of the flywheel and shaft 
combined is 3 feet, find the number of torsional vibrations per 
minute which the wheel would make if slightly twisted and then 
released. 

12. How many complete oscillations per minute will be made 

by a pendulum 3 feet long ? {7 = 32-2 ft./sec*. 

13. A connecting rod makes 29 small oscillations per minute 
about a knife edge placed through the hole at the big end. The 
c.g. of the rod is 1-5 feet from the knife edge. Find the radius of 
gyration of the rod about an axis through the c.g. and parallel 
to the knife edge. If the rod is allowed to oscillate about a 
knife edge placed through the hole at the small end 5 feet from the 
previous line of contact, how many oscillations per minute will it 
make ? 

14. A body weighing $ lb., attached to a string, is moving in 
a vertical circle of 0 feet diameter. If its velocity, when passing 
through the lowest point, is 40 feet per second, find its velocity 
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and the tension o( the string when it is 2 feet and when it is 5 feet 
above the lowest point. , , , 

on-i 

SS®£ tSs”n on the thr^wh^ it "w'be'iow 

the centre of motion, (2) above the centre. 

10. Estimate the time of a circuit in No 15. (See Example 2 
at end of Art. 78 and take h =4 ft, «• = * ft.) 



CHAPTER VIII 


HYDROSTATICS 

79. Mechanics of Liquids. The applied mechanics of 
liquids can conveniently be divided into hydrostatics, 
dealing with liquids at rest under the action of balanced 
forces, and hydraulics dealing with liquids in motion. In 
order to make the mechanics of liquids included in this book 
self-contained, parts of earlier courses will be repeated, 
though it may not be necessary for every reader to study 
these. The present chapter is devoted to hydrostatics 
and the following one to hydraulics. 

Liquids and Fluid Pressure. The molecules of a liquid, 
unlike those of a solid, although they are in contact one 
with another, move freely one over another. Liquids have 
some resistance, called viscosity, to rapid change of shape, 
this being a tangential one opposing sliding motion ; it is 
proportional to the speed of sliding motion of one molecule 
over another. At low speeds it is negligible, and in a liquid 
at rest it is zero. That is, the force between two molecules 
of a liquid at rest is entirely perpendicular to their surfaces 
in contact or wholly normal. And, for such liquids as we 
need consider, the force transmitted between a liquid and a 
solid surface can be regarded as a normal pressure. This 
is true of water at rest and very nearly true so long as it 
moves slowly. 

The intensity of pressure exerted within a fluid or on the 
walls ol a containing vessel is measured by the force per 
unit of area, generally pounds per square inch or per square 
foot. '1 his is very commonly called merely the pressure , 
although it is an intensity or degree of pressure and not the 
total force exerted which is also called the pressure, but 
to avoid contusion the latter is sometimes called the total 
pressure. From the fact that only normal pressure can 
be transmitted by a stationary fluid it follows that this 
normal pressure is equal in all directions at a given point 
in a fluid. And this point can be demonstrated experi¬ 
mentally b} T the use of pressure gauges. 
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80. Relation of Pressure to Depthma Liquid. “ftfoi 

large intensities of pressur y ^ . t a great depth. 

the Uquid when it extends contmuously £ a ^ 

To investigate how nmetsuch P rc ^ 0Q o£ a Uquid at 

imagine a^erttcal cyhndncal shap^dj ^ ^ 0 the 

rest in a tank (Fig. 10*3), » cylin der is everywhere 

curved vertical surface of /fleet and difference of 

horizontal, it will have wo ve ’ must balance 

the vertical pressure on the two^ putting 

the weight of the cylindric 1 area of cross- 



A IV* - 

section of the imagined cyUocler m J f ‘" ar ® r ^’thftop and 
in feet, Pl and p 2 the intensities• of pre^ ^ gquaro foot . 

bottom ends respectively in P cv y n( i(. r is Axh cu. ft., 
Then the volume of liquid n th }i tota! weight 

and if the liquid weighs y> lb. per cu. , 
of the cylinder of water is 

Ax/t cu. ft. xtc lb./cu. ft. 

A .h.w lb. 

and this must equal the not external force exerted upward 
° n 2 h sV 5 " lb-for^/sq- ft. (upward) 

^ _1 sq. ft. xpr .b-force/sq. ft (downward, 

*=A(p 2 -Pi) lb.-force (upward). 
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Hence, since this balances the downward force, 

A(P 2 ~Pi) lb.=A . h . w lb. 

or P 2 Pi=wh lb. per sq. ft. (1) 

That is, the increase of pressure for a depth h ft. is wh lb. 
per sq. ft. or w lb. per sq. ft. per ft. of increase of depth. 

If one end of the imaginary cylinder is in the free surface 
of the water, the upward pressure of the surrounding water 
on the base of the cylinder is just equal to the weight of the 
cylinder of water. 

Or, reckoning from the surface of the liquid, the pressure 
intensity at a depth h ft.will exceed the atmospheric pressure 
at this surface by 

wh lb./sq. ft. 

And for pressures at great depths, the atmospheric pressure, 
equivalent to a depth of 34 ft. of water (see example below), 
becomes negligible. 

The density of water (or its mass per unit volume) is 
about 62-4 lb. per cu. ft. at 60° F., so that for water, 
te=62-4 lb.-force per cu. ft., and at a depth of 1 ft., the 
intensity of pressure (reckoned above atmospheric) is 

p=62-4 lb./sq. ft. 

C2-4 

= or 0-433 lb./sq. in. 
and at a depth of h ft., 

pressure intensity =0-433 lb./sq. in. per ft. depth xh ft. 

=0-433 h lb./sq. in. (above the pressure 
of the atmosphere). 

Thus at a depth of 100 ft., the pressure would be 0-433 
X100 =43-3 lb. per sq. in. above atmospheric pressure. 

And to give a pressure of 1 lb. per sq. in., a depth or 

head ” of 1/0-433 or 2-31 ft. of water would be required, 
or 2-31p ft. for p lb. per sq. in. 

Example. Water Barometer. What head of water 
would give a pressure equal to that of the atmosphere, 
namely, 14-7 lb. per sq. in. J 
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14-7 lb. per sq. in. =14-7x144 lb. per sq. ft. =2117 lb. 
per sq. ft. 1 cu. ft. of water weighs 62-4 lb. and * column 
£ ft. high and 1 ft. sq. in section would weigh G^-4/i lb., 
which would give a pressure of 2117 lb. on the base, provided 

that 

62-4/1=2117 


2117 =34 ft near iy. 
62-4 


water- 


This is sometimes called the height of the 

b “^' Barometer. The atmospheric pressure corre¬ 
sponds to that of a column of mercury of wineh t >‘ e 
will be less than that of the water barometer m the rat o that 
mercury is heavier than water, viz. 13-B Henw^e'ght of 
mercury column to give a pressure of 14-7 lh. per sq. in. is 
about 34 ft./13-6=2-5 ft. =30 in. 

81. Pressure on Submerged Surfaces. Since» the. P re ^ure 
per square foot at a depth h in a liquid 'vh^-hNveghs.ol. 
per cu. ft. is wh lb. per sq. ft. (above at.nms I*enc pro s re) 
any horizontal surface such as the bottom of a tan 
area A sq. ft. has upon it a total pressure o 


wh lb./sq. ft. XA sq. ft. =ic/tA lb. force 


( 1 ) 


But to find the total pressure on any plane 

is not horizontal, wo have to deal with a pressurei «Inch is 

continuously varying across the surface, according to the 

Vd Tal:a ^vertical surface of total area A sq. ft. (shown in 
FiJ 104* and suppose it divided into * large , nun,her of 
parallel horizontal strips, the areas of which are «„ a t , 
etc., in square feet, and the depths of the s I o ^ 

etc., ft. respectively below the surface of the liquid, then 

the total pressures on the successive strip 

wh x a u wh 2 a 2 , wh 2 a 3t etc., 
and the total pressure P, say, in pounds will be 

F=wh l a l +wh 2 a 2 +wh 3 a 2 -\- . • • etc. 

=w(h 1 a 1 +h 2 a 2 +h 2 a 2 + . . etc.) . (2) 
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Now the sum of the products h^, hocio , etc., constitute 
the moment of the area A about an axis which is the line 
of intersection of the vertical plane of the submerged 
surface with the surface of the liquid, and this moment is 
such that 

Ji “bote. == h . A . . . (3) 

where h is the distance of the centroid, centre of area or 
8o-called centre of gravity of the total area A from the same 
axis. Hence we may write equation (2) as 

P=m? .h. A lb.(4) 



Fio. 104.—Pressure on submerged plate. 


To put the matter in another way, 

P=pAU>.(5) 

where p (or ich) is the mean pressure intensity or the in¬ 
tensity of pressure at the depth of the centre of gravity 
or centroid of the immersed surface. In words, 

Total pressure in lb. 

=area in sq. ft. x pressure per sq. ft. at c.g. of area. 

If a surface is neither horizontal nor vertical but oblique 
at some intermediate inclination, the same rule applies, 

where li still refers to the vertical depth of the centre of 
gravity. 


Example 1. Find the total pressure on a lock gate the 
width of which is 20 ft., when the depth of fresh water is 
15 ft. 

Depth of c.g. of wetted area =15/2 ft. =7-5 ft. 
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Pressure at depth of c.g. =7-5 ft. x62-4 lb./cu. ft. 

= 4uo lD./Sq. Iu 

Total wetted area =20 ft. Xl5 ft. =300 sq. ft. 

Total pressure =468 lb./sq. ft. x300 sq. ft. 

=140,400 lb. 

Example 2. A submerged rectangular sluice gate is 
3 ft. bv 2 ft., having its long sides vertical and short sides 

horizontal. The top side is 5 ft. below the surl 

Find the total water pressure on the gate. Take salt 

water at 64 lb. per cu. ft. 

The depth of the c.g. below the top side =3/2 ft. =1*5 ft - 
Depth of c.g. below surface of water =5+1-5 =G o ft. 
Pressure at depth of c.g. =6-5 ft. xG4 lb./cu^ ^ ^ ^ 

Total area =3 ft. x2 ft. =0 sq. ft. 

Total pressure =426 lb./sq. ft.xG sq. ft.=255G lb. 

Example 3 The tank shown in elevation in Fig. 105 
is 6 ft. broad (in a direction perpendicular to the diagram). 



FlO. 105.—Problem on tank. 

Find the pressure on (a) a sloping side, (b) a ' 

and (c) on the bottom, when the tank is full of water. 

(a) Length of sloping sido=8\/2 ft. =11*31 ft. 

Area of sloping side=11*31 ft. x6 ft. =67 86 sq. ft. 

Depth of c.g. of sloping side =8/2 =4 ft. ^ , .. 

Pressure on sloping side =67-80 sq. ft. x4 ft. x / cu - 

=16,960 lb. 

. fffiSflttaK tga SW 
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trianglea 8 ft. deep and each having a base in the water 
surface 8 ft. long. The depth of the centres of gravity of 
these triangles will be 8/3 ft. below the water surface. 

Rectangular area =10 ft. x8 ft. =80 sq. ft. 

Depth of c.g. =8/2 ft. =4 ft. 

Total pressure on this part =80 sq. ft. x4 ft. X62-4 lb./cu. ft. 

=19,970 lb. 

Two triangular areas =2 x8 x8 x 1 =64 sq. ft. 

Depth of c.g. =8/3 ft. =2-67 ft. 

Total pressure on those parts 

=64 sq. ft. X2-67 ft. X62-4 lb./cu. ft. 
=10,650 lb. 

Total pressure on vertical side =30,620 lb. 

(c) Area of bottom =10 ft. x6 ft. =60 sq. ft. 

Depth of c.g. =8 ft. 

Total pressure =60 sq. ft. x8 ft. x62-4 lb./cu. ft. 

=29,950 lb. 

82. Centre of Pressure. In the previous article we found 
the magnitude of the total distributed pressure on a vertical 
or an inclined immersed plane surface, but not the line of 
action of this resultant pressure. To determine this we 
find where the whole pressure, if concentrated, would have 
the same moment as the actual distributed pressure about 
the axis in which the plane of the surface intersects the 
free water surface, t.e. the axis of moments used in Art. 81 
and shown in Fig. 104. Adopting the same symbols as in 
Art. 81, the forces on successive strips are 

whiai t tch 2 a 2 , tch 3 d 3 , etc. 

and as their distances from the axis are, h 1} h 2 , h 3} etc., 
respectively, the moments of these forces about the axis 
are 

i vhi z a, who-ao, tch 3 ~a 3 . . . etc. 
and the total moment 

=ic(dihi~ -\-Qah 2 “ -\-Q 3 h 3 ~ ... etc.) 

=ivZ(ah-) .(1) 
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It will be noticed that the sum E{ah 2 ) is . the so-called 
moment o£ inertia or second moment (see Art. 9) of the 
area A about the axis of moments m the water surface. If 
P, the total pressure, is to have the same moment about this 
axis as that of the distributed pressure shorn m (1), and 
if the unknown distance of its line of action from the ax 

is H, then since from (4) of Art. 81, P=ichA 


whAxU=icE(ah*) . 

n = E{ah°-)lhA 


( 2 ) 

(3) 


And since E(ah*) may bo written k 0 *A, where *o ^ Oie 
radius of gyration of the immersed area A about the axis 

of moments from which h also is measured, 


n=fc 0 2 A//<A=A* 0 2 //‘ • 


(4) 


which gives the depth of the centre of pressure below the 
water surface. If the radius of gyration 

paraUel axis through the centroid or c.g. of the area A bo A 0 , 
then from equation (3) of the Appendix, 


* 0 2=* o 2 + ( M 2 


(3) 


since h is the depth of the c.g., he. .the distance apart of 
the two axes. Hence (1) may bo written 


h H 


( 6 ) 


t distance of the centre of pressure below the 

sss sfcssa* -* ,o , *;?jss 

d with one side in the free surface, h = \d and A G -d /l- 
hC \^en The' immersed area has a line of symmetry per- 

this^rmat^d^dh^ven by“ < 0 >.° K its 

position is completely determined. 

^.. •»; sitnTn aKSTJS 

i. if W ... .1 *f 8“"- 
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The square of the radius of gyration about an axis through 
the centroid of the gate area is 

fro2=i I I x3 2 ft. (see footnote, Art. 117). 

and since h is 6-5 ft., the distance of the c.p. below the c.g. 
is 

-&X32/6-5 =0-1154 ft. 

and since the c.g. is 1*5 ft. below the hinge, the distance of 
the c.p. from the hinge is 1 - 5 +0-1154 =1-6154 ft. And the 
total pressure was found in Ex. 2 of Art. 81 to bo 2556 lb., 
hence the total moment of the pressure about the hinge 

=2556 lb. X1-6154 ft. =4129 lb.-ft. 


Example 2. Find the depth of the centre of pressure 
of the vertical trapezoidal side of the tank specified in 
Ex. 3 of Art. 81, given that the radius of gyration of a 
triangular area about its base is 1 /a/G of its vertical 
height. 1 

Using the results of Ex. 3, Art. 81, part (6), and that A' 2 
about the axis in the water surface is £ of 8 2 for the central 
rectangle, the depth of the c.p. below the water surface is 
by (4) 

3x4 3 


And the moment of the pressure on this area about the 
axis is 

19,970 lb. X16/3 ft. =106,500 lb.-ft. 

Depth of c.p. of the triangular areas is from (4) 




1 This may easily be found by integration. Let the base be 13 
and the vertical height be D. A strip distant x from the base, and 
of width dx has a length 13 x (D -x)/D and area dx times this, its 
moment of inertia about the base is (D — x)x'dx xB/D 



D * f (D -xjdorx B/D =D ‘(i - 1)B/D =*BD* 


0 


hence = JD* since A = £BD. 
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Moment of the pressure on two triangular areas is 

10,650 lb. X 4 ft. =42,000 lb.-ft. 

Total moment of pressure on trapezium about top side is 

106,500+42,600=149,100 lb.-ft. 

Dividing this by the total pressure of 29,950 lb. (Art. 81), 

149,100 Q7 o 

Depth of c.p. of trapezium = 29^50 IL * 

—~ fonk shown in end view in Fig. 106 has 

rectangular vertical sides and a horizontal semi-cylindr.cal 


- 2 a 



T 


B I 



(1) The depth of the c.p of bol ° W ^ 

is 4«/3 tt or 0 424 la. Then from (4), Art. 81 

Total pressure on ABC = *va= x«> x4«/3v = S a » 

(as for a circle about d—, see ( 10 , 

of Appendix, is ^ or 0-5890,, 

Depth of c.p. below AB = i<* / 
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(2) Total pressure on rectangle DEBA=2a 2 x$au7=a 3 i0. 
Depth of c.p. of this=Ja 2 /|a=|a. 

Moment of this pressure about DE=a s w x\a=\a*w or 
0-6067a 4 wj. 

Depth of c.g. of semicircle ABO below DE=l-4244a. 
Total pressure on ABC=$77 , a 2 xl , 4244az0=2*2375/i 3 u?. 
About horizontal axis through c.g. (see equation (3) of 
Appendix) 

fc 0 2=Ja 2 -(0*4244a) 2 =0*0699a 2 . 

Depth of c.p. below c.g., by (6) of Art. 82, 

= 0_069^ !=0 .o 4 9 la 

l*4244o 

f> DE =l*4244a+0*0491a=l*4735a. 

Moment of pressure on ABC about DE 

=2*2375a 3 u> X1-4735a =3*2969a 4 tt\ 

Total moment about DE =(3*2969 +0*6667)a 4 u? 

=3*9636a 4 «\ 

Total pressure on end=2*2375a 3 !0+a 3 M?=3*2375a 3 u?. 

, . , , 3*9636a 4 w? OAA _ 

Depth of c.p. of end= 3 2375a3 -=l-2244a. 

(Four places of decimals are used to avoid large errors in the 
relatively small differences from subtractions.) 

83. Density and Specific Gravity. The density of a 
homogeneous substance is its mass per unit volume for 
which the standard symbol is p so that 


P = 


mass 
volume 


(1) 


Density is generally expressed in lb. per cu. ft. or in grammes 
per cubic centimetre. If a body is not homogeneous, (1) 
gives the average density. 

The specific gravity S of a homogeneous substance is the 
ratio of the weight of any volume of that substance to the 
weight of an equal volume of a standard substance. (If 
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mass is substituted for weight, the ratio is unaltered.) The 
standard substance for solids and liquids is water at 4 0 
(its temperature of maximum density). It is evl dent t < 
the specific gravity of a substance is also the ratio of the 
density of the substance to that of the standard substance 

(both being in the same units). 

The density of water at 4° C. is about 6 -' 4 lb * P® r * 

or 1 gm. per cu. cm. If the density of a Particularsteel be 

480 lb. per cu. ft., its specific gravity would bo 480/6- 
=7-8. 

84 Flotation and Buoyancy. If a solid body is wholly 
or partially immersed in a liquid, it experiences a .degreeof 
support from the upward pressure of the liquid in contact 


Free Surface of Liquid 



i-P, 


with it. If wo consider any small portion of the biimoreed 
surface of the body, Fig. 107, and imag e ho surface 

projected in any horizontal directloI ' ii V; i r n °"r the cross- 

opposite side of the body, a thin prism is ’ „ 0 fthe 

section of which is equal to the projected area, say, a, of^t^ 

chosen small area of surface of the bo y. nrism will 

a depth h u the horizontal force on each end of this pn.sm w 
be F \=wah lt and thus the horizontal forces on this portion 
of the body wiU be balanced. This is true also for^any and 

every horizontal direction and also for ev ^y , 0 n the 
surface and so the resultant horizontal fo 

"w^t'“centre whole soUd to ******£?& 
thin vertical prisms the cross-sections tho so iid. 

projected areas of 8mall elements o . j l et t j ie 

Let a be the area of cross-section of such a prism and let 



232 


APPLIED MECHANICS 


lower end of it in the surface of the solid be at a depth h 3 
below the free surface of the liquid. Then the upward 
force of the liquid on the prism is P 2 =aw?^ 2 which is equal 
to the weight of a volume of liquid of section a and length 
ho, i.e. from the lower surface of the solid up to the free 
water surface. If the prism of the solid does not extend 
to the free water surface but terminates at a depth h 3 
there is on its upper end a downward pressure P 3 =awh 3 . 
The net or resultant upward pressure is then 

(ho— 1^)10 xa 

h 3 being zero if the prism ends at the free surface of the 
liquid or above it. And summing this for the whole body, 
the total upw ard pressure 

=F = Z{(h 2 —h 3 )au>} or wZ{(h z — T^a} . (1) 

The sum of all such small quantities as ( h 2 —h 3 )a is 

E{(h 2 -h 3 )a}=Y 1 .(2) 

where Vj is the volume of the part or whole of the solid 
which is below the free surface of the liquid, and 
£{(h 2 —h 3 )aw) is the weight of an equal volume of the 
liquid. The volume V! is called the volume of liquid 
displaced by the free solid. (Not a strictly accurate term 
for the case of a body placed in a liquid contained in a 
vessel of relatively small size, but commonly used and 
understood.) 

It is evident from the w T ay in which P w r as deduced that 
it is equal to the total weight of the displaced liquid and 
that it acts through the c.g. of that displaced liquid. The 
force P, the upward thrust of all the pressures on the body, 
is called the force of buoyancy of the immersed body and 
the c.g. of the displaced liquid through w'hich P acts is 
called the centre of buoyancy. (The British Standard 
abbreviation is CB, and the diagram letter for this is B. 
Formerly II was used in books on mechanics.) 

Conditions of Equilibrium of a Floating Body. If the 
body tloats either partially or wholly immersed (without 
any support except the buoyancy) then for equilibrium the 
buoyancy (P) and the weight (W) of the body must be equal 
and in the same vertical hue so that 


P=W 


(3) 
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and P is in the vertical line through the c.g. of the whole 
body. It will be noted that for total immersion the C. B . and 

centre of buoyancy coincide^ us 6oUd bod y, o£ 

sn ^ S floX&eely in a liquid ofsp. gr. B„ let V be the 
sp. gr. o, uoats ireo y M f r *he par t immersed. 

volume of the sohd and ^ 1 p « Y namely the 

Then W —wSV and the buoyancy P=wS,Vi, namely, 

weight of the displaced liquid ; and from (3) 

w SV=vjSiVi and V,/V=S/S, . • (1) 

i.e. the ratio of the volume inunerBed^t.m whole volum-of 

th h ch°S d -l T/V =S Thus a piece of wood of sp gr. 0-6 
"oatt’Jih water with oi of its volume below and 

0-4 above the water surface. freely but is partly 

“ n by - upthrust 

magnitude T from a support beneath, then 

p_f-T=W .^ 

T=W— .^ 

or . 

Thus a body suspended from ^ not 

immersed in a liquid wou! volume of liquid equal to 

of W but W minus the "pig case G f lo tal immersion, 

that displaced by the soli . 1 bo w minus a weight of 

the apparent weight (T) suspended sohd. 

liquid of volume W**'™ complete immersion, 
Thus for suspension in \%ater a 1 

T=W -P=W-W/S=W(1 -1/^) . • (?) 

to the weight of the displaced 
the buoyancy I Veigbt of the solid body, 

water, which is 1/^ ot lh nf f. IM iin" the sp. gr. of an m- 
This provides a method of I . n ». r we {j nd W , and by 

soluble solid, for by < ^ vve and T, and from (7) 

weighing it suspended m e 

S=W/(W-T). (8) 

(For high accuracy it is necessary to allow for the buoyancy 

of air and find the w eight in va« than water it will 

£"iurj/rri". t - 
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or a downward thrust to keep it immersed, the buoyancy 
being greater than the weight. For this constraint 

T =P —W = W(1/S —1) .... (9 

For immersion in a liquid of sp. gr. Sj, the buoyancy is 
Sj times as great as for water ; W/S=P/S 1 or 

p=WS 1 /S.(10) 

and equations (7) becomes 

T=W(1-S 1 /S)=W(S-S 1 )/S . . (11) 

while (9) becomes 

T=W(S 1 /S-1)=W(S 1 -S)/S . . (12) 

It may happen that the centre of buoyancy is not ver¬ 
tically below the c.g. when the body is constrained by an 
external force T, but the resultant upward force of P and T 
in equation (6) must be through the c.g. in order to balance 

W. 

Principle of Archimedes. The essential facts about the 
buoyancy of liquids are embodied in certain historic pro¬ 
positions which amount to the statement that, for a body 
wholly or partially immersed in a liquid at rest, the resultant 
upward pressure is equal to the weight of the liquid dis¬ 
placed and acts vertically upward through the c.g. of the 
displaced liquid. Note that it specifies the magnitude, 
direction, and position of the resultant pressure. 

Example. A piece of 6teel of sp. gr. 7*8 floats in 
mercury of sp. gr. 13-6. If sufficient water is added just to 
cover the steel what fraction of the steel is below r the surface 
of the mercury T 

Let V bo the volume of steel and x be the fraction in 
the mercury. 

Weight of steel = weight of mercury displaced-f weight of 

water displaced 

Vw xT-S=x\w xl3-6+(l— #)Yu? 

12-G.r =G-8 x =6-8/12-6 =0-54. 

85. Stability of Floating Body. Metacentre. If a body 
floats freely, partially immersed, equilibrium for vertical 
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displacements is stable. A dow f!? | r B d -Sj'Tavhig^a 
creases the buoyancy in excess of 

resultant upward restoring force. An P , leaves a 

Taent reduces the buoyancy below the weight and leaves 

resultant downward restoring force. . hnnt a hori- 

We now consider an angular displacement about a hon^ 

zontal axis. Let Fig. 108 (a) represent a cross s^ 10 ri 
floating body such as a boat and let it be symmetrical 

about an axis perpendicular to the dia 0 i\ • 




limiting posit 

the metacentre. tlie weight W of the 

If M fulls above G as at (c), F.g. 108,the equal 
body acting downward tlnough » »i?rou"h B\ will form a 
force of buoyancy P acting up*ar Storing or rigid- 

couple exerting a c ?J‘“ tcr ^ 0 ^ body counter-clockwise 

Ing moment which will rotate in J 
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about O, and the flotation, initially at least, is stable in 
respect of angular displacements. But if M were to fall 
below G, as at ( d) of Fig. 108, the couple would exert a 
torque which would rotate the body clockwise, thus 
increasing the angular disturbance and the equilibrium 
would be unstable. If M coincides with G, the equilibrium 
is neutral; there is neither a righting nor an upsetting 
moment, and the body remains in any new position to 
which it is (slowly) rotated within the range for which 
equilibrium may remain neutral. 

Metacentric Height. The stability thus depends upon 
the position of M and we proceed to find this position. 
At (a), Fig. 108, the new position of the water line CD is 
drawn at C'D' which shows it relative to the original 
position of the body. The buoyancy of the displaced 
liquid changes with tho tilt or heel, 0, by the inclusion of 
the wedge DOD' and the exclusion of the wedge COC', 
thus shifting the centre of buoyancy from B to B'. Con¬ 
sider tho change in tho moment of the buoyancy, say, 
about the axis O due to tilting. A prismatic element EE' 
of the wedge DOD' has a cross-sectional area a (an element 
of tho horizontal section of the body through tho water 
surface) and a length Or , if r is tho distance of the element 
from the axis O. Its volume is Orxa and its buoyancy 
ivOra, if w is the weight of the liquid per unit volume. (For 
the volumes of the wedges DOD' and COC' to bo equal, 
27(ra), over the whole area must bo zero, i.e. the parts of it 
on opposite sides of tho axis must be equal and opposite, 
hence the axis O is through the centroid of the area 27(a) 
or A.) The moment of this buoyancy tcOra is wOr-a , and 
for the whole of tho wedge, may be written xcOZ\ar 2 ). 
Tho change in moment of buoyancy resulting from the re¬ 
duction in buoyancy due to lifting the wedge COC' is equal 
in magnitude and has the same rotational effect as the 
depression of DOD'; hence the summation Z(ar 2 ) is to be 
taken over the whole area of section A in the water surface 
and not only lor one-half of it. But Z(ar 2 ) may bo written 
A . k- (see (5), Art. 9) whore k ii the radius of gyration of 
the area A about the axis O. 

The change in moment of tho buoyancy is also represented 
by PxBB', where the total buoyancy P is equal to W 
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when e is so small that BB' may be taken as horizontal. 
(Note that we are considering, not the moments of all the 
forces exerted on the body, which include its weight, but 
the change in moment of buoyancy force due to the change 
in the form of the total displacement V.) lienee, 

P X BB'=A7-- 2 xwd .... (1) 

And since P=Vie and BB' = 0xBM, when 0 is small, 


Vic xBM X 9=Ak- xivd 
BM=A /;2/V 


( 2 ) 


This determines the position of the point M. Tbo 
GM is generally called the mctacontnc heig * • .... . . 

BM must be greater than BG, and forneutra eq 

respect of a tilt), BM is equal to BG. The higher M is 

above G, the greater the stability. , n ,i m( ,nnllv bv 

The metacentric height GM is found ^penmentaU^by 

moving a weight w , say, across the axis o movement 

6 ay, d. This gives a tilting moment of icd. 

of the c.g. is then urrf/W 

and the angle of heel 0=wd/{W X (GM)} radians, 

a quantity practically measured by the shift 6' at the e 
of plumblinc of length l ; ^ ^ 

hence 0 =«/i=twZ/{W(GM)} or GM~, • 8 

Example 1. Dow long may the axis of a 
radius a be if it is to float freely m stable equihbi 

the axis vertical. 

Lot S bo the «p. bt. of the material 
length of axis. Then the length of axis buoyancy 

(4) Art 84, is 8 h. The c .g. above the 

below the surface is is/ t -T//(l -S). Then the volume 

immersed being Sxfcxira*, height of metaccnrro 
centre of buoyancy 

=BM=Afc 2 /V =7ia~ x ia2/(7ra 2 xSA) = ia 2 /S/» 
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and for stability, the c.g. (G) must not be above the 
metacentre M, or 

\h (1 —S) must not exceed Ja 2 /SA 

or h 2 „ „ £a 2 /S(l—S) 

h „ „ a/ V 2 S( 1 —S) 

e.g. if S=£, h must not exceed a\/2 

Example 2. A pontoon is 18 ft. long by 9 ft. wide and 
the total weight is 27 tons. Find the position of the 
metacentre for rolling in seawater. How high may the 
c.g. be so that the pontoon shall not overturn. Take 
seawater as occupying 35 cu. ft. per ton. 

Vol. of displacement =27 x35= 945 cu. ft. 

Depth of displacement =945 cu. ft./(18 x 9) sq. ft. =5-8333 ft. 

k is least for the central axis parallel to the long sides and 
for this, 

A* 2 =18x93/12 

BM=AA: 2 /V =18 X 729/(12 X 945) =1-1571 ft. 

Height of H above base =1-1571 + J x5-8333 =4-074 ft. 

This gives the limit of the height of c.g. above base for 
stability. 


EXAMPLES VIII 

1. Find the total pressure on a submerged vertical sluice gate 
4 feet by 3 feet, the longer sides being horizontal, when the top 
side is 2 feet below the surface of fresh water. 

2. A circular door 4 feet diameter has its centre 3 feet below 
the surface of fresh water. Find the total pressure on the door 
and the depth of the centre of this pressure. 

3. A piece of wood weighing 20 lb. floats freely in water with 
60 per cent, of its volume below the surface. It takes 15-3 lb. 
of a metal attached to the wood just to submerge it. Find the 
ep. gr. of the wood and of the metal. 

4. A ship weighs 2000 tons and has vertical sides at the water 
line where the area of horizontal section is 20,000 sq. ft. How 
much will she rise on passing from fresh to sea water if this weighs 
64 lb. per cu. ft., and fresh water 62-4 lb. per cu. ft. ? 
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6. A uniform rod 3 feet long is freely hinged at its lower end 
2 ft. below the surface of water. If the rod rests in a Position 
inclined 30° to the vertical, lind the sp. gr. of the material of the 

rod. 


0. A vessel of 1000 tons displacement has its transverse meta- 
centre 0 feet above the centre of buoyancy and the c.g. 3-6 feet 
above the centre of buoyancy. If a load of 10 tons is moved 
transversely 12 feet across the deck, find the consequent angle of 
heel of the vessel. 




CHAPTER IX 
HYDRAULICS 

86 . Transmission of Pressure. and Energy. We now return 
to the equality of pressure in all parts of a body of fluid 
except in so far as there is some variation with depth, 
due to the weight of the fluid, particularly with a heavy 
liquid. But in hydraulic machinery the pressure to which 
the water or other fluid (such as oil) is subjected is often 
so high that we can neglect any differences due to slight 
differences in depth at different parts of any containing 
vessel, and we shall do so in what follows. 

1 he equality of intensity of pressure makes water or 
other liquids under pressure a very convenient medium 



Fig. 109. —Transmission of pressure by liquid. 


for transferring the force exerted in one place to another 
place where the use of force is required. And it also allows 
a small force exerted through a largo distance to overcome 
a largo resistance through a smaller distance as an alterna¬ 
tive to using some form of gearing such as is used in the 
various lifting machines. 

The principle will be most easily understood from an 
ideal case diagrammatically shown in Fig. 109. This 
represents two frictionless water-tight pistons or plungers 
subject to the pressure of the water contained in a vessel 
capable of holding it under considerable pressure. If the 
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smaller plunger has an area of cross-section of 5 sq. in. 
and carries a load of 2-5 tons, the total force divided by 
this area, or 2-5 tons/5 sq. in., gives a pressure of 0-5 ton 
per square inch which the plunger exerts downward on the 
water, and as a reaction, the water exerts a total force of 
2-6 tons at 0-5 ton per square inch upward on the plunger. 
This pressure of 0-5 ton per square inch will also be exerted 
on the larger plunger, and if its area of cross-section is, say, 
40 sq. in., the total load it can lift (or other resistance it can 
overcome) is 0-5 ton per square inch x40 sq. in. =20 tons. 

If friction be neglected then, with such an arrangement, 
a force of 2*5 tons can Lift a load of 20 tons, that is, 8 times 
as much as the “ effort ” of 2-5 tons, because the larger 
plunger has an area of cross-section 40/5 or 8 times as huge 
as the small one. Since the volume of water displaced 
by the smaller plunger must bo equal to that previously 
occupied by the larger one before it was raised (for the total 
volume of water does not change in the operation), the 
vertical movement of the small plunger must be 8 times as 
great as that of the largo one. For example, if the small 
plunger comes down 10 in., it displaces 10 in- x 5 sq. in. 
=50 cu. in. of water, and to accommodate this water the 
larger plunger must vacate 50 cu. in. of space. And since 
its area of cross-section is 40 sq. in., it must move up y 
60 cu. in./40 sq. in. =1-25 in., which is one-eighth of the 
motion of the small plunger. Thus, regarded as a lia ,I1 K 
apparatus, the velocity ratio or movement ratio is am 
the mechanical advantage 20 tons/2-5 tons is also 8, ric. 

being assumed to be zero. . , . 

Put in symbols, let W x bo the effort in pounds, A, sq. It. 

the area of cross-section of the effort plunger, \\ 2 t 10 ‘ 

in pounds, and A 2 sq. ft. the area of cross-section o the 
load plunger. Then if the load moves up h and tne 
effort moves downwards li ft., since the volumes uius >e 

equal, , n 

(A 2 x£ 2 ) cu. ft.=A x x*i cu. ft. . . 



which is the velocity ratio. ... 

Fig. 109 illustrates the principle of the hydrau I 

and the hydraulic lifting jack, in both of which the cllo t 
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la often applied by a lever to a small plunger or ram, and 
acting through a large distance, can lift a large load. 

Hydraulic power is transmitted by forcing water at high 
pressures along pipes from a central pumping station. It is 
particularly useful where the demand for power is inter¬ 
mittent (there being no loss of heat energy when the 
machinery is not working), and where great forces have to 
be exerted slowly, and through short distances. 

Hydraulic Press. The construction of a hydraulic press 



is shown in Fig. 110, and the method of working is as 
follows : 

On the upward stroke of the lever L, the plunger A is 
raised. The valve B is raised, and water flows past it to 
follow the plunger. On the downward stroke of L, B closes, 
and water is forced out along the pipe C into the ram 
cylinder D, pushing up the ram E. The top of the ram 
forms a platform, F, on which the material to be pressed 
is placed. Columns K carry another fixed platform G, 
and as F is forced upwards, the material is compressed 
between F and G. To prevent water leaking out of the 
ram cylinder D, the leather ring H is inserted in an annular 
recess, as shown. The greater the pressure of the water 
(and therefore the upward force on F), the tighter is the 
joint formed by H. The cup leather H is placed in a 
recess, which is turned in the ram cylinder D in such a way 
that the water under pressure can pass into the annular 
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space inside the leather. The result is, that the greater 
the water pressure, the tighter the leather is pressed agains 

the ram E, and the better the joint. 

As the material is compressed more and more between 
P and G, the pressure of the water rises, and to prevent 
damage to the machine, a safety-valve, M, is fitted. I ms 
valve opens when the pressure rises to a dangerous heig , 
and allows water to escape, and so relieves the pressure. 
When the material is compressed as much as is desired, the 
ram E is allowed to return again by its own weight, by 
opening the valve at O, and so allowing water to escape. 

The base of the ram cylinder D is made hemispherical 
because that shape is the strongest to resist great internal 

pressures. . -r,. AA 

Transmission of Energy. The load of 2-5 tons in Fig. 10J 

loses potential energy by coming to a lower leve , a 
load of 20 tons gains an equal amount of potential energy 
by being lifted, and the work done by the effort and that 
done on the load is a measure of the transfer .of energy 
from one to the other. And quantitatively t n 
of energy can be stated in terms of tho number o 
work done by one plunger and on the other. u h 
in symbols and using those already emploje . ’ 

let p be the intensity of pressure in pounds per squu / 

it. 


total force Wg lb- _ . 

Then p— area a 2 sq. ft. A x sq. ft. 


(3) 


For axial movements l 2 and li feet, work done on the 
water 

=p lb./sq. ft. xA 1 sq. ft. xh ft. =pA x h ft.-lb. (4) 
and this is equal to work done by tho water 
=W z l 2 =p lb./sq. ft. X A 2 sq. ft. xl 2 ft. =pA 2 l 2 ft -db. (5) 

In these two equal expressions for the work‘ 
parts A^ and A 2 ? 2 both represent the volume b 
feet of water displaced. Let this be I 
V (cu. ft.), then the 

work done=pV ft.-lb. • • ^ ^ 

=pressure per square foot 

X volume in cubic fed . (7) 
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This expression for work done holds good for any fluid 
entering at constant pressure p a space of volume V, 
whatever the shape of that space. It cannot enter a space 
at constant pressure unless it is overcoming a resistance 
driving something in front of it and doing work in making 
room for itself, and the product pV is the measure of that 
work done. Note particularly that the product of p in 
pounds per square foot and V in cubic feet gives work in 
foot-pounds. Similarly, p in pounds per square inch 
and V in cubic inches would give work in inch-pounds. 
There is great liability to numerical error here unless 
consistent units are used. 

The expression pV for work done by a fluid at constant 
pressure p applies equally to a liquid and a gas. 

It has another form which is often useful for I lb. of 
fluid. If the fluid weighs w lb. per cu. ft., the volume of 
1 lb. is lfw cu. ft. Hence the work done by 1 lb. of a fluid 
against constant resistance at a pressure p lb. per sq. ft. 
is given by 

Work per lb. =p x volume per lb. =p/w ft.-lb. . (8) 

and this represents the energy transmitted per pound of 
water moved, a form which we shall use later (Art. 90). 

Note that for the transmission of the energy, movement 
is essential. The water in fact transmits the energy in 
much the same way as a solid rod, such as a piston rod, 
at a rate of p/w ft.-lb. per pound of water which crosses 
any transverse section along the path of transmission, i.e. 
between the two plungers in Fig. 109. 

Example 1. A hydraulic press is operated by an effort 
of 40 lb. exerted at right angles to a lever and 30 in. from 
its fulcrum. The plunger is pushed also at right angles 
to the lever and 2 in. from the fulcrum ; it is 1 in. in 
diameter. The ram or large plunger is 10 in. in diameter. 
Find the force which can be exerted by the press if the 
efficiency of the apparatus at this load is 85 per cent., 
i.c. if 15 per cent, of the energy is wasted in friction. 

Firstly neglecting frictional losses, from the principle of 
moments, 

40 lb. x30 in.=force on plunger x 2 in. 
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ii- .30 in. 

Force exerted on plunger by lever =40 lb. x 2 in. 

=G 00 lb. 

Area of plunger =0-7854 xl sq. in. =0-7854 sq. in. 

GOO lb. 

Pressure intensity in water = 0 . 7854 sq . i n . 

=7G4 lb./sq. in. 

Area of ram =0-7854 x 102=78-54 sq. in. 

Total pressure on ram 

=764 lb./sq. in. x78-54 sq. in. =60,000 lb. 

Allowing for 15 per cent, loss, 

Total pressure =60,000 lb. x0-85 =51,000 lb. 

Example 2. In a hydraulic jack the leverag * oftthe 
handle is 15 to 1. Calculate the ratio of the 
of the large plunger or ram to that of the small 
worked by the handle if a force of 20 lb. on * : . 

to lift a load of 2000 lb., assuming that the clhucnc) 

70 per cent. 

Force on plunger =15 x20 lb. =300 lb. 

300 lb. .. Rn iu 
Pressure in water p = 0.7 y 54^2 1 e 1 ‘ 

where d=diam. of plunger in inches. WV 7 H 54 D 2 

The effective force for lifting ia 70 per cent, of p x 0 7854U , 
where D=diam. of ram in inches, and tins must be equal 

to 2000 lb. lienee, 

300 lb. w O-785 : lD _ 2 = q 0()0 lb 

°' 7 X 0 ^ 7854 ^ x l 


D 2 2000 _2^ ==0 . 52 

d 2 0-7 X300 20 


d 


Example 3. Hydraulic power is 6 “ pp, ^ ss ^ o m How 
in which the water is at 500 lb. per sq. • 1 
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many gallons per hour will be required to operate a motor 
or machine working at 20 h.p. if the efficiency is 70 per 
cent. ? 

The work to be done in 1 hr. 

=20 X33,000 ft.-lb. X 60 =39,600,000 ft.-lb. 

Work obtainable from Y cu. ft. 


_ 70 600 lb. 144 sq. in. 

— 100 X sq. in. X sq. ft. 

= i^ x500xl44V ffc -' lb * 


XV cu. ft. 


and this must give 39,600,000 ft.-lb., hence 

xr 39,600,000x100 
Y = 70X500X144 =786 CU ’ ft - 


and at 6*24 gallons to 1 cu. ft., the quantity required is 
786 cu. ft. x 6-24 gal. per cu. ft. =4734 gallons. 

87. Suction or Lift Pump. This common piece of 
hydraulic apparatus illustrates some of the principles of 
hydrostatics. Consider first what suction means. If a 
tube is placed with one end in a bowl of water and air is 
drawn out of the top end of the tube, the pressure in the 
tube falls below that of the atmosphere : this is called 
forming a “ partial vacuum.” But the water in the 
bowl has exerted upon it the pressure of the atmosphere 
which rests on its surface. This pressure, being now 
greater than that in the upper part of the tube, drives the 
water up the tube until tho weight of water standing in the 
tube just balances tho difference between the upward 
pressure (atmospheric) of the water at the bottom of the 
tube and tho reduced air pressure in the upper part of tho 
tube. All “ suction ” is of this nature, that is, tho pressing 
of a liquid forward by a full atmospheric pressure acting 
against a reduced pressure ; there is no appreciable pulling 
of a liquid. In other words, there is practically no tension 
possible in a fluid. 

A suction pump is shown diagrammatically in Fig. 111. 
It consists of a cylindrical pump barrel B, in which an 
air-tight plunger or bucket A is driven up and down by 
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hand or other agency. This bucket has one or more 
valves C which can only open upwards to allow the water to 
pass through them from the lower to the upper side. A 
pipe F attached to the bottom of the pump barrel B leads 
down to the water in the well, the lower end of F bemg 
always submerged. At the top of the pip© I 1 is a \al\e 



Fio. 111.—Suction pump. 


which opens upwards to allow ascending © r ° 

the pump barrel B. . „ „_ fll ii n f a ; r . 

When the pump is started, B and F , away, 

and water will not be delivered till this ‘ Ag it ia 

Suppose the bucket A is at the top of its * n and 

moved downwards, E is closed, and the \ a 
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80 allow the air in the lower part of the barrel to pass 
through the bucket. On the upward stroke of the bucket, 
the valves C close and above E the pressure is lowered 
below that of the atmosphere ; the valve E opens and 
air is drawn out of F with the result that the pressure 
in F also is lowered below that of the atmosphere. But 
the water in the well has the pressure of the atmosphere 
pressing down on its surface and transmitted normally in 
all directions in the water. Consequently some water is 
driven up the pipe F by this pressure. The amount 
will be such that the water, together with the (reduced) 
air pressure above it, exerts a downward force equal to 
the upward force exerted by the water in the well duo 
to the pressure of the atmosphere. This process is repeated 
with successive downward and upward strokes till the 
space below the bucket is full of water instead of air, 
and then water passes through the valves E and C on the 
upward and downward strokes respectively. After this, 
water which has passed through the valves C on a down¬ 
ward stroke is lifted directly by the bucket on its upward 
stroke, this final lift not being by suction (or atmospheric 
pressure) but by direct lift. The water, after this direct 
lift, flows out of a spout D. 

Since the water is driven up the pipe by the pressure 
of the atmosphere, or the excess of it over that in the 
pump barrel, the height to which water can bo thus lifted 
is limited by this available pressure. 

W e have seen in the example in Art. 80 that the limit 
of height for 14-7 lb. per sq. in. pressure of the atmosphere 
is 34 ft. This height of lift could only be achieved if we 
could reduce the pressure at the top of the lift pipe to 
zero. For various reasons, particularly because we c ann ot 
make the joints, valves, etc., perfectly air-tight, we can 
only get a moderately low pressure by such an apparatus 
and the direct suction lift in practice seldom exceeds 26 ft. 
There is no corresponding limit to the remaining lift, that 
is, to the distance from the bottom of the pump barrel at E 
to the spout at D. But for practical and mechanical 
reasons this lift is usually short. 

Volume Delivered. If the area of cross-section of the 
barrel and plunger or bucket is A sq. in., say, and the 
stroke is l in., the volume swept through at each stroke 
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is Axl cu. in., and this would be the nominal delivery 
on each upward stroke. But actually, apart from A 
after valves are closed, some water slips back through the 
valves while they are closing, for valves cannot act in¬ 
stantaneously, particularly when, as shown 
automatically with changes of pressure. The actu a 
delivery is therefore less than the nominal by the amount of 

this “ slip." 

Example 1. The barrel of a suction pump is 5 in. dia- 

meterandthe stroke is 8 in How many upward strokes 

of the bucket will be required to lift 1000 galls, of water 
if there is 12 per cent, of slip ? 


Volume lifted per stroke 

88 

— 100 

88 0-78 54 x5 2 

=100 x 144 
=0-0714 cu. ft. 

Volume to be lifted 

1000 gal. 


of area of section Xlength of stroke 


g 

sq. ft. x ^2 


G-24 gal./cu. ft. 
Number of strokes required 

160-3 


160-3 cu. ft 


0-0714 


2245. 


Example 2. If the pump^ pulf^'the ^od 

80 ft. above the bucket, lind• tbo tot. i iu own 

which lifts the bucket, in additio • d 

weight. (Neglect any acceleration of the vvater an y 

partial vacuum under the bucket.) 

Volume of water above the bucket 

=area Xlength of column 

0-7854 ^25 ft x80 ft> 

144 

=10-91 cu. ft. 
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Tension in rod =weight of water 

=10-91 cu. ft. X62-4 lb./cu. ft. 

=681 lb. 

88. Force Pump. This differs from the lift pump in 
having no valves in the plunger. It is shown diagram- 

maticaUy in Fig. 112. The plunger A 
is solid and on its upward stroke it 
draws water into the barrel B through 
the suction valve C, just as in the 
previous case, i.e. by the pressure of 
the atmosphere. But usually this 
suction lift is short, not approaching 
the full lift of 34 ft. corresponding to 
the full atmospheric pressure. During 
this upward stroke the delivery valve 
D is kept closed by the pressure of 
the column of water in the delivery 
pipe E. On the return or downward 
stroke of the plunger, the pressure of 
tho water above it closes the suction 
valve C and the pressure in the barrel 
becomes greater than that of the water 
in E and opens tho delivery valve D, 
through which the water is forced up 
the delivery pipe E. As in the pre¬ 
vious type there is, of course, some 
“ slip ” of water at the valves. The 
Fio. 112.—Force greater part of tho lift is usually 
pump. effected by the downward thrust of 

_ . , .the plunger. Thus the lift is not 

limited by the magnitude of the atmospheric pressure. 

Example 1. A force pump delivers water against a 
head ot 180 ft. What average force will be required on the 
pump plunger during the delivery stroke if the mechanical 
efficiency is 85 per cent., i.e. if 15 per cent, of the energy 
supplied is wasted in friction ? 

Pressure due to 180 ft. head of water 

= 180 ft. x G2-4 lb./cu. ft. 

= 11,230 lb. per sq. ft. 
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Area of plunger = 


0-7854 X 5 2 


sq. ft. 


144 

=0-1303 sq. ft. 

Force exerted by plunger on water 

=0-1363 sq. ft. X 11,230 lb./sq. ft. 

=1530 lb. 

Driving force exerted on plunger 

x 1530 =1800 lb. 

example 2. Find the horse-power 

Sn^troke a S P the pump g has a°stroke of 8 in. and makes 
45 working strokes per minute. 

Work per stroke =force exerted on plunger X stroke 

=1800 lb. X A ft. =1200 ft.-lb. 

Work done per minute 

=1200 ft.-lb. X 45 =5 1,000 ft.-lb. 

54,000 ft.-lb. /min. 

power required =33^00 ft.-lb./min’. 

=104 k.p. 

Example 3. If t he many eaUona’of 1 water « P ill be 
and 2 is 10 per cent., how manj 

delivered per minute ? 

Volume displaced by plunger 

=area X stroke 

=0-1303 sq. ft. X-ft ft. 

=0-0009 cu. ft. 

. 2°. v0 0000 cu. ft. 

Water delivered per stroke -uo x 

= 0-0818 cu. ft. 

• * n not ft x 45 =3*08 cu. ft. 

Water delivered per minute -0-0 

=3-08 cu. ft. X 6-24 gal./cu.iw. 

=23 gallons. 
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89. Water in Motion. So far we have considered liquids 
in slow motion when transmitting energy as well as pressure, 
and forces necessary to accelerate the liquid have been 
neglected. But when in motion, because it has mass, a 
liquid carnes in itself kinetic energy which, though 
negligible at very low speeds, becomes important when 
the motion is rapid, since it is proportional to the square 
of the speed. A few applications of mechanics of motion 
to liquids are important and form excellent illustrations of 



Fio. 113.—Flow from orifices. 


the principles of mechanics. And they may be treated 

;^r Plyif ' V - 1 ,imi ^“ V - to cases where friction and 
wscositA are neglected. In many problems relating to the 

flow of water, friction is not negligible, and we refer to 
friction in pipes later (Art, 91) 

Flow from an Orifice. We first consider the flow of water 
through a hole or orifice in a vessel containing water Sta 

tank ?n which 3 the 1 * 3 re I )reserita an experimental 

tank " Inch the outflow is constantly replenished by an 
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inflow BO arranged as to give a large volume of nearly still 
water maintained at a constant level. Experimental 
orifices of various shapes may be used, but a circular one 
is commonest ; they are usually sharp edged as shown. 
This reduces the friction of flow and gives a clear stream 
with a fairly definite boundary instead of a broken stream 
of which it would bo impossible to measure the diameter^ 

The stream, on issuing from the orifice contracts to a 
smaller cross-section than that of the orifice and the ratio 
which the minimum sectional area at b! or S. bears to t 
full area of the orifice is called the coefficient of to ,l “ n 
of the orifice. (It can be measured with some difficultyd 
If the level of the still surface in the tank is h j or2 • 

above the centre of an orifice (Fig. H3), the veloc 
outflow is nearly equal to that of a body falling fieel y 

through a height fc, or h 2 ft., viz. V2 gh x or \ -gh 2 ft./sec. 
(see (3) Art 04). The ratio which the actual velocity 

Tat S ’ say bears to the velocity Vi 5*. ft./sec. due to 

falling freely h, ft. is called theV in 'cubic 

a cross-sectional area a t sq. ft. equal to that of the strea 

at Sj and a length v ft. or 

V=a 1 xu or about 0-970,^29*1 c-u. ft./sec. 

And if a = area of orifice in square feet.the coojflcient of 
contraction is o./o, so that the volume ilouing may be 

written 

V =a xajax v 

=a x coefficient of contraction X — 

coefficient of velocity x v '-(//< i 


( 1 ) 


and the product of these two coefficients is 
coefficient of discharge, so that 


called the 


or 


V z=a x V~<jhi X coefficient of discharge 

V = kay/2gh\ cu. ft./sec. 


( 2 ) 


where k is the coefficient of 0 d J?*^ J c ir c u\ ar 

JfflC &£££ C—^ t a he C volume V aud the 
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linear dimensions a and h x . With a coefficient of con¬ 
traction of, say, 0-64 we have 

coefficient of discharge 

=coefficient of contraction x coefficient of velocity . (3) 

e.g. 0-62=0-64 xO-97. 

The coefficient of discharge is easily determined from 
Y, and the coefficient of contraction can be measured by 
special apparatus. The coefficient of velocity can be 
found by calculation from the above relation. 

The fact that with negligible friction the velocity of 
outflow would be equal to that of falling freely through 
a height h x ft. could be deduced from the principle of the 
conservation of energy. For since the incoming water 
is at a height h x above the orifice, it has a potential energy 
of h x ft.-lb. per lb. above that at outflow. And if there 
is no loss this must bo the kinetic energy per pound at 
outflow, which is v 2 /2g (see (5), Art. 64, when W =1). 
Hence 

v 2 /2g=h 1 

or v = V 2gh x .(4) 

Velocity from Pressure. But we may look at the matter 
in another way. At a depth h Xy the pressure on a square 
foot is wh x lb., where ic is the weight of a cubic foot of the 
liquid, or 

p=wh x (as in Art. 79) 

and this pressure does work on the outflowing stream, 
which is p x volume. And if wo consider 1 lb. of water, its 
volume is 1/w cu. ft., so that the work done on it is p/w ft.-lb., 
which must be equal to the kinetic energy or 

— = ~ or v = I^L* ft./sec. ... (6) 

iv 2g V w 

and since p=wh ly 

h x =v 2 /2g or v = V2gh x ft./sec. . . (6) 

The relation (5) would give the velocity of flow from an 
orifice in a vessel containing water at pressure p lb. per 
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sq. ft., whether due to a depth of water h x ft., or to the 
force on a pump plunger, or any other cause. 


Example 1. Find the diameter of a sharp-edged 
circular orifice to discharge 2400 gal. per hour under a 
head of 40 ft. of water. 

Discharge =2400 gal. /hr. x(l/G-24) cu. ft./gal. 

=385 cu. ft./hr. 

=0-107 cu. ft./sec. 

If a is the area of orifice in square feet, then, assuming 
a coefficient of discharge of 0-62, the discharge in cubic 
feet per second under a head of 40 ft. is 

0-C2 xax \/2 X32-2 x 40=0-107 cu. ft./sec. 

0 G2 x cl x50-8 ft./sec. =0-107 cu. ft./sec. 

0107 CU. ffc./SCCL 

a = 0 02 x50-8 ft7/sec. 

= 0 00275 sq. ft. 

=0-3901 sq. in. 


And if d is the diameter in inches, 

d 2 —?‘ 39 — = Q-50i in. 2 
a 0'7854 

d = \Ab504 =0-71 in. 

Example 2. A jet 1 in. diameter issues from a nozzle 
connected 

F^e/minu^ and 'the laLcpowcr avaUab,^ iron, the 

^Work’irintotVoun^ by"t“ho water supply on the 
water issuing from the 

Xvolume in cubic feet. Considering the quantities per 

pound issuing, . 

,, , 1 1 lb *_=_ cu. ft. 

Volume = - =(j2TTb7cuTft. 02-4 
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Work done 

=pressure/sq. ft. x volume in cubic feet per lb. 


=200 lb./sq. in. xl44 sq. in./sq. ft. X 


62-4 


cu. ft./lb. 


200 x144 


ft.-lb./lb. 


62*4 

=461-5 ft.-lb./lb. 

Loss of 2 per cent, (deduct) =9-2 ft.-lb./lb 

Kinetic energy in jet =452-3 ft.-lb./lb. 


r 2 


cT 'i jz , -s=452 ft.-lb./lb. 

64-4 ft./sec. 2 ' 

t;2=64-4 x452 (ft./sec.) 2 

c = \/G4 -4 x452 ft./sec. 

=172 ft./sec. 

Flow in cubic feet per minute 

=172 ft./sec. x60 sec./min. x sq. ft. 


144 


172 x 60 x 0-7854 


cu. ft./min. 


144 

=56-3 cu. ft./min. 

Since each pound has 452 ft.-Ib. of K.E., 

Kinetic energy available per minute from jet 

=56-3 cu. ft./min. x62-4 lb./cu. ft. x452 ft.-lb./lb. 
=56-3 x 62-4 x 452 ft.-lb./min. 

=1,588,000 ft.-lb./min. 

, 1,588,000 

hp =“337Mir “ 48 -° 


90. Head and Energy in Flow. We have seen that water 
moving, even slowly, under pressure transmits not only 
pressure hut energy (Art. 8G). In this respect the energy 
transmitted in any given time is the intensity of pressure 



257 


HYDRAULICS 

multiplied by the volume swept through, say, p lb. per 
sq. ft. X V cu. ft. =pV ft.-lb. Or per pound of water 
passing a given plane perpendicular to the motion, the 
energy transmitted is 

p x volume of 1 lb. in cu. ft. =p/« • • (1) 

where w is the weight in pounds of 1 cu. ft. or lfw the 

volume in cu. ft. of 1 lb. . 

It is sometimes said that water under pressure thereby 

has energy p/w ft.-lb. per lb., but this energy is no more 
contained in the water than is the energy transmitted by 
a piston (or other) rod, contained in the rod while trans¬ 
mission takes place. And water at rest under pressure 
does not contain energy p/w ft.-lb. per lb. any more than 
does, say, steel under pressure in a structure. , 

Kinetic energy at v z f2g ft.-lb. per lb. may more properly 
be said to bo in water moving at v ft. per sec. lo emphasise 



a point, so often misstated, consider a pipe of uniform boro 
(Kig. 114) with water flowing at a uniform speedIt, =* 2 ft. 
per see. and at a pressure Pi — V 2 per sq. . 

of water flows past a section (1), an equal volume (- j cu. ft. 

flows past section (2). The work done cm the water AB 

by the water to the left of A is v xvo - of 1 ib.-P » 
per lb„ and the work done by the water A» on that to the 

right of B, if there is no frictional loss, is also pjw ft. 1. . 
per lb This work is transmitted in the same w ay alo g 
any length from a supply of mechanical energy to a place 

• Both water and steel contain J h ^“ n ‘S^ e <J | n °»mpS2lS 
energy when under pressure, but this m negugiu.e y 

With pi to per lb. at ordinary pressures. 

9 
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where it is used to do work, with or without conversion, to 
some other form of energy. And if the pipe is horizontal, 
the total energy passing per pound of water flowing is 

plw-\-v z l2g .(2) 

the first term representing energy transmitted per pound 
by pressure and the second that carried as kinetic energy. 

Now, neglecting friction, consider a horizontal pipe 
(Fig. 115) in which the section is not everywhere the same. 
While 1 lb. of water passes section (1), 1 lb. also passes 
section (2). The work done on the w T ater AJB at (1) is 



Fig. 115.—Variation of pressure and velocity. 


Pifw ft.-lb. per lb., and the work done by the water AB at (2) 
is /)o/w. The not work done by the water is therefore 
Pzl w ~ Pil w or (p 2 — Pi)l l <> per lb. of water passing a given 
point ; and from the principle of the conservation of 
energy, this must be at the expense of its kinetic energy, 
which is reduced from v 1 2 /2g to v z z /2g or 

^if _ V _2* _Pz _Pi 

2 g 2 g w to . w 

which may be written 


2g ' ic 2 g w 


We have indicated that it would be misleading to say that 
equation (1) indicated equal energy in each pound of water. 
It would be better to say, as indicated by (3), that per 
pound of water passing between any two sections, the loss 
of kinetic energy is equal to the net work done by the water ; 
or the gain of energy, where it is accelerating, is equal to 
the net work done on the water. Note that if there is no 
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flow , no energy is transmitted—only force. Movement is an 
essential part of the transmission of the energy. 

Bernoulli'8 Theorem. For a pipe which is not horizontal, 
we must add the net work done by or against gravity 
as the case may be, viz. 1 ft.-lb. per lb., per foot difference 
of level. Thus to lift 1 lb. of water from a level h x ft. 
above a datum at (1), to a level h 2 at (2) (a vertical distance 
of (fc 2 -M ft.), requires (**-*,) ft.-lb of work per pound 
which must be added to the right-hand side of (3) (as 
additional work done at the expense of the per 

pound) making the equation 


v, 2 t' 2 2 p 2 V i 


_v2r = /12 _ri+ h2 - hl 

2g 2g w w 


(5) 


and this makes (4) become 


hl + 2^ + w- 2 + 2 ,j + w 


t’2 2 , V2 


(G) 


This is known as Bernoulli’s theorem relating to the stream 

line flow of a frictionless liquid. . 

H tl.e equations (4) and (6) do not indicate equal energy 
contained in 1 lb. of water passing sections (1) 
what equality do they indicate 1 \\ o have seen that » ater 

moving vertically upward as a jet with \ elocl > 1 . * f 

sec., with no friction, would reach a height of M -J "• 
We may then call t>! 2 /2g, the kinetic head at bcction ( >• 

And water issuing freely from a stationary supp > ‘ j 

per sq. ft. into the atmosphere would have a %eloc y 
v = V2gj)Jw, or sufficient to raise it to a vertical h«‘k 
Pi/w ft. The quantity V\! w is fhon called a pressuie 1 - 

and the total head in feet at section (1) is h 1 1 


- -r 


~<J 


Pi 

w 


and this also equals h 2 + V -£ +^, so that Bernoulli-, theorem, 

expressed in symbols in equation (G), may be staU d 
as follows. In a pipe full of a flowing fncUonless liquid 

the total head is constant. The total hca< s a j ' aQ 

and (2) are made up of («) gravitational ic ‘‘j uro 

arbitrary datum level) ; (b) kinetic head, an (_I ^ th(J 
head. It may bo well to emphasise that t i ' y 

expressions (5), (G), etc., are not in amounts of gy- 
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They are not foot-pounds but foot-pounds per pound , which 
dimensionally are lengths in feet. Similarly ljw is not 
dimensionally volume in cubic feet but volume in cubic 
feet per pound. 

The relation embodied in equation (6), known as Ber¬ 
noulli’s Theorem, has a wider application than to flow 
in a pipe. 

In Fig. 116 we show the conditions at four places A, B, 
C, and D. At A and B, the total heads consist of all three 
parts, while at C the head is wholly kinetic, and at D it is 
wholly gravitational. The total head in all cases is h 
and the total heads at A, B, C, and D are made up as 
follows : 


Place 

Gravita¬ 

tional 

head 

Kinetic 

head 

Pressure 

head 

D 

h i 

0 

0 

A 

h A 

iV 




20 

to 

B 

flB 

fg* 

«i ^ 

P® 


-9 

to 

0 

0 

*o* 

20 

0 


Total head 


h 





h a- 1 '® 

'" , + 25 





The total head is the same in each case and if p is in 
pounds per square foot, ic=62--l lb. per cu. ft., v is in feet 
per second, and g is 32*2 ft. per sec. per sec. 

Many interesting points arise from the foregoing simple 
relations but we cannot pursue them far at this stage. But 
we may again refer to equation (3) for two different sections 
of a tube (Fig. 115) convoying water in steady flow, viz. 

Pi 2 rg 2 _ ;>2—7>i 
2 g 2 g tv 

II the section (1) is a narrow channel or “ throat ” in a 
tube which is elsewhere of the larger section, as at (2), 
tq can bo made greatly in excess of v 2 ; then v x 2 greatly 
exceeds v 2 z and consequently p 2 greatly exceeds p x . Thus 
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a “ throat ” in a tube conveying fluid can be made to have 
a pressure below atmospheric and to give a suction, lb 



Fio. 110 .—Variation of pressure with height and velocity 


gives just a glimpse of tl.e principle of the .njcctor which 
takes in water at atmospheric pressure aml forc ^ ' 

a boiler at much higher pressure, and of the clio o tu 
of a carburettor which, at the throat of a tube touieyin,. 



F IO - 117.—Reduction of pressure at throat. 


a mixture for combustion t j, 0 throat and tl.e 

fu^B^XtuCTig 6 11?) Provides the moans for deter- 
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mining the velocity of flow and hence the volume per 
second flowing in a pipe conveying water. Such is the 
principle of the Venturi water meter. (See Example 2 
below.) 

Example 1. A horizontal pipe 0*2 sq. ft. in sectional 
area, conveys 0-4 cu. ft. of water per sec. It has a portion 
converging to a minimum section of 0-01 sq. ft. followed 
by a gradually diverging portion leading again to the full 
size. If the pressure in the main pipe is 20 lb. per sq. in. 
above atmospheric, find the pressure at the minimum 
section. 

Using Fig. 117 for reference 


0-4 cu. ft./sec. 

0-2 sq. ft. 
0-4 cu. ft./sec. 
0 01 sq. ft. 

Gain of kinetic head 


= 


v 2 = 


=2 ft./sec. 
=40 ft./sec. 


v 2 2 —v 1 2 
2<7 
1596 


(40 2 —2 2 )(ft./sec.) 2 
2 x32-2 ft./sec. 2 


= jrri ft. =24-78 ft. 
64*4 


This, from equation (3) or (4), etc., is equal to the loss 
of pressure head or, since p 1 ==20 lb. per sq. in. xl44 sq. in. 
per sq. ft. =2880 lb. per sq. ft., 

— -^ = . - (28 f°~ y2) =24-78 ft. 

to to 62-4 Ib./cu. ft. 

2880—p 2 =24-78 X 62-4 lb./sq. ft. 

=1546 lb./sq. ft. 

p 2 =2880—1546=1334 lb./sq. ft. 
or 9-26 lb./sq. in. 

If the pressure in the pipe had been only 20 lb. per sq. 
in. absolute, the pressure at the throat would have been 
below atmospheric (14-7 lb. per sq. in.) and a pressure 
gauge would have shown a suction there. 
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Example 2. With the tube and throat dimensions of 
Example 1, find the flow in cubic feet per second if a 
mercury U-tube (or manometer) connected to the f 

sized pipe and the throat shows a difference of pressure 

represented by a difference of level of mercury of 10 in. 

Since mercury is 13-6 times as w 

11-33 ft. S water, which we need not reduce to poun per 
square feet. 

Since the area of section at the throat « 
of the full section of the pipe, and since the'total^flou^at 
both sections is the same, the velocity v 2 must be 20 time 
; hence the gain in kinetic head is 

Vz 2 Vl 2 (20t-i) 2 —t*i 2 _ 390Pi 2 

2g 2g 2f J 

and this is equal to the loss of pressure head of 11-33 ft. 

399V! 2 


i.e. 


64-4 ft./sec 2 


= 11-33 ft. 


t/'i 2 = 


11-33 X 64-4 ft 2 /gee. 2 

r \ it 


399 


(f t ./sec.) 2 = 1-828 (ft. /see.) 2 
339 v 

tjj =1-352 ft./sec. 

Volume flowing per second is of length of 1-352 ft. and 
of section 0-2 sq. ft. 

1-352 ft. X 0-2 sq. ft. =0-27 cu. ft. 

91. Friction in Pipes. In the preceding artide 

frictional losses were considered l .° xl)t .,i ( . I1( o 

liquids are not perfect : they have vibe , ^ dru ,, against 

a tangential or shearing resistance e - - * d energy 
the direction of flow. This results in a Johs 

(converted into lieat), which becomes aiq^r^ n ^ w|lUdl tlie 

pressure in a horizontal pipe of unifoii velocity t> are 

height h above any datum level and the vclouiy 
constant. Thus, if in (G) of Art. 99, 'i> 1 * 
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to a section in a full pipe and h 2l v 2 , and p 2 relate to 
another later section, the equation will be modified and 
become 


*i4 


t ?, 2 Pl 


. ri__h 4-® 22 


+V 


to 



where h' is the loss of head. And if h 1 =h 2 and v x =v 2 


h' = (Pi—P2)/w .( 2 ) 


Pi —P2 being the fall of pressure duo to frictional loss. 

Experiment shows that where a certain critical velocity 
(at which the flow changes from one parallel to the wall 
to one of turbulence) is exceeded, this loss is proportional 
to the square of the velocity and to the length l of the pipe, 
and inversely proportional to the diameter d of a pipe of 
circular section, or 

h’az lvz/d .(3) 

More generally, to include other shapes of pipes, /»' is 
proportional to the wetted surface S of the pipe and 
inversely proportional to the area A of cross-section'; and 
if we write h' in terms of the kinetic head v 2 /2g, 


or 


S t> 2 

h <x — X— 

A 2g 

, S * 2 




where / is a coefficient expressing the frictional resistance 
of the wall of the pipe (but not the normal coefficient of 
sliding friction applicable to two solids). Experiment 
further shows that this coefficient / is not entirelj’ indepen¬ 
dent of the diameter or cross-sectional area of the pipe, and 
equation (ft) must be taken only as an approximate working 
rule. In the case of a round pipe of diameter d and length Z, 
the wetted surface S is ndl (if the pipe is full) and A=7rd 2 /4, 
hence (5) becomes 



where d, h and l are in feet, and v and g in foot and second 
units. 
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Id the more general case, to include pipes of any section, 
the loss is stated in terms of l and the hydraulic mean depth, 
m, i.e. the area of cross-section of liquid divided by the 
wetted perimeter (the whole perimeter if the pipe is fuLl). 
The wetted perimeter is the wetted surface S diwded by 
the length l , or m=A-HS/0 ; bence (5) becomes 


h 2gm 


(7) 


which reduces to (6) for the particular but common case 
of a round pipe in which m = Jr7d 2 /(77ti) — d/4, m and d being 

in feet (or in the same units as 0- , . , 

Virtual Slope of a Ilydraulic Pipe. 1 ho oss of head 
between two points on a pipe divided by the length of 
pipe between them, or the loss of head in feet per foot 
length of pipe, is called the virtual slope of the pipe. 

Other Hydraulic Resistances. In addition to fnction.il 
resistances of the wall of a pipe, flow may be impeded by 
sudden enlargements or contractions of the pipe, elbows o 
sudden bends, valves, etc. The losses of head causod by 
these are matters for more advanced study of bydrauhcs 
and for experiment. The estimated or the expo 
loss of head is usually stated in terms of the kmotic head 
v*l'2g at some point such as that at which the water issues 

at the open end of the pipe. 

Example 1. If a pipe 900 ft. long and 5 inches diameter 
discharges 60 cu. ft. of water per minute and the coc,1 ‘^ 1 { 5 “J 
/ is 0 000, what is the loss of head duo to friction and what 

is the virtual slope of this pipe ? 

Area of cross-section of pipe 

= 5 2 x0*7854/144 sq. ft. =0*13G4 sq. ft. 

Mean velocity of water 

=60 cu. ft. per min./0T3G4 sq. ft. =3G6-7 ft./min. 

= 6*112 ft. /sec. 

Loss of head 2 flv z /{gd) 

= 2 x0*006 x 900 X 6*1122/(32*2 X6/12) 

=30*05 ft. 

Virtual slope =30/900 =1/30 or 1 in 30. 

9 * 



266 APPLIED MECHANICS 

Example 2. How much water per minute could be 
delivered by a pipe 3 inches in diameter and 400 ft. long 
from a reservoir to a tank 16 ft. below the (constant) 
water level in the reservoir. Take/=0-007 

Let v be the velocity of flow in pipe. 

Kinetic head+loss of head in pipe =16 ft. 


v* . 4fl v 2 i p ,, 
— 4—=3- . jt- =16 ft. 
2 g d 2 g 


S(‘ + 


4 X0 007 X400 ft. 
0-25 ft. 

t>2 


) 


=16 ft, 


W1 +44-8) =16 ft. 

2 g 


Area of section of pipe 


v 2 /2y =16/46*8 

t>2=2 X32-2 X16/45-8 
v =4-742 ft./sec. 


=3 2 x0-7854/144=0-04909 sq. ft. 


Quantity of water flowing 

=4-742 ft./sec. x0-04909 sq. ft. x60 seo. 
=13-97 cu. ft./minute. 


Example 3. A supply of 30 gallons of water per minute 
is required at the end of a pipe 5000 feet long, the head of 
water being 25 feet above the discharge. Find the diameter 
of pipe required if /=0-007. 

Let v= velocity in ft./sec. and d=diameter of pipe in ft. 

Discharge per second =30/60 =0-5 gal. =0-5/6-24 cu. ft. 
=0-08013 cu. ft. 


0-08013 cu. ft./sec. 
0-7851d 2 sq. ft. 


=0-10203/d 2 ft./sec. 


Kinetic head-Hoss in pipe =25 ft. 


v z 4 x 0-007 X5000 
2<7 + d 


V 2 

X =25 ft. 

2y 
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We can neglect v 2 l2g in comparison with the loss of head 
rn the long pipe and write, 

4 X0-007 x5000 0 -10203 2 _ OP . 

d d 4 x64 - 4 

140 X 0'01041/d 5 =25 X 64-4 =1610 

d 5 =1-4574/1610 =0-000905. 

d = \/ 0-000905 =0-2462 ft. 


or 2-95 inches, say 3 inches. A , .. .. 

(We may now verify that the neglected kinetic head 

v*l2g is really negligible in comparison with the loss of head. 
The latter is 

( v 2/ 2 g) x 4 x 0-007 x 5000/0-25 or 560 i '-/2g 
i.e. the neglected kinetic head is about 1/561 part of the 
head of 25 ft.) 

Example 4. A pipe is 2000 feet long and 6 inches 
diameter. What diameter of nozzle at the d»sc b argo ee 
will be required if it is to deliver 7» cubic feet ol " ater 
per minute under a head of 80 feet of "ater a - 

the pipe lino 1 Neglect losses other than the factional loss 
the pipe, for which the coetlicient / inuy he ta e 

75 cu. ft./min. =1-25 cu. ft./sec. 


Velocity at nozzle of diameter d ft. 

= 1-25/0-7854d 2 = 1-5915/d 2 

Velocity in pipe 

=1-25 cu. ft./(0-7854 x0-5 2 ) sq. ft. =6-360 ft./sec. 


Loss of head in pipe 

4 x0-007 x 2000 6- 360 2 _ 7n , 1() 

“ 0-5 64-4 



Head at nozzle=80—70-49=9-51 ft. 

i.e. t> 2 /20=9-51, d = \/9-51 x 64^4 =24-75 ft./sec. 

Area of nozzle section 

=1-25 cu. ft. per sec./24-75 ft. per sec. 
=0-05051 sq. ft. 

d = VO-05051/0-7854 =0-2536 ft. or 3-04 inches 
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Example 6. What power will be required to pump 
400 gallons of water per minute to an elevation of 80 feet 
through a pipe 400 ft. long and 6 inches diameter if / is 
taken as 0*007 T 


400 gal./min. 

=400/(6-24x60) cu. ft./sec. =1-069 cu. ft./seo. 
Area of section of pipe 

=0-7854x0-52 =0-1963 sq. ft. 

Velocity of flow=l-069 (cu. ft./sec.)/0-1963 sq. ft 

=5-443 ft./sec. 

Loss of head in 400 ft. 


4 x0-007 x400 
0-5 


5-4432 
X 64-4 


=10-30 ft. 


Total head = 10-3+80 =90-3 ft. 

Work per min. in pumping 4000 lb. of water 
=4000 x 90-3 ft. lb. 

h.p.=4000 x90-3/33,000 =10-94, say 11 h.p. 


92. Force Exerted by a Jet of Water. The moving water 
in a stream or jet has a certain momentum. If the water 
is turned from its motion in a straight line, it follows from 
the first law of motion (Art. 57) that force must be exerted 
upon it. And from the second law of motion (Art. 58) 
that this force is measured by the rate of change of 
momentum of the stream and is in the direction of the 
change of momentum. And from the third law that the 
force exerted on the stream by any obstacle which serves 
to change its momentum is equal and opposite to the force 
exerted by the stream or jet on the obstacle. 

Consider the force exerted by a jet of water on, say, a 
fixed flat plate. If we know the quantity of water flowing 
and its velocity, wo can calculate its momentum. The force 
exerted in a direction opposite to that of flow, by an 
obstacle, will depend upon the degree of deviation of the 
stream of water ; it may be through any angle from zero 
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to complete reversal of direction or 180°. The change of 
momentum and the force are of course vector quantities, 
and in any but simple deviations it 
can best be estimated by vectors. 

Suppose a steady stream of water 
in the form of a horizontal jet 
strikes a vertical fixed fiat plate, 
as in Fig. 118, and the water flows 
off at right-angles to its original 
direction, i.e. it is deviated through 
an angle of 90°. The water in the 
jet undergoes a complete loss of 
momentum in the original direction 
of motion, that is, an equal gain of 
momentum in the direction opposed 
to the motion, and the rate of this 
gain measures the force exerted 
upon the water by the plate in the direction opposite to that 

of flow. Thus suppose the velocity of the jet to be> 30 ft 
per sec. and that 60 lb. of water are earned to the surface 
of the plate per sec., then the change (loss) of momentum 
in the original direction per second is 

50 lb.-force „ f , 

mass x velocity = 32 , 2 tt>e -^ x3 ° tt ^ cc - 

or rate of change of momentum 

50 x30 lb.-force x ft./sec. 2 


Fio. 118.— Force of a jet 
on a fixed plate. 


32-2 


ft./sec. 2 


_1500 , b , force = 46 C lb. 

32-2 

If the stream were deviated through an angle the 
final momentum in the original direction would be m cos 
and the loss in the original direction would be 
orwir(l—cos 6), which varies from 0 to me (whe“ 0 ' 

For deviation at right-angles, 6 =90 cos 0=0, and the 
loss of momentum in the direction of flou is mv. f 

The rate of gain of momentum measures the force 
exerted on the water; and the opposite reaction equal to 
the rate of loss of momentum in any direction, there o 
measures the force exerted by the jet. 
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Putting the foregoing in symbols, for the flat plate 
perpendicular to the jet, let W be the weight of water 
delivered by the jet per second. The force P exerted on 
and by the plate is the rate of change of momentum Wt> /g 
where v =velocity in feet per second 

P=Wr \g .(1) 

And if the area of cross-section of the jet is A sq. ft., 
W =A v . 10 where ic is the weight of water per cubic foot, 
ao that 

~P =Av 2 w/g .(2) 


We may note that for a frictionless liquid (or for water 
in so far as wo can ignore the friction between it and a 
plate), though there is force exerted by the jet on the 
fixed plate, no work is done and no energy is lost. The 
water flows on with undiminished speed and kinetic energy 
despite its change in direction. In machines such as water 
wheels and turbines for absorbing the energy in moving 
water, a stream of water exerts force on a moving body ; 
it does work upon it and loses some of its energy. 

If the flat plate perpendicular to the jet is moving away 
in the same direction as the jet with velocity v\ the weight 
of water reaching the plate per second will be A w(v—v') 
and the change of velocity will be only v— v\ so that the 
rate of change of momentum will be A io(v —v') 2 /#, or 

P=A w(v—v') 2 /g .... (3) 

and the work done per second will be v’ times the force P, 
or work per second =Aic(v —v'ffi'/g . . (4) 

The total energy per second available in the jet is |W v z /g or 

Energy per sec. = JAu. v u 3 /y .... (5) 

And 

If, however, a succession of plates or vanes (say, radially 
on a wheel of large diameter) were arranged so that all the 




271 


hydraulics 

water reached the vanes, W would be A wv and P would be 
A.u>u(«—1/)/£, 

Work done per sec. =Awv(v — v')v'lg • ( 7 

Efficiency =2v'(v —v')/v 2 . • ( 8 ) 

which would reach a maximum when v Jt', and 
efficiency would be 50 per cent., 
the maximum possible with 
radial vanes. 

We may note one important 
case of deviation of the jet 
through (ideally) 180° by direct¬ 
ing a jet centrally on to a hemi¬ 
spherical cup or equivalent 
arrangement shown in Fig. 110. 

If this cup is fixed, the change 
of velocity is from -\-v to —v 9 
t.e. a change of 2v in the 
direction of motion or 0=180 

_ _ • ■ T I 



Fio. 1 in¬ 


direction or motion or hv 

and (W/0)r(l— cos 0)=2v\\ r /g, and (1) is replaced y 

p=2 yW/y. 

or in place of (2) we have 

P=2A wv-/g .' 

Pelton Wheel. This type of cup 
in the Pelton (impulse) wheel, a form water with 

used to develop power from high falls, t. ■ 1 Since 

a high velocity of flow from a nozzle, see “ t> 

there is a series of buckets, all the e 'flow rela- 

reaches the buckets and has its dir being 

tive to the wheel reversed, so that instead of 1 h 

Awv(v-v')lg, (H) 

P=2A wv(v—v)g • • • 1 


and instead of (7) 

Work per sec. =2A wvv'{v • 

and Efficiency =4v'(a v')/c 2 • • 


( 12 ) 

(13) 


These reach their maximum values 
efficiency (ideally) is 100 per cent. 


when v’—\ v and the 
The relative velocity 
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v — v' of the water on leaving the bucket would then be 
hv, the velocity being zero, and all the energy and motion 
would have been taken from it. Actually not all the water 
reaches the buckets at the best angle, and the water cannot 
be turned through 180°, or it would not clear the following 
bucket. Also there are losses in friction in the feeding 
pipe, the jets, and the buckets, but the efficiency of the wheel 
is often as high as 80 per cent. 



Example 1. 5 cubic feet of water are supplied per second 
to a Pel ton wheel under a head of 125 feet. The area of 
the nozzle is 0 056 square foot, and the b.h.p. of the wheel 
is 56 ; find (1) velocity of the jet; (2) work available per 
8ccond : (3) efficiency of the wheel. 

(1) Velocity of water x area =5 cubic feet. 

v =5/0-056 =89*2 feet per second. 

(2) Weight of water striking wheel per second 

=5 X62-4 =312 lb. 

Available energy per sec. =312 lb. xl25 ft. 

=39,000 ft.-lb. 

Available h.p. =39,000/550 =70-9 

56 h.p. =56 x550 =30,800 ft.-lb. per sec. 
Efficiency of wheel =30,800/39,000 =0-79 

= 79 per cent. 


(3j 
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Example 2. A Pelton wheel develops 82 h.p. at 950 
r.p.m. from water at a head of 2000 ft. Estimate the 
quantity of water used per minute, taking the overall 
efficiency as 80 per cent. What is the torque on the shaft 1 
If the wheel is 3 ft. diameter and the jet 0-5 inch diameter, 
what is the ratio of speed of jet to that of the buckets T 
What is the horse-power of the jet? 

Let W be the weight of water used per minute. 

Useful work done per minute by water 

=82 x 33,000 ft.-lb. 

0-8 xW x 2000 ft. =82 x33,000 ft.-lb. 

W =1691 lb. 

Torque =82 x550 ft.-lb. per sec./(950 x2t 7/G0) radians per 

sec. 


=453-2 lb.-ft. 

Area of jet section=0-7854 X 0'5*=0 19635 sq. In. 

Water speed cu. ft./sec. -0 19635/144 sq. ft. 


=331-3 ft./sec. 

Bucket speed =950 x3tt ft./60 sec. =149-2 ft./see 

ratio water speed/bucket speed =331-3/149-2 =2-2 3 
Jet h.p. =1G91 x331-3 2 /2 X 32-2 x33, 000 =87-34 h.p. 

(The total h.p. used is 82/0-8=102-5 b.p.)^ 

(Or, 1G91 lb. X 2000 ft./33,000 ft.-lb. = 102 5 h.p.) 


EXAMPLES IX 


1. In a hydraulic press the ram Sofb.’ on‘ 2 

the plunger of 1 inch diameter is woi ' > yViLSUI11 i„ K an overall 

handle which gives it a leverage of 1 ■ . l)re39Uro will ho 

mechanical etliciency of 80 per cent., what total prcssur 

exerted by the ram ? ... . „ nirt-d 

2. IJow many gallons per korse-pouer- mphiTif the efficiency 
from a hydraulic power mam at 800 lb. per H.p 

Is 70 per cent. ? water against 

a hJd SUSfSS? ^ec^oTtHcUo^, ta—. — — - 
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the average force exerted during the delivery stroke on the plunger, 
which is 4 in. diameter ? If the stroke is 4 in. and there are 120 
delivery strokes per minute, what horse-power will be required to 
drive the pump if its efficiency is 85 per cent. ? How many 
gallons will be delivered per minute if the slip is 5 per cent. ? 

4. A pump is driven by an electric motor of 85 per cent, 
efficiency and delivers 100 gal. of water per minute under a head 
of 125 ft. The efficiency of the pump is 80 per cent, and the motor 
works at 200 volts. What current will it take ? If the cost of 
electrical energy is Id. per kWh., what is the cost of running the 
pump per hour ? 

6. Find the discharge per hour from a circular sharp-edged 
orifice 1 in. diameter under a constant head of 12 feet (coefficient 
of discharge is 0-02). 

6. Find the diameter of a sharp-edged circular orifice to give 
a discharge of 70 gal. of water per hour under a head of 3 feet. 

7. Water flows in a pipe of varying section into the atmosphere 
from a reservoir, the surface of which is 80 ft. above the outlet 
of the pipe. Neglecting friction, find the velocity of the water 
leaving the open end of the pipe and the pressure 50 feet above 
the open end if the velocity of the water at this level is 20 ft. 
per sec. 

8. A pipe full of running water discharges 8 cu. ft. per sec. 
At a certain point A, the cross-sectional area is 4 sq. ft., and at 
B, 10 feet below A, the cross-section is 2 sq. ft. Find the difference 
of pressure between A and B. 

9. A Venturi meter having a throat 2-4 inches diameter is 
fitted to a horizontal water main 0 inches diameter. A mercury 
manometer gauge shows a difference of pressure equal to 10*3 
inches of mercury between the throat and the water in the 
6-inch main before entry. Find the flow of water in gallons per 
hour, taking the specific gravity of mercury as 13-6. 

10. Find the fall of pressure in lb. per sq. in. in a pipe 500 feet 
long and 4 inch diameter discharging 30 cu. ft. per minute, taking 
/ = 0 0002 . 

11. Find the discharge into the atmosphere, in gallons per 
minute, from a pipe 3 inches diameter and 500 feet long, the head 
of water at entry being 20 feet. Take / = 0-007 and neglect all 
hydraulic losses except friction in the pipe. 

12. \\ hat diameter of pipe will be required to give a delivery 
of 40 gallons of water per minute at the end of a horizontal pipe 
0000 feet long if / is taken as 0-000 and the head of water is 30 
feet ? 

13 W hat diameter of nozzle will be required to give a dis¬ 
charge of 300 gallons of water per minute at the end of a horizontal 
pipe 3000 feet long and 0 inches diameter with a head of 60 feet 
at entry ? Take / = 0*007 and neglect losses other than friction 
in the pipe. 
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14. Find the height to which a jet of water from a 1-inch nozzle 

Sfnnlv L h |oo n feet f a t£2/-#So£° velocity 

S the water^^leavlu^tiie n£zl /? Neglect losses in the nozzle. 

16. A horizontal jet of water 4 inch diameter moving with^ 

velocity of 60 ft. per sec. strikes a vertical 11 x ,V ; 1 be if 

the force exerted by the jet on the plate. What would it be i 
the jet were issuing under the pressure of a head of b0 teet oi 
water ? Neglect any loss of head m the noz/.le. 

16. Solve No. 15 if the plate were replaced by a cup wkic > 
turns the water through an angle of 15U . 

17. A Pelton wheel uses 5 gallons of water persecond^wjth a 
nozzle 1 inch diameter and develops 22 b.h.p. I md the veloc y 
of the jet and the efficiency of the wheel. 

18. A Pelton wheel develops 10 h.p. at 1100 ^ ^ 

ifve 0 ri U ^mcicL a cy U^Vper cent.*how 

and what is the ratio of water speed to bucket speed u e 
of the wheel is 2-5 feet ? 




CHAPTER X 

STRESS AND STRAIN 

93. Stress. When a material transmits force it is said to 
be stressed or in a state of stress, and it undergoes strain, i.e. 
change in dimensions and generally of shape. 

Tension. If a tie-bar AB, Fig. 121, is pulled by two 
forces P applied, say, by pins or bolts, at its ends, the 
material throughout all the length of the bar is transmitting 
the force P. If we consider any short length CD of the 
bar, it is pulled firstly at C by a force P, acting towards A, 
exerted by the material in the bar lying to the left of C. 



Fio. 121.—Tension in a tio-bar. 


And secondly at D by an equal force P, acting towards B, 
exerted by tho material to the right of D. Also, as illus¬ 
trated at tho bottom of Fig. 121, the piece CD oxerts at 
C and D equal and opposite pulls to those exerted on it. 
It pulls leftward at D on the piece DB, and rightward at 
C on tho piece AC. 

Thus at any imaginary cross-section of the bar there 
are equal and opposite forces I*. Each of the two pieces, 
into which any cross-section divides the bar, pulls the 
piece on the opposite side of the section towards itself. 
It is this dual action which constitutes tensile stress or 
tension. 

Tho forces P shown at tho top of Fig. 121 are those 
exerted outwards on the tie-bar by the pins at A and B. 
The forces exerted by the tie-bar on the pins would also 
be equal to P but inwards. If arrowheads are ever used 

270 
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to show the forces in connection with such a bar, it must be 
made clear whether they indicate forces exerted on the tie 
bar or those exerted by the tie-bar on the pins or other 
fastenings. The bar as a whole and every part of it ca 

bo regarded as a body acted upon by a sys • u 

in equilibrium and fulfilling the conditions of equihbnum 

(A ?he ^ tension across sections such as C and I) acts at 
right angles to those sections. This and compression, the 

reversed stress which would result from t iI ? 1 \ 

pulls from the pins, are the simplest forms of stress and axe 

called normal or direct stress. Across an obhque ane 
section of the bar, the stress would be mebned to the plane 
of the section ; it can be resolved into components norim 

to and along, or tangential to, the section. 

Compression. Fig. 122 shows a short thick bar AB, 

material, with opposing forces I pushing «■ ‘ y 



Lio. 122. 


transmission of force is just as in tension, j icu | ar 

opposite normal forces across any 8 ® ctl 1 . lc tcd upon 
to the axis of the bar. A short length CD w actea ui ^ 

by normal inward thrusts P across the ,l p OQ t j 10 

shown and exerts outward thrusts, each { * 

parts AC and DB. t •» plane 

Shear Stress. Material has tending to 

surface in it when there are forces in th. rt on tlie 

make the part on one side of it slide • 12 3 is 

other side. Thus a pin or nvet sh«i. A ii (shown 
subject to shear stress across the plane * ^ by l|ie 

dotted). The upper part of the pin 1 ' , ^ irt B, but 

force P to sfide to the left relative to *“face AB, to the 

the force exerted by B on A across the 




APPLIED MECHANICS 


278 

right, resists such motion or urges it in the opposite direc¬ 
tion. The tendency of the shear stress is to shear the pin 
into two parts A and B. Very common cases of the use of 
metal to resist shearing are to be found in riveted joints, 
and in very numerous cases where one part of a machine 



Fia. 123. 


is capable of turning relative to another about a pin. For 
example, a knuckle joint, Fig. 124, is very commonly 
employed. The pin resists the pull P at two sections, 
A and B, so that the average intensity of shear stress in 
the pin is equal to P divided by twice the area of cross- 
section of the pin. The pin is said to be subjected to 
double shear. 

Inte7isity of Stress. Stress is often specified by the force 
transmitted per unit area of some section, e.g. pounds per 



Fio. 124. 


square inch. It is then more strictly called the intensity 
of stress (or occasionally unit stress), but frequently it is 
simply called stress. And such an expression as “ a stress 
of 6 tons per square inch ” is permissible, for it is obviously 
an intensity or force divided by area. Such a stress may 
be uniformly distributed over an area or it may vary greatly 
in intensity. The intensity at a point is the limiting value 
of force divided by area when both area and force are 
reduced indefinitely. The standard symbol for an intensity 
of normal stress is p and for an intensity of shear stress is g. 

94. Strain and Elasticity. Strain is the alteration of 
shape which occurs when a material is stressed, i.e. when 
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it transmits force. Strain m ay . b ? , C 'if S o 11 the removal of 
partly inelastic. A material .. ^{“^rarol ihe lSK.tenal 
stress the aceompanyin,, stra . J? p hj u it had before it 
returns to the elastic 

ass to its 

rrs-j afsKS-™, sr.;;.s . 

» feSfflf «=» s 

compressive) is “® a!>ur ^ a rod 1 feet long stretches 

decrease of length. 111119 . follows *— 

i inch, the proportional strain is as follows . 

total stretch 0-12o in. _ n .nnofi. 
TensUe strain = ^^Hcmgth 4 x 12 in. 

The total stretch and total ®g. The 

same units of length l °’^Lured will be the same whether 
elastic stram as thus measure part of it. 

££ Y^CTt ^"fpUtes g which in the right- 



Fig. 125.—' “ Shearing ” of plates. 

hand view have been pulled I n°ano°thereby lay^s or films 
plates are separated one u e r i g ht duo to a pull 

of thick oil. Then the move. ncnt ^tl Ue r ^ fllma wiU bo 

P wUl be resisted by each f* * ont inuous material, the form 
subject to shear stress. which might represent 

will be as illustrated m Fig. ™ 1)roduccd in a jeUy. 

the visible shear strain produced in rubber, but 

Visible shear strains ca i end themselves to 

simple shear strains m “ e q measure of a shear strain 
easy visual demonstration. p. 12 6 the rectangular 

is the angular distortion, e.g. m txg. w 
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block of material has had its vertical edges sheared over to 
an inclination, say, <t> radian to the vertical, and <f> (usually 
a very small fraction) is the measure of the shear strain. 



Fio. 126.—Form of shear strain. 


95. Tensile Straining of Iron Wire. The straining pro¬ 
perties of various metals in the form of wires may be demon¬ 
strated easily, because by using a long length of wire the 
stretch is large enough to be visible and measured without 
the use of special instruments. Experiments on wire may 
bo made without the use of elaborate testing machines. 
The results of a test of iron wire 0-055 inch diameter 
(0-00237 8(|. in. cross-sectional area) and 00-7 inches long 
are shown in the following table. 


Load (lb.) 

0 

10 

20 

30 

40 

60 

00 

70 

so 

Stretch (in.) . 



BE 








Load (lb.) 





118 

128 

136 

144 


154 

Stretch (in.) . 

0-40 

0-75 


1-20 

1-78 

2-18 


4-27 

5 4 ! 



The load and stretch are shown plotted as a graph in 
Fig. 127. An examination of the tabulated figures or of 
Fig. 127 will show that there are two stages in the stretching 
of the wire :— 

(1) The Elastic Stage. Up to a load of about 60 pounds, 
the strain is small and is proportional to the load, the 
latter fact beiug much more clearly shown by replotting 
this part of the graph on a larger scale for extensions, as 
adopted in Fig. 128. During this stage of the test it will 
be found that on removal of the load the stretch disappear*, 
and the wire returns to its original length. The fact that 
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daring this elastic stage the stretch is f 0 

the load is characteristic of the elastic straining of metals. 
Although the tensile strains of steei duruig the eiastic 

stage may not be visible to the unaided ey ( 



long wire), nevertheless the material behaves under stress 

like a common spring. nounds upwards 

(2) The Plastic Stage. From about 0 P ou the 

the strain increases much more rapu >» much as at 00 
load is 149 pounds, or about 2-5 tune, as “meh^at ^ 

pounds, the strain has i r rC ^ S ?in m ou°t Vn 1 " plastic 8 con- 
metal which can thus be drawn ° f duct uit !/ or to be 
dition is said to have the quality o remains If the 

ductile. Plastic strain, or a largo.P art o ’ y perma ncnt 
load is removed, and the metal is said to na%e v 

#e The ultimate strength of the wire reckoned on the 
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Intensity of stress on the original unstrained area of cross 
section is 


breaking load 154 lb. 

original area of section 0-00237 sq. in. 

=64,990 lb. per sq. in. 

(or about 29 tons per sq. in.). 


This is the nominal stress, because it is reckoned on the 
original area of section, which may have been reduced 
substantially before fracture ; in relatively soft material 
there is considerable local contraction of section about 
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the part of the wire where fracture occurs, a visible waist 
being formed. 

The final elongation taken over this long length of wire 
is 7 inches on 90-7 inches, or 7/90-7=0-077=7-7 per cent. 
It will obviously be a greater proportion if reckoned on a 
shorter length of the wire if there is much local extension 
about the waist formed at the section where fracture 
occurs. It should be observed that while simple experi- 
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ments on wires form an introduction to more elaborate 
tests on metal, the properties of materials, and notably of 
Bteele^are 3 considerably "modified by the process of manu¬ 
facture of wire by drawing cold through a hole m a die. 
The nominal ultimate strength is increased and ductility 
is reduced. These modifications m properties may be 
largely removed by a suitable degree of heating and 

regulated cooling. 

96 Hooke’s Law. A material which, within the elastic 

stag; "deformation, is strained by an amoun proportiona^ 

to the stress which produces the strain is said to behave 

according to Hooke's Law. Robert Hooke was a scientist 
accorumg nublished a clear statement of this 

rettionslip ’nl law has wide application, and is true 
alike°for tension* compression, bending, torsion, or other 
form of shear stress and strain. 

j While for a single stretched 

wiC:-the°strain is 

^ad ^idC^by area ' \o wh d.' the Strain is proportional 
^f^|er tw . the load bo^by tw^area of 

portional to the strain may be written . 

Stress intensity =strain x constant, 


and therefore 


the constant = 


st ress intensity 
strain 


( 1 ) 


This ^nstantj reia^mg to after 

pression) is called y tho constant a physical 

meCntog. TtoitandaiS symbol to denote it is the letter E. 

B=stress intensity/strain ... (2) 

or E =Ple . (3) 

where e Is the proportional strain. 
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Young’s modulus may be regarded as the measure of 
the resistance which the material offers to stretching, in 
the sense that the larger the value of E, the smaller is the 
stretch under a given intensity of stress. Or for a given 
stress, the modulus is a measure not of the extensibility 
but the inextensibility of a material. 

From the preceding expression .for E it is evident that 
if the intensity of stress in any case, and also the (pro¬ 
portional) strain, are known, the numerical value of E 
can be calculated for the material in question. Also if E 
is known and the strain can be measured by a gauge, the 
intensity of stress can be calculated, e.g. in a member of a 
steel bridge. 

From the tabulated results of experiment such as aro 
shown in Fig. 128, E is found best, not by using the figures 
at any one point on the graph, but by taking the differences 
in stretch and load between two points, such as B and C, 
on the straight line drawn through several points obtained 
as a result of experiment. Thus errors which arise par¬ 
ticularly at low values of load are eliminated. Thus 
Increase of load from B to C=55 lb.—10 lb. Increase of 
stretch B to C is 0-0G9 in.—0-010 in. =0-059 in. 


E increase in stress intensity 45 lb.-f-0-00237 sq. in. 
increase in stretch per inch 0-059 in.H-90-7 in. 

=29,190,000 lb. per sq. in. 

Similarly, for elastic compressive stress and strain, the 
relation (G) would hold, but the compressive strain would bo 
(decrease in length)/(original length). But in the case of 
compressive stress we cannot by experiment get large 
compressive strains on long slender pieces or wires, as buck¬ 
ling occurs. 

The corresponding constant for shear stress and strain is 
called the modulus of rigidity , for which the standard symbol 
is N (or alternatively C), so that, 

N =shear stress intensity (g)/shear strain ( <f >), 

the shear strain <f> being the angular distortion measured 
in radians (see Fig. 126). 


98. Typical Stress-Strain Graph. Fig. 129 shows a 
typical graph for a tensile test of a piece of mild steel, an 
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important ductile material. The loads have been reduced 
to stress intensities by dividing them by the cross-sectional 
area of the test-piece, and the extensions have been reduced 
to proportional or fractional tensile strains y 1V1 _ 6 
them by the lengths over which they occurred. The 
graph differs from a load-extension graph, such as big. l - i, 
only in the matter of scale. (The elastic stage is rather 
difficult to illustrate well on such a graph without exaggerat¬ 
ing the very small strains so as to suggest a 'a ue o j 



which is much too low, but Fig. 129 Is -a.out corccct to 
scale and bo gives a correct impression) T '*° ^ R r " r ‘ in 

approximately the limit of proportional! y ■ which 

and generally is practically at the limil of "hmh 

marks the intensity of stress up to wloch Uio atenaMs 
elastic. For stresses up to the eiastm limit the matermj 
returns to its former length on rernoval of t e lo.i.i.^na 

beyond the limit, permanent set begins, bp!rin8 and 

the “ yield point ” at which plastic yielding begins ana 
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continues for a time to the point C without further increase 
in the load. This yielding is not found in all ductile 
materials, but is a marked feature in the softer irons and 
steels. The point D shows the ultimate or maximum stress 
intensity or ultimate tensile strength or tenacity reckoned 
on the original area and not on the reduced area of section 
which a test-piece has after plastic extension. 

Non-ductile brittle or harder materials differ from mild 
steel in their behaviour under tensile stress in having 
either less or no plastic extension stage and no yield point. 
Ordinary cast iron and hard steel are examples of this. 

99. Ultimate Strength and Factor of Safety. Ultimate 
tensile strength has already been referred to as the breaking 
tensile load (in a test) divided by the area of cross-section 
of the specimen. It is obvious that no such intensity of 
stress must be allowed to fall on a part of a machine or a 
structure. For it must not break, nor must it be strained 
by the large amounts by which ductile materials are 
stretched in a test. The allowable or working stress 
should, in fact, always be far below the ultimate strength 
and also almost always below the stress corresponding to 
the elastic limit. The number of times that the ultimate 
strength is greater than the working stress intensity is 
called the Factor of Safety, or 

Factor of Safety = — u L til nate strength 

working stress intensity 

So that 

Allowable working stress intensity ==-- Itimate B ** ren gfch 

factor of safety 

The factor of safety to bo adopted depends upon many 
circumstances and it often covers many contingencies very 
imperfectly known. 

In respect of metals which strain plastically under high 
intensities of stress, it is not possible to state ultimate 
strengths under compressive stress ; but in the case of 
brittle metals, particularly cast iron, which is largely used 
to resist pressure, the compressive ultimate strength is 
important. 

The following table gives some idea of the ultimate 
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strengths of several of the metals in common use, hut 
materials having a particular name vary widely in their 
strengths and often more precise information is required 
of the actual materials to be employed. This is particularly 
true in regard to cast irons and steels of widely dinenng 
kinds. 


Material 


Wrought iron 
Mild steel (structural) 
Steel wire 
Cast iron 

Copper (hard drawn) 
Brass 

Aluminium (rolled) 


Ultimate tensile 
strength in tons 
per sq, in. 

Young’s modulus 
in tons per sq. 
in. 

20 to 24 

13.000 

28 to 32 

13,500 

70 to 100 

13,500 

7 to 10 

8.000 

20 

6,500 

8 

5.500 

10 

4,100 


Crushing strength of cost iron. 40-50 tons per sq. in. 
Modulus of rigidity of steel, 5500 to 0500 tons per sq. in. 


100 Stress in Thin Shells. A thin circular cylindrical 
shell containing fluid at a pressure higher than that outside 
is subject to tension. The intensity of this stress in two 

important directions is easily found. . 

Hoop or Circumferential Tension. Let Fig. 130 represent 



a shell of diameter d and thickness t and let p be the 
intensitv of the internal pressure. Considering an axial 
teSSth t the shell has exerted upon it forces tending to 
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pull it asunder into two half-cylinders. In the half ABC 
across a diametrical plane AC, the total force exerted by 
the fluid pressure is 

P =pxdxl . . . . (1) 

which will be in pounds if p is in pounds per square inch, 
d and l in inches. The total force resisting such bursting, 
offered by the material, will act tangentially through A 
and C distributed along the length l ; and if the intensity 
of this tension is the total resisting force will be 

fi xarea of section of metal =f x x2 txl . (2) 

there being two strips of material each of thickness t 
and length l. The total bursting force and total resistance 
being equal 

pdl=2f l U ... . (3) 

f x =pdl2t or p=2f l t/d .... (4) 

(It may be noted that if a cylindrical shell is rotating 
about its axis as in Art. 73, the radial force exerted by 
each piece of shell of unit area and thickness t on the 
adjoining shell is p =tria> 2 r/<7, and substituting this in (4), 
fi =axxi 2 -r 2 /g or icaj^v 2 lg as in (5) of Art. 73, where the 
Bymbols r, t>, w, and a> have the same meanings as in 
Art. 73). 

Longitudinal Tension. Across any section AB, per¬ 
pendicular to the axis of the cylinder, Fig. 131, the fluid 



pressure tending to burst the cylinder asunder into two 
cylindrical parts, is 


p X 7rd 2 /4 


(5) 
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The total resisting forces will be equal to the intensity of 
longitudinal tension, / 2 say, multiplied by the area of cross- 
section perpendicular to the axis, which is ndxt, so that 

the total force is 

■ndt x/ 2 .(°) 

And equating these balanced forces. 

p X Trd^f-i =f 2 X ~dl .(7) 

or /2 =pd/H .(®) 

which Is hall the value of /„ the hoop or circumferential 

stress intensity (see (1)). . , . » « • 

If p is in lb. per sq. in. and t is inches, then d must also be m 

inches. 

Example 1. A cylindrical seamless shell 7 feet Internal 
diameter has to stand an internal pressure of 200 lb. per 
square Inch, the plates being | inch thick. Find the 

intensity of hoop stress. 

f v d 200 x7 x!2 _ onnn p Cr gquare inch. 

2x0-875 

Example 2. What thickness of cast-iron pipe 10 Inches 
internal diameter will be required to stand an internal 
pressure of 50 lb. per square inch if the stress in the pipe 
is not to exceed 1000 lb. per square inch 7 

pd =2ft 

.‘.50 x 10 =2 X1000 xt 

t=^M y = i inch. 


EXAMPLES X 

*•. A ■TTfoSS. 0 ' SSS U.eT.L; n ^t":^a 1 1 “uTt b h i or t 8 d u 1 S 1C s 

^d'tSe'lr^cWo^tram if E = 13,120 too, per in. 

2 A steel wire * inch diameter and 10 feet long stretches 
0 83 inch uxider a pill of 260 pounds. Find Young a modulus of 
elasticity for the material. 

10 
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3. The following results were obtained from a tension test 
of a copper wire 0-05 inch diameter and 90 inches long : 


Load (lb.) 

D 

5 

10 

15 

20 

25 

30 



39 





55 

Stretch 

(in.) 

B 

o 

© 

c* 

003 

■ 

006 

014 

0-34 

112 

1-80 

2-69 

3-64 

8-64 

6-53 

804 

10-21 


Plot the load-extension diagram and find the value of Young’s 
Modulus of Elasticity for the copper wire. 

4. What load hung on a vertical wire 15 feet long and 0-1 
inch di am eter will cause it to stretch 0-125 inch if E =30,000,000 
lb. per sq. in. ? 

6. A steel tie-rod 40 feet long and 1 inch diameter is subjected 
to a pull of 8 tons. Calculate (1) the total elongation if Young’s 
Modulus is 13,000 tons per sq. in., and (2) the factor of safety 
if the ultimate tensile strength is 30 tons per sq. in. 

0. A hollow cast-iron strut is 10 inches external and 8 inches 
internal diameter and 10 feet long. How much will it shorten 
under a load of 00 tons ? Take E as 8000 tons per square inch. 

7. The overhead line of a trolley-bus system is of hard-drawn 
copper wire f inch diameter, having an ultimate strength of 
20 tons per sq. in. Allowing a factor of safety of 6, calculate 
the allowable pull on the wire and find the corresponding elonga¬ 
tion on a span of 120 feet if E =0500 tons per sq. in. 

8. A cylindrical steam boiler is 6 feet internal diameter, and 
is made up of plates f inch thick. If the internal steam pressure 
is 150 lb. per square inch, what is the intensity of hoop stress in 
the plates ? 

0. What thickness of cast-iron pipe 10 inches internal diameter 
will be required to stand an internal pressure of 80 lb. per square 
inch if the intensity of stress in the material is not to exceed 
1000 lb. per square inch ? 

















CHAPTER XI 

STRUCTURES 

101. Framed Structures. A framed structure, or simply 
a frame , is a structure consisting of a number of bars 
fastened together by what are in effect, though often not In 
fact, hinged joints. The separate bars are members of the 
frame and are long relatively to their lateral |k“ensions. 
Loads are applied to such structures mainly at their joints 
the members being subjected only to nearly axial fore 
of pull or thrust. The centre lines by which the frames 

are^grammatically represented are the lines of ac 

of the forces acting at the joints Tho . 

not hinced but are riveted, and frequently two or more 

members separated by joints form one contm ^^ 8 b ^g CO a re 
metal. Nevertheless, the stresses in the m *™*? r * 
calculated as if all the bars were separate pieces fre y 
hinced together at the joints. 1 he justification o 

depends upon the circumstances, and the ^n-Vtter^o^more 
errors involved in such assumptions is a matter for more 

advanced study of this subject. . ■ . sufficient 

We shall consider only frames which have ^ ® r 8l ( ‘ * 

number of members to prevent defori ation or collapse 

under the loads. Such frames are 

With fewer members, a frame may deve op ^ ‘ members 

(such as in Fig. 6G or Fig. 67 ); and with " ® tho severU 
one or more are redundant and the forces in the several 

members are dependent on their later f dl ™; n -^beyond the 

problem of finding the stresses in sue considera- 

scope of this book. Wo shall furthe members 

tion to frames in which the centre lines of the members 

and loads all he approximately in one plane. 

102. Determination of Stresses in Members of 
The stresses in individual members of a 

all members being either struts or tie., < ' used in 

appheation of the principles of statical stated. used m 

Chapter II. Either graphical or ar.tbmet..cal m >th,ods 
or a combination of both may be used, but in any ease the 
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following are the guiding principles. (1) The frame aa a 
whole is a rigid body, and the external forces acting upon 
it (loads and supporting forces) form by themselves a 
system of forces (generally non-concurrent) in equilibrium. 
(2) The pulls and thrusts which the several members 
meeting at a joint exert on, say, the pin of the joint form a 
system of concurrent forces in equilibrium. (3) As pointed 
out in Art. 28 (method of sections), any portion of the 
structure may be taken as a rigid body held in equilibrium 
by external forces acting upon it together with the forces 
exerted upon it, through members, by the remainder of the 
structure. 


In applying the principles of equilibrium to the whole 
structure, to a joint, to a single member, or to any portion 
of the structure, it is desirable to keep in mind that we are 
considering the equilibrium of that portion or of the forces 
exerted upon it. Then we do not include any force which 
it may exert on other parts. Some simple examples of 
determination of stresses in framed structures have already 
been given in Art. 28, and we now proceed to amplify the 
graphical methods. 


103. Stress Diagrams. When all the external forces, viz. 
loads and supporting forces, acting on a frame have been 
determined, we can proceed to draw the vector force 
polygons for each of the hinges, the pins of which are each 
in equilibrium under a number of balanced concurrent 
forces, viz. those exerted on the joint by the members 
meeting at it. The vector force polygons could be fitted 
together to form a single vector diagram for the whole of 
the frame. Each line in such a diagram would represent 
the two equal and opposite forces exerted by a member on 
the two joints at its opposite ends, and would bo a com¬ 
ponent side of two of the separate force polygons for the 
joints. An example will make this clear. 

Fig. 132 represents at (a) a simple frame consisting of 
five bars, the joints of which have been denoted at (a) by 
1, 2, 3, and 4. The frame stands in the vertical plane, and 
carries a known vertical load, W, at the joint 3 ; it rests 
on supports on the same level at 1 and 4. The force W is 
denoted in Bow’s notation by the letters PQ. The reactions 
at 1 and 4, named RP and QR respectively, have been 
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found by a funicular polygon corresponding to the sector 
diagram^at (fc), as described in Art. 34 and illustrated in 

^Letters S and T have been used for the two remaining 
B na^ When the upward vertical force RP at the joint 1 
\s known the triangle of forces rps at (c) can be draw u by 
making rp proportional to RP as in (fc), and completing the 



12 and 14) rospeci/ive y # ; n i n t o is known, viz. 

one of the three forces acting at J „ ito to ps in 


N CO 
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can be drawn, tp and pq being known ; the line joining 
qt will be found parallel to the bar QT if the previous 
drawing has been correct; this is a check on the accuracy 
of the results. Finally, the polygon qrst at (/) for joint 4 
may be drawn, for all four sides are known in magnitude 
and direction from the previous polygons. The fact that 
when drawn to their previously found lengths and directions 
they form a closed polygon constitutes a check to the 
correct setting out of the force polygons. The arrow¬ 
heads on the sides of the polygons denote the directions of 
the forces on the particular joint to which the polygon 
refers. 

It is to be noticed in Fig. 132 that in the polygons 
(fc), (c), (d), (e), and (/), drawn for the external forces on the 
frame and the forces at the various joints, each side, 
whether representing an external or internal force, has a 
line of equal length and the same inclination in some other 
polygon. 

For example, sr in (c) corresponds to rs in (/), and pi 
in (d) with tp in (e). The drawing of entirely separate 
polygons for the forces at each joint is unnecessary ; they 
may all be included in a single figure, such as ( g ), which may 
bo regarded as the previous five polygons superposed, with 
corresponding sides coinciding. Such a figure is called a 
stress diagram for the given frame under the given system 
of external loading. It contains (1) a closed vector polygon 
for the system of external forces in the frame, (2) closed 
vector polygons for the (concurrent) forces at each joint of 
the structure. 

As each vector representing the internal force in a mem¬ 
ber of the frame represents two equal and opposite forces, 
arrow-heads on the vectors are useless or misleading, and 
are omitted. 

Distinction between Tension and Compression Members 
of a Frame. A member which is in tension is called a 
“ tie,” and is subjected by the joints at its ends to a pull 
tending to lengthen it. The forces which the member 
exerts on the joints at its ends are equal and opposite pulls f 
tending to bring the joints closer together. 

A member which is in compression is called a “ strut ”; 
it has exerted upon it by the joints at its ends two equal and 
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opposite pushes or thrusts tending to shorten it. The 
member exerts on the joints at its ends equal and opposite 
“ outward ” thrusts tending to force the joints apart m 
T he question whether a particular member is a tie 
or a “ strut ” may be decided by finding whether it pulls 
or thrusts at a joint at either end. This is easily discovered 
if the direction of any of the forces at that “ *£0™’ 

since the vector polygon is a closed figure with the last * 1( \ e 
terminating at the point from which the first was started 
E.g. to find the kind of stress m the bar 24, or ST (ri 0 . 13-). 
At joint 4, QR is an upward force ; hence^he^orces m the 


polygon qrst must act in the directions qr,r8, 8t, and g; 
hencl the force ST in bar 24 acts at joint 4 in the direction 
* to t ie the bar pulls at joint 4, or the force m ST is a 
tension.' 'similarly, the force in bar 23 or 
joint 3 in a direction ip , t.e. it pushes at jomt 3, or the force 

in bar 23 is a compressive one. 

Another Method. Knowing the direction of the force 
rp at joint 1 (Fig. 132), we know that the forces at joint 
Act to the directions rp, jw, and sr, or the vertices of the 

vector doIvcoh tvs lie in tho order v p s. 

“ he corresponding lines BP. PS, and SB m the space 
diagram are in clockwise order round the point 1. inis 
order, clockwise or counter-clockwise (but in this mstance 
clockwise), is the same for eycry joint m the frame. U 
is clockwise for joint 1, it is also clockwise for joint,2. The 
the vertices of the vector polygon for joint 21 are to be taken 
In the cyclic order . -J> since the lines fel, FT, and TS 
he in clockwise order round thejoint 2, e.g. the fore 

bar 23 or PT, is in tho direction pt, i.e. it thrusts at joint 2. 

This’ characteristic order of space letters round hejom 
is a very convenient method of picking out the ° 

stress June member of a complicated frame.. Note that 
it is the characteristic order of space letters i» 3°“* 
that is constant —not the direction o \ ’ For a 

various polygons constituting the stress diagram r 

counter-clockwise order tho stress diagra » rac- 

shape from that in Fig. 132 (g). We return to this oharac 

teristic order in Art. 105. 

Reciprocal Figures. The frame or space J^a^am of 
say, Fig. 132, and the stress or vector diagram, form 
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reciprocal figures which have certain reciprocal properties ; 
to each node or vertex from which lines radiate in one 
figure there is a corresponding closed polygon in the other, 
bounded by sides corresponding to the radiating lines and 
respectively parallel to them. To each line joining two 
nodes in either figure there is a corresponding line in the 
other forming a side to the polygons corresponding to the 
two nodes. 

104. Warren Girder. A second example of a simple 
Btress diagram is shown in Fig. 133, viz. that of a common 
type of frame called the Warren girder, consisting of a 
number of bars jointed together as shown, all members 


j a e 



generally being of the same lengths, some horizontal, and 
others inclined G0° to the horizontal. 

Two equal loads, AB and BC, have been supposed to act 
at the joints 1 and 2, and tbo frame is supported by vertical 
reactions at 3 and 4, which are found by a funicular 
polygon. The remaining forces in the bars are found by 
completing the stress diagram abo . . . him. 

Note that the force AB at joint 1 is downward, i.e. in the 
direction ab in the vector diagram corresponding to a 
counter-clockwise order, A to B, round joint 1. This is, 
then, the characteristic order (counter-clockwise) for all 
the joints, e.g. to find the nature of the stress in KL, the 
order of letters for joint 5 is K to L (counter-clockwise), 
and referring to the vector diagram, the direction Jc to l 
represents a thrust of the bar KL on joint 6 ; the bar KL 
is therefore in compression. 
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105 Simple Roof-frame. Fig. 134 shows a simple roof- 
frame and P its stress diagram when carrying three equa 
vertical loads on three joints and supported at t 

eX TTVtact 0 ions e DE an and EA at the «UPP0^« 
obviously equal to half the total load, ».e. e falls midway 



%;;; -"iSHf”' 

B^U C U:vidtt" y o’ m l'i g 134 that 

Sr^cfordeiTAettfrs in the vector polygon for tin* 
10 * 
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joint is eaf (not efa), hence the force at this joint exerted 
by the rafter AF is represented by af (not fa), and is a 
thrust, i.e. the member is a strut. The correct order of 
sides eaf being ea, af, fe the corresponding order of the 
lines EA, AE, FE radiating from this joint is a clockwise 
order. When this order is clockwise for one joint it 
immediately follows that it must be the same for the 
neighbouring joints, for a thrust, af, must be associated 
with a balancing thrust, fa, at the next joint of the rafter. 
Similarly, it follows that the correct order is clockwise for 
aU the joints. Hence if we wish to know whether the 
member HK, say, is a strut or a tie, we know that for the 
joint HKLE, the force in HK is in the direction hk (not kh), 
and reference to the vector diagram shows that the direc¬ 
tion hk ia a. pull at the joint HKLE, i.e. HK is a tie. 

Fig. 135 represents the stress diagram for exactly the 
same frame diagram and lettering as Fig. 134, but is the 



Fio. 135. 


counter-clockwise vector diagram, e.g. the left-hand reaction 
AE is now represented by ae (instead of ea), and the force 
of KH at the joint HELK is represented by kh (instead of 
hk), which still indicates the member to be a tie. 

106. Wind Loads. In Figs. 132, 133, and 134, the loads 
and reactions or supporting forces are vertical. If the 
external forces of loads and supports are not vertical, the 
procedure of drawing the stress diagram is not in any way 
altered, but for inclined loads the supporting forces will not 
generally both be vertical. By rollers or a smooth sli din g 
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surface which offers no appreciable resisfance to horizontal 
movement in the plane of the frame, a Practicany verti^l 
reaction or supporting force can be ensured at one support 
and in that case the other supporting force must have a 
horizontal component which just equals and ^ OPP 0 *^ 
the total horizontal component of the loads, 
supporting forces we have a choice of three methods 

V (l) This method has been illustrated in Example :. ot 
Art 27 By equating opposite moments about the fixed 
ofhin^ed support of the roof, we eliminate any moment of 
?he Sed P reacUon there ’and so find by on. 

equation the other^actro^^at the free >, ^ al 

and opposite to the moment of aU the loads about that «£ 

on the frapU ^ 

SLwn L^ves^ force at th ° blnged 

“m Th..... «■Of 

construction by using the fun cular 1 This l8 

unknown “fodibranfo as with vertical load 

illustrated in Fig.M tor a cular to the ma m 

combined with wind M fixod or i lin gcd support, 

rafter on one side, viz. that (1IU clearer, the 

In order to keep the vector force **B™£*“™ ' ^ 

vertical and inclined loa rafter on the left side 

parallelograms) at the joint abcdefgh has been 

of the roof. After the iec.i l d ^ the angle3 

set off to scale, a p le the funicular polygon is drawn, 

at 6, c, d, e, /, and g. tu ^ Q J8 

starting from the hinge at « *^ and B() on? uutil anally 

wa-ya-fs.JS« -O.I.1 

generally fall above fi %JloUie hinge andaparallel line 
then joined by the line lO t through h gives ht 

through o to intersect the VCI ^ * r rco HT and joining 

as the magnitude of the -upportme force,U li , a £ 

as rss “rr *.... 
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drawn and needs no comment except that gh does not 
enter into it. It merely increases ht , which would otherwise 
be gt. Similarly, ab only slightly affects the stresses since 
ab mainly adds to to, but the two lines are not quite in the 
same direction. 

(3) The supporting forces might also be found by first 



\free -o 
SLIDE 


Y ' < G > 
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finding the resultant of all the loads in magnitude, direction, 
and position by combination in successive pairs or by the 
funicular polygon (i.e. by producing (B)O and (G)O to 
meet and drawing through their intersection a line parallel 
to ah). The external forces on the frame would thus be 
reduced to three, and hence they would be concurrent 
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fArt 29^ By producing the line of action of the resultant 

load to meet 1 the verbal *»*£"***?*£?&£ 

should get the point of concurre 3^ q£ tbe incUne d 

hinge gives the du^ection a n lyg0Q cou ld then 

supporting force, an direction of the two supporting 

would be known, viz. at is paraUel to the inclined 

^c b y Tone ^ b” £ 

wind load, only sopande stress diagrams 

open to objection. Som » _ otlier f or the vertical 

Z£S S.'ZTAXi-iS'-r ...... 

,07. C.d.d Chains Md 

cables, cords, or chains ^ot^ ^ am8 can bo drawn 
meaning of the word , perfectly flexible chains 

£asU cause only 

tension in flexible members. X123Y (Fig. 137), sus- 

Consider a flo^ble cord o hayiQg vertica i loads of 

ponded from points X an » : * 3 1 2 . and 3 respoc- 

Wj, W 2 , and W 8 suspended from points J. notatioD 

tively. Denoting the spa • ^ a f B h 0 wn above, the 

by the letters A, B, O, , aud 1 2 or BO must have 

tensions in the strings X ver tically upward, to balance 
a resultant at 1 equal to W, verticany ^1 ^ ’ and c(fc) be 

the load at 1. If . triangl a * d 3 respectively, tbe sides 
drawn for the PT l *' t t “„ a id, as in Art. 103, tbe 
bo and co appear in two included in a single vector 

three vector triangles m y h-ind by the figure abedo. 
diagram, as shown at ^^represent the tensions in the 
The lines ao, bo, co, an { aod D respectively. It a 

Btring crossing tlie "{loXawn^rom o to meet tbe line abed in 
horizontal line, oil, bo d roI)re sents the horizontal coin- 
H, the length of this hn I ^ ^ which is evidently 

ponent of the ten ® lon8 t , whole. ?The tension changes 
constant throughout t & oiuing one by the vector 

Sffit load > Tbe pul1 OQ 
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the support X is represented by ao, the vertical component 
of which is aH ; the pull on Y is represented by od , the 
vertical component of which is Hd. 

A comparison with Art. 34 will show that the various 
sections of the string X123Y are in the same lines as the 
sides of a funicular polygon for the vertical forces W lf W 2 , 
and W 3 , corresponding to the pole o. If different lengths 
of string are attached to X and Y and carry the same loads, 
W 1( W 2 , and W 3f in the lines AB, BC, and CD respectively, 
they will have different configurations ; the longer the 
string, the steeper will be its various slopes, corresponding 
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to shorter pole distances, Ho, i.e. to smaller horizontal 
tensions throughout. A short string will involve a great 
distance of the pole o from the line abed , i.e. a great hori¬ 
zontal tension, with smaller inclinations of the various 
sections of the string. The reader should sketch for 
himself the shape of a string connecting X to Y, with 
various values of the horizontal tension Ho, the vertical 
loads remaining unaltered, in order to appreciate fully 
how the tensions increase in a shortened string. 

A chain with hinged links, carrying vertical loads at the 
joints, will occupy the same shape as a string of the same 
length carrying the same loads. Such chains are used in 
suspension bridges. 

The shape of the string or chain to carry given loads in 
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assigned vertical lines of action can readily be various 
any given horizontal tension, Ho, by drawing the vanoua 
sections paraUel to the corresponding lines radiating from 
o, e.g. AO or XI parallel to ao (Fig. 16 1 ). 

Example 1. A string hangs from * an d^i 

EA ^ ol «e m u _ 

The horizontal distance ZY (Fig. 138) of a U 

■v/ 52_3“2 = 4 feet 



Fio. 138 . 

so that the three loads divide the horizontal span Into font 

'"Let Vx and V Y be the vertical components of the tension 

of the Btring at X and Y respective y equal to 6 lb. 

The horizontal tension >s constant, and equa. 

Taking moments about \ (Fig. 1 ) 

Counter-clock 

vr54‘ft.=(4xlH-(3x2)+(5 X3i+(C x3) Ib.-feet. 
4 V X =4 - 4-6 +15 +18 =43 lb. -ft. 


V x = 


43 lb.-ft. =10 . 75 >b. 


4 ft. 






APPLIED MECHANICS 


304 

Since the vertical and horizontal components of the 
tension of the string at X are known, its direction is 
known. The direction of each section of string might 
similarly be found. Set out the vector polygon abed , and 
draw the horizontal line Go to represent 6 lb. horizontal 
tension from H, aH being measured along abed of such a 
length as to represent the vertical component 10*76 lb. 
of the string at X. Join o to a, 6, c, and d. Starting from 
X or Y, draw in the lines across spaces A, B, C, and D, 
parallel respectively to ao, bo , co, and do (as in Art. 34). The 
funicular polygon so drawn is the shape of the string. 

Example 2. A chain is attached to two points, X and Y, 
X being 1 foot above Y and 7 feet horizontally from it. 
Weights of 20, 27, and 22 lb. are to be hung on the chain 
at horizontal distances of 2, 4, and 6 feet from X. The 
chain is to pass through a point P in the vertical plane of 
X and Y, 4 feet below, and 3 feet horizontally from X. 
Find the shape of the chain and the tensions at its ends. 

Let V x and V Y be the vertical components of the tension 
at X and Y respectively, and let H be the constant hori¬ 
zontal tension throughout. 

Taking moments about Y (Fig. 139)— 

Clockwise. Counter-clockwise. 

V x x7=(G Xl)+ (20 x6)+(27 x3)+(22 Xl) lb.-ft. 

7V X =G +203 lb.-feet.(1) 

Taking moments about P of the forces on the chain 
between X and P— 

Clockwise. Counter-clockwise. 

V x x3=Hx4+(20xl) 

3Y x =4H-t-20 .(2) 

and 28Y x =4H-f812 from (1) 
hence 25V x =792 lb.-ft. 

Y x =31*68 lb. 

H =7Y X —203 =221-76 —203 =18-76 lbs. 

Draw the open polygon of forces, abed (a straight line), 
and set off am from a to the same scale, 31-68 lb. downwards. 
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From m, set off mo to represent 18*76 lb. horizontally to the 

ng The°n the vector ao=am+mo=tension in the chain XZ, 
which pull a at X in the direction XZ. By drawmg X 
parallel to ao, the direction of the first section of the cbam 

is obtained, and by drawing from Z a 11 ^ i.Hinf<1 

to meet the line of action BC, the second section 
Similarly, by continuing the polygon by hnes parallel to 


a+ 
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co and do, the complete shape of the chain between X and Y 

18 Tinftension ao at X scales 37 lb., and the tension od at Y 
scales 44 lb. 

108. Distributed Load. If the ..^”^0^11^ 

•which the same total load is a ^ corresponding to 

137) be increased, the funicular p yfe 8 idcs, approxi- 

its shape will have a larger number indefinitely, to a 

mating, if the number of loads be increased i deim y 

smooth curve. This case corresponds t^ that 

chain or cable hanging bet^en t I cbaia from tbe 

load but its own weight. If tne uip 
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Btraight line joining the points of the attachment ia small, 
the load per unit of horizontal span is nearly uniform 
provided the weight of chain per unit length is uniform. 
In this case, an approximation to the shape of the chain 
may be found by dividing the span into a number of sections 
of equal length and taking the load on each portion as 
concentrated at the mid-point of that section. The 
funicular polygon for such a system of loads will have one 
side more than the number into which the span has been 
divided; the approximation may be made closer by 
taking more parts. The true curve has all the sides of all 
such polygons as tangents, or is the curve inscribed in such 
a polygon. 

The polygons obtained by treating a span as one and 
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as four equal parts, and the approximate true curve for a 
uniform string stretched with a moderate tension, are shown 
in Fig. 140. 

Note that the dip QP would be less if the tensions OH, 
OA, etc., were increased. 

The relations between the dip, weight, and tension 
of a stretched string or chain, assuming perfect flexibility, 
can more conveniently be found by ordinary calculation 
than by graphical methods. 

Assuming that the dip is small and the load per horizontal 
foot of span is uniform throughout, the equilibrium of a 
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portion AP (Fig. 141) of horizontal length x, measured from 
the lowest point A, may be considered. 

Let w = weight per unit horizontal length of cord or chain; 
^vertical height of P above A, viz. PQ (Fig. 141) ; 
T=the tension (which is horizontal) at A , 

T' =the tension at P acting in a line tangential to the 
curve at P. 

The weight of portion AP is then u», and the line of 



action of the resultant weight is midwa> between 
PQ, i.e. at a distance x/2 from either. 

Taking moments about the point I 

T xVQ=u'xxx/2 or Txj/=^ 2 / 2 


y =wx 2 / 2T 

This relation shows that the curve of the string Is a 

"“the tota, dip AB, 
chain, taking moments about N of the 
AN and transposing, 


tc(Z/2) 2 _ wj? 

«»'r U r V 


or 


T = 


trl* 

ft/7 


which gives the relation between the dip, the span, and the 
horizontal tension. 
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Returning to the portion AP, if the vector triangle rat be 
drawn for the forces acting npon it, the angle 9 which the 
tangent to the curve at P makes with the horizontal, is given 
by the relation 

xw st n 

— =- =tan 9 
T tr 


Alan the tension T' at P is T sec 9, or 


T' =T Vl 4-tan 2 9 =T Vl +(wx/T)* = VT* +w*x* 
and at the ends, where x=l/ 2, 


T' = VT*+10*1*14: 

And since T =tcl*/8d, the tension at N or M ia 

"** /, 


wl / l* 

2 V 


+1, or 


+ 


16d 2 


lGd 2 1 8 dV 1 l* 

which does not greatly exceed wl*JSd (or T), if d/l is small. 


Example. A copper trolley-wire weighs $ lb. per foot 
length ; it is stretched between two poles 50 feet apart, 
and has a horizontal tension of 2000 lb. Find the dip in 
the middle of the span. 



Fig. 142. 


Let d=the dip in feet. 

The weight of the wire in the half-span BO (Fig. 142) i9 
25 x £ =12-5 lb. 

The distance of the c.g. of the wire BC from B is prac¬ 
tically 12-5 feet horizontally. 

Taking moments about B of the forces on the portion 
BO, 

2000 lb. xd=12-5 lb. X12-5 ft. 

d =0*07812 foot =0-937 inch. 
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examples 


XI 


1. A roof principal, shown in Fig. U3,- 
B tons in the positions shown. It is sunp y 


loads of 4, 7, and 
supported at the 



extremities of a span of 40 f eet. The total ^ ^ Draw the 
14 feet, and the distAnces PQ and mem ber of the frame, 

stress diagram and find the stress equo j lengths, 

2. A Warren girder (Fig. 144 >« P oJaw the stress diagram 

i^Q/1 of tons as shown, ur** w* 



and scale off the forces in each member ; 
method of sections (Art. 28). 

8. Draw the stress diagram for the 


check the results by the 
roof -frame in Fig. 146 


6000 lb. 








310 


APPLIED MECHANICS 


under the given loads. The main rafters are inclined at 30° to 
the horizontal, and are each divided by the joints into three equal 
lengths. 

4. In place of the loads shown in Fig. 145, the frame has at 
D, E, and C, loads of 2000 lb., 2000 lb., and 1000 lb. respectively, 
all perpendicular to AC. Find the supporting forces at A and B 
if A is hinged and B is supported on rollers. Draw the stress 
diagram. 

5. A chain connects two points on the same level and 10 feet 
apart; it has suspended from it four loads, each of 60 lb., at 
equal horizontal intervals along the span. If the tension in the 
middle section is 90 lb., draw the shape of the chain, measure the 
inclination to the horizontal, and the tension of the end section. 

6. Find the shape of a string connecting two points 8 feet 
horizontally apart, one being 1 foot above the other, when it has 
suspended from it weights of 5, 7, and 4 lb. at horizontal distances 
of 2, 5, and 0 feet respectively from the higher end, the horizontal 
tension of the string being 0 lb. 

7. A light chain connects two points, X and Y, 12 feet hori¬ 
zontally apart, X being 2 feet above Y. Loads of 15, 20, and 25 lb. 
are suspended from the chain at horizontal distances of 3, 5, and 
8 feet respectively from X. The chain passes through a point 7 
feet horizontally from X and 4 feet below it. Draw the shape 
of the chain. How far is the point of suspension of the 15-lb. 
load from X ? 

8. A wire is stretched horizontally, with a tension of 50 lb., 
between two posts (30 feet apart. If the wire weighs 0 03 lb. per 
foot, lind the sag of the wire in inches. 

9. A wire weighing 0 01 lb. per foot is stretched between posts 
40 feet apart. \\ hat must be the tension in the wire in order to 
reduce the sag to 2 inches ? 

10. A wire which must not be stretched with a tension exceeding 
70 lb. is to be carried on supporting poles, and the sag between 
two pojes is not to exceed 1-5 inches. If the weight of the wire 
is 0 025 lb. per foot, find the greatest distance the poles may be 
placed apart. 



CHAPTER XII 

BENDING AND TWISTING 

109. Beams and Bending. In the preceding chapter we 
considered the stresses in structural members which were 
subjected only to loads directed along the line of their 
longitudinal axes. But frequently parts of a structure or 
of a machine sustain loads perpendicular to their axes. 
Such a part is called a beam and its strain or deformation 
takes the form of bending or flexure, although the bending 
may be too small to be visible to the eye unassisted by an 
instrument. We now proceed to consider the stress 
produced in a beam by the straining actions of external 

f °Boam8 are frequently horizontal and the external forces 
exerted upon them vertical, and it will bo convenient to 
speak of beams as horizontal and external forces as vertical 
although in fact they need not be so. 

110. Straining Actions on Beams. Shearing Force and Bend¬ 
ing Moment. Before investigating the stresses and strains 
set up in bending, the straining actions resulting from 
various systems of loading and supporting beams will be 

C °If B: 'weTconsider a beam carrying a number of transverse 


w i :. 2 


W, W 3 vv w. 


Trails 


Fig. 140. 

loads as in Fig. 146. the whole beam is in equilibrium 
the action of the loads W lf W* W if etc., and the 
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supporting forces or reactions Ri and R 2 > further, if we 
divide the beam into two parts, A and B, by an ideal plane 
of section X, each part is in equilibrium under the action 
of forces, and the conditions of equilibrium (Art. 26) apply 
to the forces on either part, provided we include in them 
the forces which the other part exerts on it across the 
section X. Thus the system of forces which keeps the 
part A in equilibrium consists of W lf W 2 , W 8 , and R lf 
together with the forces exerted on A by B across the section 
X in virtue of the state of stress in the beam. We may 
conveniently consider these latter forces by estimating 
their total horizontal and vertical components and their 
moments. We apply the three ordinary conditions of 
equilibrium, Art. 26, and draw three conclusions. 

(1) Since the algebraic sum of the vertical forces on A 
is zero, the total upward force exerted by B on A must be 
numerically equal to the downward external force on A, 
viz. Wj+Wij+Wj-Rj. 

This transverse force exerted upward by B on A (and 
downward by A on B) is called the shearing force at the 
section X and may be denoted by the symbol F; and at X, 

F=W 1 +W 2 +W 8 -R 1 or R 2 _(W 4 +W 6 ). (1) 

since Ri=W 1 -f-W 2 -fW 8 -fW 4 -fW 6 — R 2 . Thus the shear¬ 
ing force at X is equal to the algebraic sum of the vertical 
forces on either side of X. 

(2) Since there are no horizontal forces acting on the 
piece A except those across the section X, the algebraic 
total horizontal component of those forces is zero, or the 
total pull is numerically equal to the total thrust. 

(3) The moment, about X say, of the vertical forces 
exerted on A must be balanced by the moment of the 
forces which B exerts on A. The moment of the external 
vertical forces is called the bending moment , and the equal 
and opposite moment of the (internal) forces which B 
exerts on A is called the moment of resistance at the 
section X which separates A and B. Both these equal and 
opposite moments are denoted by the symbol M. Thus, 
using the notation of Fig. 146, clockwise, 

M=R 1 * 1 -W 1 Z 1 -T7 2 Z 2 -W 8 ? 3 ... (2) 
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and sine© A and B exert equal and opposite moments on 
one another, from the equilibrium of piece B, similarly, 

M=W 4 Z 4 4-W 6 Z 5 -R 2 ^2 

Thus the bonding moment M is the algebraic sum of the 

siiple loading -d support^ t e^.gna - not -jy > 

©ssassasssss 

P ° ™nt of resistance or moment of internal forces exerted 
moment of f/ x ia then opposite, i.e. counter-clockwise.) 

distances along a beam. 

ill Diacrams of Shearing Force and Bending Moment. In 

«"> r< X‘ ££& ofa^mft Unnecessary FZ% 
straining actions at every 

sswwa. ss 

values at any may give 

So-k ■:= 

su ;r;«; a= 

to scale the length of the beim, ^ U»o vertica. ^ 

the bending moments or sbeanng ^^^“^ment and 
Some simple tyP 1 ^ ®* Figs 147 to 152, inclusive. 

“I « moment, F shearing 
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force, and K. reaction or supporting force, with appropriate 
suffixes to denote the positions to which the letters refer. 

Fig. 147 refers to the very simple case of a cantilever 
(i.e. of a beam firmly fixed at one end and free from any 
other support) carrying a single concentrated load W at 
its free end. At any point X distant x from the free end, 
the shearing force (F) is equal to the load W or —W 
according to which sign we adopt. The shearing force is 
constant throughout the length (Z) of the cantilever, and 
the shearing force diagram is a line parallel to the axis 
of the beam and distant VV from the base line of the 
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diagram. The bending moment at X is W#, which is the 
clockwise moment of the external force (W) to the right of 
X, and the bending moment diagram is a line sloping from 
zero value at the free end, where a;= 0 , to a maximum W l 
at the fixed (or wall) end where x=l. 

Fig. 148 shows the diagrams for a cantilever with 
three concentrated loads W lf W 2 , and W 3 , distant l x , Z 2 , 
and Z 3 respectively from the fixed end. Here the shearing 
force increases abruptly or discontinuously at each point 
where a concentrated load is exerted. And at these same 
points the slope or rate of change of the bending moment 
also changes abruptly. Between the loads W x and W 2 , 
the B.M. increases at a rate W x per unit length (or W x ® in x 
units of length). Between the loads W 2 and W 3 , the B.M. 
increases at the rate (W x +W 2 )x for x units of length. 
Notice that the magnitude (apart from sign) of the rate of 
increase of bending moment at any section is equal to the 
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shearing force at that section. Also that the B.M. is 
equivalent to three B.M. diagrams (like that of Fig 14 0 
superposed so that their ordinates are added. These 



end «! 

cantilever. This principle of adding the ordinatea of 



loading 

w per inch run_ 

SHEARING 
FORCE 
Fj«= Wi r 

A 

BENDING 

MOMENT 

M S =JUJX 2 


r/rjr.; sz 

Ca idg 6V r”j shows the diagrams for a cantUever with a 
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uniformly distributed load of to per unit length, say, per 
inch if the lengths are in inches and B.M. in pound-inches. 
At a section X, distant x from the free end, the total load to 
the right of the section is vox , and this is the shearing force. 
The S.F. diagram is a straight line and the maximum 
shearing force is wl at the fixed end, this being the total 
load on the beam. The B.M. at the section X denoted 
by M x is that of a force wx with its c.g. x/2 from the section, 
so that M x —wx x x/2 =^wx 2 , reaching a maximum of \wl z 
when x=l at the fixed end. 

Fig. 150 shows the case of the beam simply supported 
at its ends and carrying a concentrated load W midway 
between the ends. The supporting force at each end is 

A X 



iW, and this is the magnitude of the S.F. from either support 
to the centre of the span, where it changes by the force W 
of opposite sign to of opposite sign. The B.M. at a 
distance x from the centre (t.e. \l—x from the right-hand 
support) is M =Ro(|Z —x) =\SV(\l—x), provided x is not 
greater than \l , t.e. in the right-hand half of the span. 
It reaches a maximum at the centre A. In the other 
half of the span, the B.M. varies in the same way pro¬ 
portionally to the distance from the left-hand support, 
from zero to JWZ. 

Fig. 151 shows the more general case, where the load ia 
not at midspan but distant a from the left support and b 
from the right support, so that a-\-b=l. Here Ri 
=W xb/l and R 2 =W xa/l. The B.M. rises from zero at 
either support to W abjl at the load, following straight lines 
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for Intermediate points; while the S.F. changesirom Bi. or 
w bjl t at tho left-hand support, by an amount o 



opposite sign at the load to Wa/i of opposite sign for the 

remainder of the span. , nf snan l simply 

Fig. 152 shows the diagrams * ^^^niformly 
supported at the ends of the span and carrj my * 




bending 

MOMENT 
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spread load u> per unit length. T J® ^h^right^ond^SK 
are each \wl. At a distance * f ^ giving » 
upward force is and the do\ 
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net upward force to the right of X of \wl—wx or F x = 
t o{\l—x). Here with no abrupt or discontinuous load the 
expression holds good throughout the span, but of course 
its numerical value changes sign at x=\l, i.e. at the middle 
of the span where F=0. The B.M. at X, from moments 
to the right of X, is 


’bl x _='R 2 x—wx x^x = hw(lx—x z ) or \wx{L—x) 

which is a parabola reaching a maximum value tcl 2 /8 
when x = \l , i.e. midway between the supports. 

In each of the foregoing cases it is to be noticed that the 
rate of change of bending moment is equal to the S.F. 
Where the S.F. is constant, the B.M. diagram or graph 
follows a straight lino of constant slope. Where the 
S.F. =0, the slope of the B.M. diagram is zero or passes 
discontinuously through zero with change of sign. Where, 
as in Figs. 149 and 152, the S.F. varies continuously the 
slope of the B.M. diagram is not constant but varies 
continuously. 

The foregoing diagrams by algebraic expressions illus¬ 
trate important relationships and also provide formulae 
for common or standard cases of loading. But in other, 
or in any, cases of simple support, the B.M. and S.F. can 
generally be calculated by arithmetic for given numerical 
data, which may bo illustrated by examples. 


Example 1. A beam freely supported at its ends 
20 feet apart, carries loads of 4, 3, and 5 tons at distances 
of 4, 9, and 15 feet respectively from the left-hand end. 
Find the supporting forces, or reactions, at its ends and 
draw the shearing force and bending moment diagrams. 
Where must an additional load of 2 tons be placed if the 
two supporting forces aro to be equal ? 

The loading is shown at the top of Fig. 153. To find 
It , the reaction at B, equate the opposite moments about 
A. 

R b x 20 ft. =4 tons x 4 ft. +3 tons x 9 ft. +5 tons x 15 ft. 

= (16+27+75) ton-ft. =118 ton-ft. 

Rb = H 8 ft.-tons/20 ft. =5*9 tons 
B A =(4+3+5—5-9) tons =6*1 tons. 
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Shearing Forces. 

A to C, F=E a =61 tons 
C to D, F =6-1-4 =2-1 tons 
D to E, F =6*1-4-3 = -0-9 ton 
E to B, F =61 -4 -3 -6 --5-9 tons (or B b ). 


3 tons 6 tons 



Fio. 153. 


to the loft of the section are positive. 


Bending moments. 

Mc=RaX 4=61 tons X4 ft. =24-4 
M d =6-1 x 9 —4 x5=54.9—20=34- 
M e = 6-1 X10 —4 xll—3 x6 =29-5 


ton-ft. 

9 ton-ft. 
ton-ft. 


OI 10 ‘M^eVtons X 5 ft. =29-5 ton-ft. 


,-rS-fi T *i 
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The B.M. diagram is shown in Fig. 153 and the maximum 
B.M. is at D, viz. 34-9 ton-ft. 

For equal supporting forces with an additional load of 

2 tons, let x be the distance of this load from A. Then 
the total load is 14 tons and each supporting force is 7 tons. 
Equating opposite moments about A, 

7 tons X 20 ft. =4 tons X 4 ft. +3 tons x 9 ft. 

-j-5 tons xl5 ft.+2 tons xx 

2x tons =140—118 ton-ft. =22 ton-ft. 

x=22 ton-ft./2 tons =11 ft. 

The maximum B.M. will now be at D or under the 2 ton 
load (these being most central). 

M d =7 tons x9 ft.—4 tons x5 ft. =43 ton-ft. 

At 11 ft. from A, 

M=7 tons x 11 ft.—4 tons x7 ft.—3 tons x2 ft. 
=77-34=43 ton-ft. 

The B.M. is constant between these two sections, the 
B.M. diagram being a horizontal line and the S.F. bein<* 

zero. (F=7 —4—3=0 or F=7—2—5=0.) ° 

Example 2. A beam 20 feet long is freely supported 

3 feet from the loft end and 5 feet from the right end. 
It carries loads of 4, 7, and 5 tons at distances of 0, 6, and 
10 feet respectively from the left end. Find what load 
must be carried at the right end in order that the two 
supporting forces shall be equal and then draw the B.M. 
and S.F. diagrams. 

The beam and loads are shown at the top of Fig. 154 
>Y being the unknown load at B. 

Total load =4+7+5 +W =16 -fW 

Rc=B d =£( 16+W)=$W+8 tons 

Equating opposite moments about C, since the beam is 
in equilibrium, 



12 tOM-it 



23'0 ton-ft 
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Shearing Forces. 

A to C F =4 tons 
C to E F =4 —10-364 = —6-36 tons 
E to G F=ll—10-36=0-64 ton 

G to D F =16 —10-36 =5-64 tons 

D to B F=5-64—10-36 = —4-72( = —W) 

The S.F. diagram is shown in Fig. 154. We have in this 
case made S.F. positive when the downward forces to the 
left of any section are positive. 

Bending moments. 

M c =4 tons X 3 ft. =12 ton-ft. 

Mg =4 xO —10-364 x3 = —7-09 ton-ft. 

M« = 4 x 10+7 x4—10-304 x7 = —4-55 ton-ft 

M d =4 x 15 +7 X9 +5 x5 -10-36 x 12 =23-64 ton-ft. 
check, 

Mj)=5 x 4-7272 =23-64 ton-ft. 

M b =0. 

The B.M. has here been taken as positive at any section 
when the moment of external forces to the loft of that 
section have a counter-clockwise moment about it. In 
Example 1 wo adopted the opposite convention of signs. 
We have a free choice and physically there is nothing 
essentially negative about any moment. But in this 
example the B.M. changes sign at the sections corresponding 
to the points II and K. Between these points the beam is 
bent concave upwards, and outside of them convex upwards. 

112. Bending Moments and Shearing Forces from Funicular 
and Vector Polygons. The vertical breadths of a funicular 
or link polygon for a system of vertical forces on a horizontal 
beam represent to scale the bending moments at the corre¬ 
sponding sections. This has already been proved in Art. 35, 
for it was shown that in Fig. 22 the moment of Rj, Wj, 
and W 2 at section X is represented by the intercept xl 
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on the funicular polygon. This polygon pqlmicz on the 
sloping base zp is in fact the B.M. diagram for the beam 
with the given loads. This is further illustrated in Fig. 155, 
where, after the reactions R x and R 2 have been determined 
by a trial funicular polygon with any polo or by arith¬ 
metical calculation, the funicular polygon shown has been 
drawn on a horizontal base by making the vector fo in the 


w, w, 



Fio. 165. 


vector polygon horizontal, i.e. by choosing a polo o in the 
same horizontal lino as the point /, which divides the load- 
line abede in the ratio of the supporting forces. The position 
of / can be calculated or found by means of a trial link 
polygon with any pole. The scale of bending moment, as 
explained in Art. 34, is p . q . h lb.-inches to 1 inch where 
the scale of force is p lb. to 1 inch, of distance <j inches to 
1 inch, and the polo distance fo measures h inches. It is not 
necessary to draw the diagram on a horizontal base, but 
the distance h must bo estimated horizontally, and the 
ordinates of bending moment must be measured vertically. 
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The shearing-force diagram is shown projected from the 
vertical load-line of the vector polygon. Thns the S.E. 
across the length corresponding to the space A is Ri 
represented by /a; for space B the S.P. is B-i—W* repre¬ 
sented by fa —ab =fb and so on. 

The same method of drawing the bending-moment 
diagram to as close approximation as is desired is applicable 
to loads distributed either uniformly or otherwise by 



dividing the load into a number of sections along the length 
of the beam, and treating each part as a load concentrated 
at its centre of gravity. The resulting funicuiar polygon 
will be a figure with straight sides, and the curve of bending 
moments is the inscribed (not circumscribed) curve touching 
the sides of the polygon, for the polygon evidently gives 
excessive ordinates at the points of concentration and 
correct ones at the junctions of the parts into which the 
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loaded lengths are divided. Consideration with a sketch 
of an extreme case, say a uniform load throughout the span 
and only two equal divisions, will make this clear. 

Fig 156 shows the bending moment diagram for a beam 
with overhanging ends. The reactions are found as in 
Fig. 21, the most convenient order of lettering and setting 
off the forces on the vector polygon being consecutively 
round the beam. Care is then required in projecting the 
shearing-force diagram, as the forces do not follow in 
consecutive order across the paper. It will be found 
instructive to redraw the vector polygon m such consecutive 
order and project a shearing-force diagram from it. The 
choice of signs in Fig. 156 is, of course, arbitrary Those 
shown are in accordance with the convention used n 
Example 2, Art. Ill, and Fig. 164. 

113 Theory of Elastic Bending. The relations existing 
between the straining force, the dimensions, the stresses 
strains elasticity, and curvature of a beam are under 
certain simple assumptions very easily established for the 
case of simple bending, i.e. flexure by pure couples applied 

to a beam without shearing force. 

Most of the same simple relations may generally be u - < 1 
as close approximations in cases of flexure which are not 
‘‘ simple,” but which are of far more common occurrence, 
the strains involved from the shearing force being negligible. 

A straight bar of homogeneous material, subjected only 
to equal and opposite couples at its ends, has a uniform 
bending moment throughout its length, and it there is no 
shearing force, is said to suffer simple bending. 1 he beam 
will be supposed to bo of the same cross-section throughout 
its length, and symmetrical about a central longitudinal 
plane "in and parallel to which bending takes place. Ii 
Fie 157 central longitudinal sections before and after 
bending and a transverse section are shown, the cross- 
section being symmetrical about an axis i i . 

It will be assumed that transverse plane sections of the 
helm remain plane and normal to longitudinal fibres after 
bending, which is reasonable since the straining action is 

the same on every section. 

Consider any two transverse sections AB and ( I) very 
close together. After bonding, as shown at A B and C D 



326 


APPLIED MECHANICS 


they will not be parallel, the layer of material at AC being 
extended to A'C', and that at BD being pressed to BT)'. 
The line EP represents the layer of material which is neither 
stretched nor shortened during bending. This surface EF 
suffers no longitudinal strain, and is called the neutral 



surface. Its line of intersection ZZ with a transverse 
section is called the neutral axis of that section. 

Suppose the section A'B' and C'D' produced to intersect 
at an angle 6 (radians), in a line perpendicular to the figure 
and represented by O, and that the radius of curvature 
OE' of the neutral surface E'F' about O is R. Let y be 
the height (E'G') of any layer (H'G') of material originally 
parallel to the neutral surface FE. Then 

H'G' _(R+i/)0 R-fy 
E'F'~ R0-R 
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and the proportional strain at the layer H'G' is 

H'G' -HG H'G' —E'F' _(R +y) d-Hd _ y 

e ~ HQ E'F' R0 R 

The longitudinal tensile-stress intensity p at a height y 
from the neutral surface, provided the limit of elasticity 

has not been exceeded, is therefore 

p =E . <j=E . ^.(1) 

whore E is Young’s modulus of elasticity, provided that 
the layers of material behave under longitudinal stress as it 
free and are not hindered by the surrounding material, 
which has not tho same intensity of stress. The intensi y 



I y 

Neutral Z.. L 'S ** 
Sur/nc* V r j — 


B / 
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of compressive stress will be the same at an eqnal distance 
VoTX opposite side of tho neutral surface, prov.ded K 
is tho name in compression as in tension. 

Tho intensity of direct longitudinal stress p at every point 
in Tho cross-sect km is then proportional to its distance from 

tbo neutral axis ” its valued unit distance (i £ at »--1) » 
F/R and it reaches its greatest value at tho boundary 
Furthest fiom the neutral surface. The variation in 
intensity of longitudinal stress Is as shown in Pig. 168, 
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where the arrow-heads denote the direction of the force 
exerted by the portion R on the portion L at the section AB. 
Since the stresses on opposite sides of the neutral surface 
are of opposite sign or kind, they may be represented as at 
aeb. 

114. Position of the Neutral Axis. The beam has been 
supposed subjected to pure couples only, and therefore the 
portion, say, to the left of the section AB (Figs. 157 and 
158), being in equilibrium under one externally applied 
couple and the forces acting across AB, these latter forces 
must exert a couple balancing the external one in the plane 
ol bending. The (vertical) shearing force being nil, the 
internal forces exerted across AB are wholly horizontal 
(or longitudinal), and since they form a couple, the total 
tensile forces must balance the compressive ones, i.e. the 
algebraic sum of the horizontal internal forces must, like 
the external ones, be zero. Putting this statement in 
symbols, we can find the position of the neutral axis. The 
cross-section of the beam in Fig. 157 is symmetrical about 
a horizontal axis, but this is not necessary to the argument. 
Taking any other forms of cross-sections symmetrical about 
the plane of bending YY, as in Fig. 159, let 8a or z . By be an 
elementary strip of its area parallel to the neutral axis ZZ, 
z being the (variable) width of the section. Then, the total 
horizontal force being zero 

E{p . 8a) =0 or 27 (p . z . By) =0 
and since by (1), Art. 113 

E 

p= s .y 

JBI jn 

^27(y.Sa)=0 or ^Z(y.z8y)=0 . . (2) 

the quantity 27(y . 8a) or 27 (y . z . 8y) represents the total 
moment of the area of section about the neutral axis, and 
this can only be zero if the axis passes through the centre 
of gravity or centroid of the section. 

E 

The use of the value ^ . y for p in all parts of the cross- 
section involves the assumption that the value of E is 
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the same In compression as in tension, an assumption 
justified by experiment within the limits of elasticity. 

Assumptions made in the Theory of Simple Bending. It 
may be well to recall the assumptions made in the above 
theory of “ simple bending ” under the conditions stated 

(1) That plane transverse sections remain plane and 
normal after bending. 

(2) That the material is homogeneous, isotropic, and 
obeys Tlooko’s law, and the limits of elasticity are not 

exceeded. 

(3) That every layer of material is free to expand or 
contract longitudinally and laterally under stress, as if 
separate from other layers. Otherwise, E in the relation 
(1), Art. 13, would not be Young’s modulus, but some 
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modified elastic constant; but the relation would otherwise 

remain unaltered. . ... 

(4) That the modulus of direct elasticity (Youngs) has 

the same value in compression as for tensile strains. 

115. Value of the Moment of Resistance. Having found 
the intensity of longitudinal stress (p=E.y/R) at any 
distance y from the neutral axis, and knowing that these 
longitudinal internal forces form a couple equal to the 
bending moment at every section, it remains to express 
the value of the couple, which is called the moment of 
resistance (see Art. 110), in terms of the dimensions o! the 
cross-section, and the intensity of stress produced. 

Using Fig. 150, as in the previous article, the elementary 
area of cross-section, at a distance y from the neutral axis 
is 8a, or z . By, and the intensity of 6tress upon it is 

E 
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The total stress on the elementary area is 

p .8a or p . z . 8y 
and the moment of this stress is 

p . y . Sa or p . z . y . 8y 
and the total moment throughout the section is 
M = 2J{p . y . 8a) or M = 2(p . z . y . 8y) 
and putting 

p=|.y (Art. 113) 

M 27(2/2 * Sa) or • • ( 3 ) 


The sum £(y 2 8a), or ZJ(zy 2 8y), represents the limiting 
value of the sum of the products of elements of area, 
multiplied by the squares of their distances from the axis, 
when the elements of area are diminished indefinitely, 
and is usually called the Moment of Inertia or Second 
Moment of the area of the section about the axis. The 
values of the moments of inertia for various sections are 
dealt with in Art. 117 and Appendix. If we denote the 
moment of inertia of the area of the section by I, so that 

£(y 2 8a) = £(zy-8y) =1 


the formula (3) becomes 

E M E 

M ~K I ° r I “B. (4) 

E T> 

and since by (1), Art. 113, (the stress intensity at 

iv y 

unit distance £r»»m the neutral axis), we have 

P _M _ E 

y~ I”B ‘ • * * 

These relations are important and should be remembered. 
If we put this relation in the form 


. • (5) 


M 


E 


T ' y or g-» 
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we have the intensity of longitudinal stress at a distance y 
from the neutral axis, in terms of the bending moment 
and dimensions (I) of cross-section, or in terms of the 
radius of curvature and an elastic constant for the material. 
The extreme values of p, tensile and compressive, occur at 
the la vers of material most remote from the neutral axis. 
Thus, in Figs. 158 and 159, if the extreme layers on the 
tension and compression sides are denoted by y, and y 
respectively, /, and }, being tbo extreme intensities of 
tensile and compressive stress respectively, 

7 ;'_/*_/«_?? 

y y, Vc l K 



The variation of intensity of stress for an unsymmctncal 

section is shown in Fig. 158 at a e 0 . 0 _„ tnA * r i/>ai 

Modulus of Section. For sections which are symmetr cal 

about tbo neutral axis, the distances y, aad y win be e,,,, ,) 
beinc each half the depth of the section. If ^ denote the 
half depth by y t , and tbo equal intensit.es of extreme or 

skin stress by /i, so that 

M 

y i 


the quantity i is called the modulus of section, and is 

usually denoted by the letter Z, so that 

M=/iZ or fi =M/Z . . • • (') 


the moment of resistance (U) being 

greatest intensity of stress reached and to the modulus ot 


section. 

In the less usual 
modulus of section w 


case of unsymmctrical sections, 
ould have the two values 


the 


I 


I 




332 


APPLIED MECHANICS 


which may be denoted by Z, and Z c , so that the relation ( 6 ) 
becomes 

M=/*Z t ==/ e Z # .( 8 ) 

Example 1. To what radius of curvature may a steel 
beam of symmetrical section, 12 inches deep, be bent 
without the skin stress exceeding 6 tons per square inch 1 
(E =13,500 tons per square inch.) 

Since ~ .\ R =^1 

R Vi A 

?/i being the half depth, which is 6 inches. 

lienee 



13,500 tons per sq. in, x 6 in. 
5 tons per sq. in. 


=16,200 in. or 1350 feet. 


Example 2. If the elastic limit is not exceeded, find the 
stress induced in a strip of spring steel, ^ inch thick, by 
bending it round a drum 2-5 feet diameter! (E =13,500 
tons per square inch.) 



The greatest value of y is i x fs = 4 ^ inch. The radius being 
15 inches 



13,500 tons per sq. in. in. 

15 in. 


=22-5 tons per sq. in. 


116. Ordinary Bending. The case of simple bending , 
dealt with in the previous articles, refers only to bending 
where shearing force is absent, but such instances are not 
usual, and generally bending action is accompanied by 
shearing force, which produces a (vertical) shear stress 
across transverse sections of the beam (see Figs. 147 to 
154, etc.). In such cases the forces across any section at 
which the shearing force is not zero have not only to 
balance a couple, but also the shearing force at the section, 
and, therefore, at points in the cross-section there will be 
tangential as well as normal longitudinal stresses. These, 
however, are relatively small in beams which are Ion® in 
oomparison with their cross-sectional dimensions. ° 
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For most practical cases the foregoing theory of “ Simple 
Bending ” (Arts. 113, 114 and 115) is quite sufficient, and 
gives results which enable the engineer to design beams 
and structures, and calculate their stresses and strums 
with a considerable degree of approximation. It may be 
noticed that in many cases of continuous loading the 
greatest bending moment occurs as a mathematical maximum 
at the sections for which the shearing force is zero (Art. Ill, 
and Figs. 150, 151, and 152), and for which the conditions 
correspond with those for simple lloxure. 

117. Calculation of Bending Stress Intensities. The numeri¬ 
cal calculation of bonding stress intensity in a beam of 
given dimensions duo to a bending moment M is now 



merely a matter of substitution in the expression given in 
Art. 115, viz. at a distance y from the neutral axis the stress 

Intensity is 

p =My/I or M/Zxy/2/i • • • (D 



334 


APPLIED MECHANICS 


and at the outside edge of the section, i.e. furthest from the 
neutral axis of a section symmetrical about the neutral 
axis, p becomes 

/i == My 1 /I or A=M/Z .... (2) 

where Z is the modulus of section. 

The value of the moment of inertia (I), or second moment, 
of area of cross-section, and of the modulus of section Z is 
shown for each of five common forms of section in the 
table on preceding page. 

The expressions for I are readily found by means of the 
integral calculus 1 and the values of Z, by dividing that of 
I by half the depth, i.e. by \d in the case of the rectangle 
and by $D in the case of the circle. Caution is needed in 
the case of the hollow section ; the I is the difference of the 
I’s of the two areas but the Z is not the difference of the 
Z’s of the two areas but the difference of the I’s divided 
by the full depth of the section, e.g. £(BD S — 6d 3 )/D and 
not £(BD 2 — bd-). Hollow sections are economical because 
they have much of their material where stress intensity is 
high, namely, far from the neutral axis. 

The value of Z for a section which is not geometrically 
simple can be found in various ways. Z = £{y~8a)/y l may 
be written Z{yha xy/yi ), which is the total moment of an 
area ; not the area of section but one in which every 
element of area 8a is reduced in the ratio (y/y,) of its dis¬ 
tance from the neutral axis to that of the distance of the 

1 For a rectangular section 

, frf/2 r -id 12 

1=/ by'dy= 6y*/3 = &d’/12 

J-dl 2 L J —d/2 

or A- 0 * = d*/12 Z = I tid=bd*lG 

For a circular area, about » nxis perpendicular to the figure, 
take a: as the radius of an element of width dj 

fv /2 r -i d/2 

I 0 = j 0 X* X 2 trxdx «= ^2rrX 4 /4J = ttD */S 2 

and using theorem (2) of the appendix, this is equal to the sum 
of lx and It, the two equal moments of inertia about diameters, 
hence, 

lx “=It = £Io = */64 (or see (9) of appendix) 

and Z — Ix/JD=trD*/32 
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most distant part of the section from the neutral axis. 
Such reduction can be accomplished graphically or 

arithmetically. 

Example 1. A timber beam of rectangular section is to 
bo simply supported at the ends and carry a loa< o 
ton at the middle of a 16-feet span. If the maximum stress 
is not to exceed $ ton per square inch and the depth is to be 
twice the breadth, determine suitable dimensions. 

The reactions at tho ends are each £ ton, and the beudi i e 

moment at the centre is 

l ton x8 xl2 inches =72 ton-inches 

The modulus of section (Z) is given by 
} ton per sq. in. xZ=72 ton-inches, .\Z=96 (inches) 3 ; 

and if b = \d 

Ibd* =^(13 = 96 (in.) 3 

d =^1152 =10-5 inches nearly 
b= 5-25 inches 

Example 2. The moment of inertia of a symmetrica 1 
section being 2G5t(inch)‘ units, and its depth 24 me 
find tho longest span over which, wlien simply supporte 
a beam could carry a uniformly distributed load of 1 - ton 
per foot run, without tho stress exceeding 7 5 tons per 

6q nT=?pan, tho load per inch run being 1-2/12 or tbl ton 
the maximum bending moment which occurs at mul-Man 

M = i x0T ton per inch x( 2 (inches) 2 =i 2 / 80 ton-inches. 


And since 


M =/, . I, and y 1 =half depth = 12 incl.es, 

2/i 


(2/80 ton inch = 7-6 tons per sq. in.X^H* (inches) 3 

12 =80 X 7*5 X 2654/12 (inches) 2 
= 132,700 (inches) 2 
(=364 inches or 30 ft. 1 in. 




336 


APPLIED MECHANICS 

Example 3. A steel I-section girder is 10 inches deep 
and G inches wide, the flanges being 0-75 in. thick and 
web 0-4 in. If this beam is simply supported at its ends 
over a span of 16 feet, what central load could it carry 
without the bending stress exceeding 7-5 tons per sq. in. ? 

Using the values of I given in the table for this section 
and its equivalent, the hollow rectangle, 

D =10 in., B =6 in., d =10 in. —2 x 0-75 in. =8-5 in. 

6=6 in.—0*4 in. =6*6 in. 

I = (6 xlO 3 —5-6 x8-5 3 )/12 =2561/12 =213-4(in.) 4 

Z =213-4/5 =42-68(in.) 3 

W it>li a maximum bending stress of 7*5 tons per sq. in. 
this will give a moment of resistance of 7-5 ton/(in.) 3 x 
42-68 (in.) 3 =320-1 ton-inches. The greatest B.M. to be 
resisted will be midway between the ends. If W is the 
central load, the end reactions or supporting forces will be 
W/2 and the B.M. at the centre using inch units will be 

JW x8 X12 =48W 

^ once W x48 in. =320-1 ton-inches 

W =320-1 ton-in./48 in. =6-67 tons. 

Example 4. What size of (solid) rectangular section 
with depth twice the breadth would bo required, with 
the same maximum intensity of stress, for the load in 
Example 3 1 And how much more steel would be 
required ? 

7j=bd 2 /6 and if b=d/ 2, Z=d 3 /12 
and this must bo the same as for the I section, viz. 
d 3 /12 =42-6S(in.) 3 or d 3 =12 x42-68=512 (in.) 3 

d = ^/b 12=8 inches; .*.6=4 in. 

Area of section =8 x4=32 sq. in. 

Area of I section =2 x6 x0-75+8-5 x0-4 =12-4 sq. in. 

Ratio of solid to hollow section =32/12-4 =2-58, i.e. the 
solid section is 1-58 or 158 per cent, greater and the weight 
of steel used is 2-58 times as great. This illustrates the 
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wonomy of using an I-section beam. For reasons of 
manufacture, the flanges actually are not rectangular in 
section but are tapered and have rounded corners ; other¬ 
wise the section chosen is representative of a rolled girder 
section. 

118. Twisting. Stress and Strain in Torsion. When a 
cylindrical bar is twisted by equal and opposite couples 
having a common axis which coincides with that of the bar, 
it is subjected to pure torsion. The stress at any point 
in a cross-section is one of pure shear and the strain is siu 1 
that any section perpendicular to the axis of the bar makes 
a small rotatory movement relative to other similar sections. 
The nature of the strain within the elastic limit is illus¬ 
trated in Fig. 160, which represents a solid cylindrical bar 
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in equilibrium under two equal and opposite couples at its 
ends. A line ABC on the curved surface, ongma ly 6 rm 
and parallel to the axis of the bar, after t io 8 ', v _ 

place becomes part of a helix A'BC , which « > aro 

makes an angle <f >i with lines such as A , ‘ 

parallel to the axis ; the constancy ot this ang < 
apparent if the curved surface were devolope * 

plane one, when A'BC' would be a straig i -, . 

angle ^ h, the shear strain (Art. 01) for a l tho >inaLenal 

at the curved surface, and the elastic strain a n 0 


AA'_/, 

0, "AB “N 


(radians) . 



where /. is tho intensity of shear stress (?) at tho surface, 
and N is the modulus of rigidity (see Art. 0/). 
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For any point such as D, distant r from the centre of the 
cross-section, the shear strain <f> and intensity of shear 
stress q are similarly connected by the equation 




(radians) 



The radial line originally at OA, after straining occupies 
a position A'O, the angle of twist AOA' being 6 in a 
length A13 or l. If the radius of the bar is R, from (1) 

„ AA' 16, 

= (radians) . . . (3) 

and similarly from (2) 

„ DD' 16 , 

6=-=-? (radians) .... (4) 

From (1) and (3) 

.(5) 

and from (2) and (4) 

... r0._ 

q=^=jN .( 6 ) 

the intensity of shear stress on the cross-section being at 
every point proportional to the distance r from the axis, 
varying from zero at the axis to the extreme value/, at the 
circumference. 


119. Relation between Twisting Effort, Torsional Strain and 
Stress. The relation between a given torsional straining 
action and the effects produced within the elastic limit 
on a cylindrical bar of given dimensions may be calculated 
from the principles of equilibrium and the formula) of the 
previous article. Considering the equilibrium of the 
piece EGIIF of the circular bar, Fig. 100, the only external 
forces upon it are those of the couple T at the end AGH, 
and those exerted by the piece lxEFL in the shear stress 
across the plane EBF ; hence the latter must reduce to a 
couple of magnitude T, and of opposite sense to that 
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applied at the end AGH. If Fig. 161 represents the ring, 
force on an elementary ring of radius r and width Br is 

q x2tt rSr 

and from (5) and (6), Art. 118 

q=f• • r / R 

hence q X 2-nrBr =f t . 277T 2 Sr/R 

and the moment of this about the axis is 

ST =27r/ 4 r 3 Sr/R 

Dividing the whole section into elementary concentric 



Fio. 101. 


rings and summing the moments, the total couple exerted 
across the section is 


T=2 J d j\3 dr= ^ R3 or • (1) 

where D or 2R is the diameter of the bar. The quantity 


f R 

2771 r 3 dr=7rR 4 /2 or 

is the polar moment of inertia 
about the axis (written I 0 i n 


7rD 4 /32=J (say) (1 a) 

of the area of cross-section 
the footnote to Art. 11<)» 


and (1) may be written 

T=f t JJR=qJlr or /,=TR/J and q=Tr/J . (2) 

It should be remembered that if, say, inch units of 1 g 
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are used for the dimensions and for the same units 
must he used for T (pound-inches or ton-inches). 

In this form (2), the close analogy between the relations 
connecting the couple, stress, and dimensions for torsion 
and those for bending (Art. 115) is apparent, and the 
quantity J/R may be called the polar or torsional modulus 
of a solid circular section. 

From (5), Art. 118 


- _T.I 

R . N N . J 


or 


32TJ 

77D4N 


(radians). 


or T/NJ radians per unit length ; also in degrees 


583TJ 

ND 4 


degrees . . . . 




the amount of twist being proportional to the length, and 
inversely proportional to the (polar) moment of inertia (J) 
of cross-section about the axis, i.e. in a shaft of solid circular 
section, inversely proportional to the fourth power of the 
diameter. The product NJ to which the amount of twist 
is inversely proportional, may be called the torsional 
rigidity of the shaft. 


Example 1 . What torque must be exerted on (and by) a 
shaft 2 inches diameter if the maximum shear stress pro¬ 
duced is 5000 lb. per sq. in. ? 

From (1), T=(tt/16) X5000 lb. per sq. in. x23(inches) 3 
t= 7,8o4 lb. -in. 


Example 2. What maximum shear stress will there be 
in a steel shaft which is twisted through an angle of one 
degree in a length of 20 times the diameter of the shaft if 
N =12,000,000 lb. per sq. in. ? 

From (3) since 6 is tt/ 180 radians and J/2R =20 or J/R =40, 
/-“i8o X 40 *12,000,000 lb./(in.) 2 =5236 lb. per sq. in. 

Note that this is independent of the diameter of the shaft 
if twist per 20 diameters is specified. 
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120. Shaft Diameters for Power Transmission. In the 
transmission of power through a shaft, the product of the 
mean twisting moment or torque multiplied by the an„le 
turned through in (radians) gives the work transmitted. 
Hence, if T is the mean twisting moment in pound-inches, 
caused in transmitting horse-power (h.p.) at n re\o u ion 

per minute 

12 x33,000 Xh.p. 


T = 


2?m 


( 1 ) 


The maximum twisting moment will generally ^ con¬ 
siderably in excess of this amount, as ! n ® omo 

usually varies considerably in driving of a ' V , tL 
ratio of the maximum to the mean torque bo adopted, t 

ma ximum twisting moment will be 


— _ 'P - x coefficient 

n 


( 2 ) 


and for a shaft transmitting torsion only 

stress), if /, bo the intensity of safe maximum shear st.ess, 
from (1), Art. 109 




a common value of this coefficient for h,oel s'been 

about 3-3. When the maximum twisting ^Xoo to '^.oOO 

estimated, common working values of/, -i the constant 
lb. per square inch. Suitable vahies of /, or of tho co sta it 

in (3) will be found in manuals of mu ^|„ 

long shafts the condition that the taw* ‘ . larger 

shall bo within some assigned hunt may i( ‘ f shear 

diameter than considerations of maximum 

stress. 

Example 1. Find tho maximum intcnsity of^ tor*>«» ^ 
shear stress in a shaft 3 inches diame 

60 h.p. at 80 revolutions per , ““JThat 

is the greatest twist in degrees per foot of length 
=12 xlO® lb. per square inch f 
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Using inch units, 

Mean twisting moment 

=work per minute/radians per minute 
=50 x 33,000 xl2 inch-lb./(80 x2tt) radians 
Maximum twisting moment 

T=l*40 x 50 x33,000 X 12/(80 x2tt) lb.-in. 
=55,125 lb.-in. 

Maximum intensity of shear stress 

T-H* > 3 /16) 

=55,125 x 16/2777 lb. per sq. in. 

=10,400 lb. per sq. in. 

Maximum twist per 12 inch length 

=32 x55,125 X 12/(77 x3 4 xl2 xl0°) radian 

Maximum twist in degrees per ft. 

_32x55,125x12 180 __ 

= ^X 81x12x10* X ^T =0 ' 398 dc - ree 

Example 2. What h.p. is transmitted by a shaft 
3 inches in diameter at 80 revolutions per minute if the 
twist is constant at 20° in a length of 50 feet if the 
modulus of rigidity is 12,000,000 lb. per sq. in. ? 

Twist in radians on 50 ft. length ( 9) 

=20 X 77/180=0*349 radian 
Peripheral displacement at surface 
=1-5 xO-349 inch. 

Shear strain (0) on length 50 xl2 inches (see Fig. 160) 

=1*5 xO-349/600 =0*00OS725 radian 

Shear stress at shaft surface <J t ) 

=0-000S725 X 12,000,000 
=10,270 lb. per sq. in. 
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Torque T (in lb.-in.) 

=10,270 lb./sq. in xn X3 3 /1G (in.) 3 
=10,270 Xtt x 27/16 =54,400 ib.-in. 
h.p.=54,4G0 x2tt x80/(33,000 xl2)=G913 h.p. 


121 Hollow Circular Shafts. The intensity of stress in a 
circular shaft beiug, for all points in a cross-section, pro¬ 
portional to the distance from the axis, when the material 
at the outside of a solid shaft reaches the maximum sate 
limit of stress, that about the centre is only carrying a 
much smaller stress. In the case of a hollow shaft the 
stress intensity is, as before, everywhere proportional to 
the distance from the axis, but it varies from a maximum 
to some smaller value, but not to zero. With the same 
magnitude of maximum stress the average intensity of 
stress is greater, and consequently for a given cross-sectional 

area a greater torque can be resisted. 

Pet Hi or Di/2 and It., or D.,/2 be the external and internal 

radii respectively of ^ hollow sl.att; then Art. 119 (1), 
integrated between limits, gi\es 


T=2,r uJm 2 /,_ KT 1 o'* • D. 

the value of J in (2) and (3), Art. 119, being 

77 (R 1 * —R^ 4 ) 


( 1 ) 


J = 


O 


for a hollow shaft. The angle of twist 
e _251?-_ (radians) =K77T^lJ _ n dc S rec3 * (2) 

Comparing the strength (or twisting resistance for a given 
extreme, intensity of stress) per unit area of cross-section 
or per unit weight of a hollow shaft with that of a solid 
shaft, both having the same external diameter 


h 


ollow . R i 3 _ 1 ,/gj iV 

jolid lt,(Iti 2 —It* 2 ) ' Iti 2 \ K V 


solid 


•which tends to the limiting ratio 2 as It* approaches lt lt 
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t.e. in a thin tube. The ratio of the torsion rigidities of the 
two shafts is the same as that of their strengths. 

Example 1. What horse-power could be transmitted by 
a hollow steel shaft 12 inches external and 8 inches internal 
diameter at 120 revolutions per minute if the maximum 
torque exceeds the mean by 30 per cent, and the maximum 
shear stress is not to exceed 8000 lb. per sq. inch ? What 
would be the maximum angle of twist on a length of 

20 feet of the shaft if the modulus of rigidity of the steel 
is 12,000,000 lb. per sq. inch f 

Maximum torque 

=8000 lb. per sq. in. X7r(12« —8*)/(16 xl2) (inch)* 
=8000 x it x 208 x80/192 lb.-in. 

=2,179,000 lb.-in. 

Mean torque 

=2,179,000/1*3=1,676,000 lb.-in. 

h.p. at 120 r.p.m. =120 x2tt x 1,676,000/(12 x33,000) 

=3192 h.p. 

Shear strain at outside surface 

=8000/12,000,000=1/1500 radian 

Movement of point on surface relative to one 20 feet 
(axially) away 

=20 x 12/1500 =0*16 inch 
Angle of twist (on 6 in. radius) 

=0*16/6 radians 
=0*16 x 180/(6 X7r)degrees 
=1*528 degrees. 

Art h 121 Ing ° n th ° provious “aximum torque, from (2), 


fl __ 583 X2,179 ,000 x240 x32 

77(124-8^) xl2,000 ,000 =1 ‘ 528 degrees. 
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Example 2. Find the diameters for a hollow 6haft to 
transmit 4000 h.p. at 100 revolutions per minute if the 
ma ximum stress is not to exceed 8,000 lb. per square inch 
and the maximum torque exceeds the mean by 40 per cent. 
Take the internal as 0-6 of the external diameter. How 
much more steel would be required for a solid shaft with the 
same limit of stress t 

Maximum torque 

=1*4 x work per min./angular speed in radians per min. 

=1-4 x 4000 x 33,000 x12/200t r lb.-in. 

=3,530,000 lb.-in. 

Let Djt be the external diameter; 0-6 D 1 =intornal 
diameter. 

Polar modulus of section 

=7r{I) 1 4 —(0-GDj) 4 }/16D 
=ttD 1 8 (1 —0 1296)/16 =0 1709Di 8 

Maximum torque 

=0*1709D 1 8 x8000 lb./sq. in.=13G7D 1 8 lb./sq. In. 

Equating this to above maximum torque 

Dj3 =3,530,000/1367 (inch) 8 =2582 (inch) 3 

External diameter Dj = ^2582 =13*72 inches 

Internal diameter =0-6D 1 =8*23 inches 

(say, 13*75 in. and 8*25 in.) 

For a solid shaft of diameter D, the torque is 

8000 lb. per sq. in. x ttD 3 /16 =3,530,000 lb.-in. 

D 3 =3,530,000/1571 =2247 (in.) 8 

D =-$ / 2247 =13*1 in. 

The ratio of weight of solid to hollow shaft « that ,of 
their cross-sectional areas, viz. 13-1 2 /(13 <2 8 23 ) 

=171*6/120*5 =1*421, that is, the solid shaft requires 
42*1 per cent, more steel than the hollow one. 
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EXAMPLES XII 

1. A cantilever 12 feet long carries loads of 3,7,4, and 0 tons at 
distances 0, 2, 6, and 8 feet respectively from the free end. Find 
the bending moment and shearing force at the fixed end and at 
the middle section of the beam. 

2. A cantilever 10 feet long weighs 25 lb. per foot run, and 
carries a load of 200 lb., 3 feet from the free end. Find the 
bending moment at the support, and draw the diagrams of 
shearing force and bending moment. 

3. A beam rests on supports 10 feet apart, and carries, including 
its own weight, a load of 2 tons (total) uniformly distributed over 
its whole length and concentrated loads of 1£ ton and J ton, 
5 feet and 9 feet respectively from the left support. Find the 
bending moment 4 feet from the left-hand support, and the 
position and magnitude of the maximum bending moment. 

4. A horizontal beam, AB, 30 feet long is supported at A and at 
C 20 feet from A, and carries a load of 7 tons at B and one of 10 
tons midway between A and C. Draw the diagrams of bending 
moment. Where is the B.M. zero between A and C ? 

5. A girder 40 feet long is supported at 8 feet from each end, 
and carries a load of 1 ton per foot run throughout its length. 
Find the bending moment at the supports and at mid-span. 
Sketch the curve of bending moments. 

0. A beam 18 feet long rests on two supports 10 feet apart, 
overhanging the left-hand one by 5 feet. It carries a load of 
5 tons at the left-hand end, 7 tons midway between the supports, 
and 3 tons at the right-hand end. Find the bending moment at 
the middle section of the beam and at mid-span. 

7. If the beam in the previous example carries an additional 
load of 1 ton por foot run between the supports, find the bending 
moment at mid-span. 

8. Find the greatest intensity of direct stress arising from a 
bending moment of 90 ton-inches on a symmetrical section 
8 inches deep, the moment of inertia being 75 (inch) 4 units. 

9. Calculate the moment of resistance of a beam section 
10 inches deep, the moment of inertia of which is 145 (inch) 4 
when the maximum intensity of stress reaches 7-6 tons per 
square inch. 

10. What total distributed load may be carried by a simply 
supported beam over a span of 20 feet, the depth of sectiou 
being 12 inches, the moment of inertia being 376 (inch) 4 , and the 
allowable intensity of stress 7-5 tons per square inch ? What 
load at the centre might be carried with the same maximum 
stress intensity ? 

11. A wooden beam of rectangular section 12 inches deep and 
8 inches wide has a span of 14 feet, and carries a load of 3 tons 
at the middle of the span. Find the greatest stress in the material 
and the radius of curvature at mid-span. E=800 tons per 
square inch. 
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12. What should he the width of a joist 9 inches deep if it has to 
carry a uniformly spread load of 250 lb. per foot run over a span 
of 12 feet, with a stress not exceeding 1200 lb. per square inch ? 

13. A floor has to carry a load of 3 cwt. per square foot. The 
joists are 12 inches deep by 4J inches wide, and have a span of 
14 feet. How far apart may the centre lines be placed if the 
bending stress is not to exceed 1000 lb. per square inch ? 

14. Over what length of span may a rectangular beam 9 inches 
deep and 4 inches wide support a load of 250 lb. per foot run 
without the intensity of bending stress exceeding 1000 lb. per 

square inch ? , _ _ . . 

15. A beam of I section 12 inches deep has flanges 0 inches 
wide and 1 inch thick, and web i inch thick. Compare its 
flexural strength with that of a beam of rectangular section of 
the same weight, the depth being twice the breadth. 

10. A rolled steel joist 10 inches deep has flanges 0 inches wide 
by | inch thick. Find approximately the maximum intensity of 
stress produced in it by a load of 15 tons uniformly spread over a 

span of 14 feet. # . . , 

17. Find the bending moment which may be resisted by a 
cast-iron pipe 0 inches external and 4 j inches internal diameter 
when the greatest intensity of stress due to bending is lo00 lb. 

per square inch. , , . _ . , 

18. To what intensity of shear stress will the steel of a 3 o inches 
diameter shaft be raised if it is twisted through 1 in every 0 feet, 
if the modulus of rigidity of the steel is 12 , 000,000 lb. per square 

19. What torque will produce a shear stress of 8000 lb. per 
square inch in a shaft 3 inches in dtameteri* Through what 
angle would the shaft be twisted in a length of 10 feet if the 
modulus of rigidity is 12 , 000,000 lb. per square inch? 

20. A shaft is required to transmit 100 li.p. at 76 revolutions 
per minute. What diameter must it be in order to limit the shear 
stress to 8000 lb. per square inch if the maximum torque greeds 
the mean by 30 per cent. ? I f the modulus of ngidit^ is 12,000,000 
lb. per square inch, what is the maximum angle of twist in a 10 feet 

21 Find the maximum shear stress produced in a shaft 

3 inchS diameter which transmits 80 h-P- £ 

per minute if the maximum torque is 1-26 times the mean. 

22 What intensity of shear stress will there be in a shaft 
10 inches external arfd 8 inches internal diameter subjected to a 
torque eff 4 000,000 ton-inches? What will be the twist in a 
length 20 times the external diameter if N 1- x 10 lb. per 

B<1 23 re A n hollow shaft is to transmit 400 li.p. at 80 revolutions 
per minute If the shear stress is not to exceed 8000 lb. per 
square^nch and the internal is 0 0 of the external diameter, find 
the external and internal diameters assuming that the maximum 
torque la 1-4 times the mean. 



APPENDIX I 

Moments of Inertia and Radii of Gyration. Two theorems 
are valuable in calculating moments of inertia or radii of gyration 
of solids or of plane figures about different axes. 

Theorem (1). The square of the radius of gyration of a solid 
body about any axis exceeds that about a parallel axis through its 
centre of gravity by the square of the distance between these two 
axes. Thus if ko is the radius of gyration of a body about an axis 
through its centre of gravity and k is the radius of gyration about 
any parallel axis distant l from the c.g., then 

k* =ka , + l i .(1) 

or I =Io +MI*.(2) 

where I is the moment of inertia of a mass M about an axis distant 
l from the c.g. and Io is moment of inertia about a parallel axis 
through the c.g. of the body. 

Similarly k*=ka*+l* .(3) 

and I*=Io+Ai*.(4) 

where I, Io, k and ko relate to the moments of inertia (or second 
moments) of an area A about any axis and about an axis in the 
same plane and distant l from the central one, i.e. the axis through 
the c.g. 

Theorem (2). The sum of the squares of the radii of gyration of 
an area about two mutually perpendicular axes in its plane is 
equal to the square of the radius of gyration about an axis through 

the intersection of the other two 
axes and perpendicular to the 
plane of the area. Thus if kx 
and kr are the radii of gyration 
of an area A, about axes OX and 
OY respectively, and ko is its 
v radius of gyration about an axis 
* OO' through O (Fig. 102) and 
perpendicular to the plane of the 
area shown (and to the diagram) 
Fio. 162. Then A- 0 * =k x * + A*y» . (5) 

Also Io =Ix +It • (0) 

where Io = AA 0 *, I x — Akx* and ly —Aki *, these being the moments 
of inertia (or second moments) of the area A about the axes O, OX, 
and OY respectively, the axis O being perpendicular to the plane 
of the area, i.e. to Fig. 102. For if 5A is an element of area A at P 

r*SA —x t SA +i/*8A.(7) 

r(r s .SA)=27(**.SA) + .E(y , .SA) ... (8) 

which is equivalent to (0) above or dividing throughout by A 
gives (5). 

Circular Area. From (1 a) Art. 110, where D =2R, 
I-o = J = nD */32 =ttR‘/ 2. Hence, about a diameter, 

Ix =It = J/2 = 7rlt 4 /4 
A* = (7TR«/4)H-(7rR*) = R=/4 . 
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• • (9) 
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1 Show that the effort P lb. required to pull a body weighing 

wVb. upTslope inclined at an angle 0 to the 

by P = W (sin 0 + u cos 0), where u = the coefficient of In 

between the body and the slope- . .. 1 a 

A lifeboat weighing 25 tons is pulled up aia " 1 P ,I1< ; ltd jj (le 
to the horizontal by a winch at a speed f* iciu>n 

b 0 Wl?en r ia d uncl.ing the lifeboat what will be the free aec,;lerati. ; .. 
of the lifeboat down the ramp/ 

iiKutl.tf a 

Determine (a) the velocity, ... maRn" uJe ■».,.1.1■» 
tteZSS. £> Wir^^uea-t to 

3. A, B and C are three points in the .gme pj-neto a ri K M 

body having plane motion. AH •> *’ locity of 26 ft./sec. in 
At a certain instant A is mount . . . ,. .....vine in the 


\ — 1 

magnitude and direction of the velocity 

4. (a) In a velocity-time- curve state V.v'The area 

curve at any point represents. W » • and the ordinates 

between the velocity-time curve, the time axis, aim 

“N^A^mov^rUh uniform acceleration passes posts J 
mile apart as follows: 


lie apart as follows: . «120 sec. 

First post, 0 sec.; second post, <0 sec. • | . u P nd Us speed when 
Determine the acceleration of the 11 am (N.C.T.E.C.) 

1 HKimr t.lio first Dost. 
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0. Explain the function of a flywheel which is fitted to a 
reciprocating type engine. 

The turning moment diagram for a petrol engine is drawn to 
the following scales: turning moment, 1 in. to 100 lb. ft.; crank 
angle, 1 in. to 25°. The fluctuation of energy between the crank 
positions for minimum and maximum speeds corresponds to an 
area of 0-95 in. 2 of the turning moment diagram. Determine 
(«) the fluctuation of energy, (6) the weight of the flywheel 
required to prevent a fluctuation of speed greater than ±0-5®o 
from the mean speed of 1000 r.p.m. if the radius of gyration is 
5 in. (U.L.C.I.) 


7. A solid rectangular door of uniform thickness is 2-5 ft. wide 
and weighs 150 lb. It is hinged about a vertical axis on one of 
its longer sides. If a constant force of 10 lb. is applied normal to 
the plane of the door at a horizontal distance of 25 in. from the 
hinge, determine («) the moment of inertia of the door about the 
vertical .axis through its hinges, (b) the angular acceleration of 
the door, (c) the time taken for the door to open through 135°. 
Assume thickness of door is small and air resistance is negligible. 

(U.L.C.I.) 

8 . The flywheel of a shearing machine can be considered as a 
solid disc 5 ft. diameter and 0 in. thick. It is made of cast-iron 
of density 0-20 lb. per cu. in. and revolves at 120 r.p.m. Deter¬ 
mine the uniform torque required to get up speed from rest in 
2-5 min. 

If the work done in shearing a plate is 15 ft.-tons, what will be 
the speed of the flywheel after shearing, assuming that no other 
energy is supplied? (U.L.C.I.) 

0. In an experiment on a flywheel, a weight of 14 lb. was fixed 
to the end of a cord which was wound round the axle. The weight 
was allowed to fall vert ically from a height of 4 ft. and the time 
required for the weight to reach the ground was 8 0 sec. On 
reaching the ground the weight became detached fi'om the cord 
and the flywheel allowed to come to rest. The total number of 
revolutions made by the wheel from start to rest was GO. The 
effective diameter of the axle was 2 in. and the weight of the 
flywheel was G5 lb. Assume the frictional torque to be constant. 

Calculate the radius of gyration (in inches) of the flywheel and 
the time taken, after detachment of the weight, for the llvwlieel 
to come to rest. (U.L.C.I.) 


10. A swing bridge weighs 750 tons and swings about a pivot, 
tlu* radius of gyration of the bridge about the axis of rotation 
being 02 ft. The bridge has to be turned through 90° in 70 see¬ 
the first 30 sec. being a uniform angular acceleration period, the 
next 20 sec. a uniform angular velocity period, and the remaining 
20 sec. a uniform angular retardation period. Determine (a) the 
maximum angular velocity of the bridge during a swing, (5) the 
angular acceleration, (c) the magnitude of the torque necessarv 
to produce the angular acceleration. (U.L.C.I.*) 

Two trucks travelling in the same straight line collide 
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and remain locked together after impact. Truck A weighs 
100 lb. and has a velocity of 10 ft. per sec. due East. ruck 
B weighs 150 lb. and has a velocity of 0 ft. per sec. due West. 
Determine the magnitude and direction of the velocity of the 

trucks after impact. , 

What is the total kinetic energy of the trucks («) before impact, 
and ( b) after impact? Account for any difterence between (a 
and (b). (A.t.l.E.C.) 

12. A pullev weighing 40 lb. and having a radius of gyration 
of 10 in. has the following weights attached to it: 4 lb. at 10 in. 
radius; 7 lb. at 10 in. radius; 5 lb. at 14 in. radius; and 8 lb. at 
10 in. radius. Determine the radius of gyration of the complete 

S> lVthe outside diameter of the pulley is 24 in. and a force of 
03 lb. acts in the periphery of the wheel, what will !>.* t he angu ar 
acceleration of the system? '*'• • ■ 

13. A train, weight 250 tons, moving with a uniform velocity 

of 40 m.p.h. along a horizontal track, begins to climb up an in¬ 
clined bank having a slope of 1 in 80. During the climb the engine 
exerts a constant tractive force of 5,000 lb. whilst the resistances 
to motion remain constant at 15 lb. per ton weight of the tiain. 
Determine how far the train will climb up the bank before coining 
to a standstill. Give your answer in feet. . i ■> 

14. Define Potential Energy. Kinetic Energy, and Work, 

stating the units in which they are measured. , 

A lorrv weighing 15 tons is descending an incline 10 It. l air, 
having a*slope of l in 10. The speed of the lorry at tw;top<>f»e 
incline is 20 m.p.h. Calculate the energy . issipated n b inging 
the lorry to rest at the bottom of the incline and tin a\ -J«k 
force exerted by the brakes over the *10 ft. 

15. A flywheel weighs 10 tons and has a radius of gyration 

of 3 ft. Find the tinuMaken for the flywheel to reach a speed of 
300 r.p.m. from rest if friction and J 

subjected to a constant torque of ojio lb. ft. . * 

number of revolutions the wheel would make in <-« - ^ ^ 

from 300 r.p.m. under the action of a friction torqu x.(’/1'7e.(’.*) 
it. 

in Define moment of momentum. 

A flywheel and shaft of total weight j.ton and radius ofgyra «» 

4 ft. are rotating in fixed bearings at 300 r.p.m. . n °* 

clutch on the shaft another similar system of suddenly 

of total weight 2 tons and radius gyration > ft. is su< ; ldc > 
connected t<» the first shaft. If the second Ay«d.eel and sh. ft a 
initially at rest find the new common speed of ftn 

loss in kinetic energy in the system due to the o (K.M.E.U.) 

17. Two bodies weigh 5 lb. and 3 lb. ^■spectively 
light strings 0 ft. long, side by side and just in contact. 1 I t|H .^ of 
weight is drawn asides keeping (he string taut * f| * w is t j ieil 
gravity is raised through a vertical distance of -1 
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released and on impact the two masses adhere. Calculat-e: (a) 
the velocity of 5 lb. weight just before impact; (6) the common 
velocity immediately after impact; (c) the loss of kinetic energy 
on impact; (d) the vertical height through which the centre of 
gravity of the combined system will rise; ( e) tension in the string 
carrying the 5 lb. weight just before impact. (E.M.E.U.) 

18. The total weight of a truck, including its four wheels, 
is 14 tons. Each wheel weighs 0-25 ton and may be assumed to 
be a solid disc 30 in. diameter. Calculate how much work is 
done on the truck on a level track in increasing its velocity 
uniformly from 15 m.p.h. to 30 m.p.h. Determine also the accel¬ 
erating force if the truck moves 400 yd. during the operation. 

(E.M.E.U.) 

19. Two masses of 20 lb. each are joined together by a string 

4 ft. long, and are placed in contact with each other on a rough 
horizontal table. The coefficient of friction between the table 
and the masses is 0-2. A string from the mass nearer the edge 
of the table is carried over a pulley at the edge, and at the other 
end of this string is a mass of 5 lb. If this latter mass is released 
calculate: (a) the maximum velocity of the 5 lb. mass; (b) the 
velocity of the system just after the string between the 20 lb. 
masses has tautened; (c) the tension in this string during the 
motion after it has tautened. 

Assume that the 5 lb. mass does not strike the floor and that 
the string is in line with the centres of the 20 lb. masses. 

o . (E.M.E.U.) 

20. A flywheel weighs 4000 lb. and has a radius of gyration of 

5 ft. It is acted upon from rest by a constant torque for 1£ 
minutes after which time it is rotating at 240 rev./min. 

Calculate the value of the torque, the kinetic energy and the 
moment of momentum of the flywheel at 240 rev./min. 

If the torque is now removed and the flywheel is uniformly 
retarded by a brake which brings it to rest in 100 revolutions, 
calculate the retarding torque exerted by the brake. (E.M.E.U.) 

21. A cage weighing 2.000 lb. is lowered down a mine shaft 
which is 4,000 ft. deep. The cage moves with uniform acceleration 
for ten seconds, then with a constant velocity for fiftv seconds, and 
linally retards at a uniform rate for fifteen seconds* at the end of 
which time it rests on the bottom of the shaft. Calculate the 
tensions in the hoisting cable during the three stages. (U.E.I.) 

22. State the units in which the moment of inertia of a fly¬ 
wheel may be measured. A flywheel weighing 1 ton has a radius 
<>1 gyration of 2 ft. Calculate: (a) the torque necessary to increase 
the speed of the flywheel from 200 rev./min. to 400 rev./min. 
m 20 seconds, assuming uniform acceleration, and (6) the average 
horsepower absorbed by the flywheel during this time. (U.E.I.) 


23. I he rim of a flywheel is 48 in. external diameter, 40 in. 
internal diameter and 0 in. wide. It is connected to the hub by a 
solid web. (a) If the specific weight of the material is 0*-25 
lb./in- 3 determine the moment of inertia of the flywheel, stating 
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clearly the units employed. Work from first principles or prove 
any formula used. (The effect of the web and hub is to be 
disregarded.) (b) Calculate the energy in ft. lb. stored in the 
flywheel when rotating at 000 rev./min. (L.E.I.) 

24. (a) Assuming the formula for centripetal acceleration, 

show that the height A of a conical pendulum is given by h = (j/w. 
where is the angular velocity of the pendulum in radians per sec. 

(6) A simple governor has arms 10 in. long pivoted on the axis 
of the governor spindle. Find the governor speed in r.p.m. 
when the arms are inclined to the spindle of the governor at an 


What would be the angle of inclination of the arms to the 
governor spindle when the speed of the governor increases to 
70 r.p.m.? (iN.t.l.EX.) 

25 An engine weighing 200 tons travels around a curved 
track of 1,400 ft. radius. The centre of gravity of the train 
is 0 ft. above the rails which are 4 ft. 0 in. apart. \\ orking 
from first principles, determine the super-elevation of the outer 
rail if side thrust is to be eliminated at the maximum allowable 
speed of 30 mp.li. You may assume the expression for centripetal 

aC Explain with the aid of a diagram the forces which are acting 
on the engine whilst travelling round the bend, giving then- 
values. , (A.C.I.E.t.) 

20. Deduce an expression for the stress produced in a thin 

rotating rim due to centrifugal force. . 

A cylinder, which can be considered as a tlnn shell, is made 
of steel plate 0-375 in. thick and 0 0 ft. diameter, and is rotated 
about its horizontal axis. If the factor of safety is to be 8 and 
the ultimate stress of the steel used is 30-4 tons/in. , determine the 
maximum allowable rate of revolutions of the cylinder. Density 
of steel = 484 lb./ft. 3 (U.L.t .1.) 

27 Deduce an expression for the height of a conical pendulum 
or simple Watt governor when rotating at an angular speed of 

° J Abob^s'suspended from a point by a cord and rotated as a 
conical pendulum at 35 rev./min. and the radius of the path of 
the bob^is 24 in. Determine the length of cord required. 1ft u 
tension in the cord is 8 lb. calculate the weight of tbebi’b^ , } 

28. A four-wheeled, two-axled railway vehicle weighs 30 
tons and travels round a curve of 090 ft. radius at 40 in.p.h. 
Determine the side pressure of the wheel flanges on the rails. 

The distance between the wheel tracks is 5 ft. arid the cent- »■ 
of gravity of the vehicle is on the vertical through the cent ic of 

round thta curve at 00 m.p.lr. and mamtaln equal pm»urc on 
each wheel. 

12 
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29. Deduce an expression for the stress produced in a thin 
rotating rim due to centrifugal force. 

A flywheel 4-5 ft. mean diameter weighs 222 lb. and can be 
considered as a thin rim 5 in. wide by 1 in. thick. Determine the 
hoop stress produced in the rim of the flywheel when rotating at 
COO rev./min. (U.L.C.I.) 

30. Show that the “height” of a conical pendulum is depen¬ 
dent only on the speed of rotation. 

A roundabout has a number of carriages hung from a rotating 
roof by means of chains 12-ft. long. The upper ends of the chains 
are attached to the roof on a pitch circle of 10-ft. radius. Find 
the greatest speed at which the roundabout can operate if the 
angle which the chains make with the vertical is not to exceed 
20 degrees. (U.E.I.) 

31. Show that when a body moves in a circular path of radius 
R with a linear velocitv V, the centripetal acceleration is equal 
to Y-l R. 

The width between the wheels of a motor car is 5 ft. and when 
the car is loaded, its centre of gravity is 21 ft. above the ground in 
a plane midway between the wheels. I f the maximum cocllicient of 
friction between the tyres and the road is 0-5 show that the car will 
sideslip and not overturn when cornering at speed on a level road. 

Calculate the greatest speed at which a bend of 50 ft. mean 
radius can be negotiated without side slip. (U.E.I.) 

32. Define the term centripetal acceleration. 

The road surface of a hump-backed bridge has a radius of 
curvature of 27 ft. Calculate the greatest speed at which a car 
can cross the bridge without the wheels leaving the surface, if 
the centre of gravity of the car is 3 ft. above the ground. (U.E.I.) 

33. A locomotive has its centre of gravity 4 ft. above the rails 

which are 5 ft. apart. At one section of the track the rails are 
at the same level and have a radius of curvature of 300 ft. At 
what speed would the locomotive overturn? At another section 
of the track where the radius of curvature is 1,800 yd. the outer 
rail is elevated in order that there shall be no lateral thrust on the 
rails at 00 m.p.h. (Show by means of a diagram what forces 
are acting on the loco.) Determine the difference in level of the 
two rails. (E.M.E.U.) 

34. Obtain an expression for the acceleration of a body moving 
in a circular path with constant speed. 

A 2 lb. mass is attached to a cord 2 ft. long and it is whirled 
round in a vertical circle at a speed of 120 rev./min. 

Calculate the tension in the cord when the mass is: (a) at the 
top of the circle. ( b ) at the bottom of the circle. 

Determine also the greatest speed at which the tension in the 
cord just disappears. Show the forces acting on the 2 lb. mass 
in its lowest position. (E.M.E.U.) 

35. A body weighing 10 lb. oscillates in a horizontal straight 
line with simple harmonic motion. The amplitude of the oscilla¬ 
tion is 30 in. and the maximum horizontal force acting on the 
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body is GO lb. Determine («) the frequency of the oscillations of 
the body per minute, (b) the velocity of the body at a point 18 in- 
from the mid-position, (c) the time taken for the bod > Y 

18 in. from one extreme end of the oscillation. (l 

3«- „ A ^ d ^Som"nt b ;.f a i2 ”nX c ££ .rf™ 

Hon the velocity ami acceleration of the body are lo ft./sec. and 

10 DetermtaVl« P )“hr'number of oscillations made per minute. 
(6) the amplitude of the motion, (r) the maximum x c l<»cit > « t t h 
body, (d) the maximum force acting on the b»«l>. ) 

37 Show that the periodic time for a complete oscillation of a 
body moving with simple harmonic motion ,s given by: 

y displacement 
acceleration ’ 

The reciprocating Parts tdan^ engine, weigh 200 

stroke is 10 in. Win n ' t , e reciprocating parts is 400 lb. 

position the force ac^cl i ^ 8 t\ ^ catin} , parts is simple 

Assuming of the crankshaft in revolutions 

^“S^^^-anium velocity of the 

38. A weight W is hung on 

tSSS f< W*ct the weight Of the 

spring- . , on the end of a helical spring and is set 

A 3 11>. weight s 8 V M , nakc . s 108 complete oscillat ions 
vibrat i ng verticall > • stiffness of the spring in pounds per 

per n^imuni extension of the spring during the vihratuni 

is^in. calculate the — at dis^— 

* from o?a body moving m a straight line with 

••Simple Harmonic a stroke of 3 ft. and the recipro- 

The piston of an «jM« , f tho crank shaft makes 250 r.p.m. 

eating parts weigh <, >0 . i n <-rtia of the reciprocating parts at 

find the force to overcome tilt in ua »i I velocity 


crank has turned - M ^ 
'-r'^rr^rioduf vibration. T. of a simple pendulum 


of length L, is given by T 


'J: 


Hence or otberwi.se deduce the lonirt.m inches, of tl.o^ nnpl 
pendulum having a period of two seconds. 

4 1. Define .Simple llarmonic Motion., ^ ( |b/in is clampc d 

A vertical helical spring bavn fe' J 'J { lb attached to the 
at its upper end and carncs 
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lower end. The weight is displaced vertically a distance of 1 in. 
from the equilibrium position and released. Determine the period 
of the resultant vibration and the maximum velocity attained 
by the weight. * (U.E.I.) 

•12. The piston of an engine is assumed to move with simple 
harmonic motion; the engine makes 300 r.p.m., the crank is S in. 
and the piston weighs 12 lb. Calculate the following: (a) 
accelerating force on the piston at the end of the stroke; (b) 
accelerating force on the piston at quarter stroke; (c) velocity of 
the piston at quarter stroke. (E.M.ElU.) 

•13. Define Simple Harmonic Mot ion and prove that the periodic 
tune of vibration of a body moving with simple harmonic motion 
is given by: 

_ 0 _ / displacement 
•v acceleration * 

A body weighing ISO lb. is oscillating in a horizontal direction 
with simple harmonic motion of amplitude 3 ft. and periodic time 

Determine the maximum horizontal accelerating force. 

(E.M.E.U.) 

14. Derive an expression for the position of the centre of 
pressure of a vertical plane surface, immersed in a fluid, in terms 
"• the first and.second moments of the area. 

A dock gate is 12 ft . broad and the water rises 12 ft. on one side 

; in, !h ° n the 4 V ther above its lower edge. Determine the 
resultant force on the gate due to fluid pressure and the point at 
which this resultant acts. Density of water 02*4 lb./ft. 3 

. (U.L.C.I.) 

4;>. State the Principle of Archimedes. 

From one end of a balance is suspended a solid piece of iron 
and fjoin the other is suspended a solid piece of copper, so that 

m i tn V'\ ,,y , ,mmors 7 l m a vessel containing oil weighing 

40 lb./ft. ami balance each other. The specific giavitv of iron 

Sf IroSTlO 11 i„v* an 8 8 resIK ' ctivel >’ the volume of the piece 

Find the volume of the piece «.f copper. 

1 ft. 3 of water weighs 62 5 lb. 


(E.M.E.U.) 

A vertical sluice gate 3 ft. wide and 4 ft. deep has its upper 
ft below t lie free surface of t be water. If the gate is held 


16. 

edge 10 at. u„u« I.IV live surface ot the water. If the gate is nem 
in position by one bolt at the top and one bolt at the bottom of 
th«^ calculate the force in each bolt. 

62 -r» lb./ft. 3 (E.M.E.U.) 


Water weighs 


\ to a lb./ft. 3 flows alon R a pipe from a point 

is >< lit 1 i , " 1 V‘ P'PO dm meter is 4 in. and the pressure 

: f , V • ahs a,Mi al H ' w, Hch is t; ft. below A, the diameter is 

of tim'o 1 !n V°r Ur ° ,S 25 l V lU - X nbs - determine (a) the velocity 
f the ol1 ’ Iu fect P er second, at A, ( b ) the quantity of oil flowing 
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along the pipe in gallons per minute, (c) the total energy of the 
oil at A, in foot pounds per pound, assuming that the horizontal 

through B is the datum level. (1 ft- 3 of oil = 0 21 gallons.) 

( L 1 .L.C.l.) 

48. The centre of a sharp-edged orifice 0-5 in. diameter, is 
situated 32 in. below the surface of the water in a tank with 
vertical sides and containing water to a depth of 30 in. Assuming 
a coefficient of velocity of 0-98. calculate how far the water in the 
jet issuing from the orifice will fall in moving horizontally a_ dis¬ 
tance of 27 in. from the vena contracta. If the diameter of the 
jet at the vena contracta is 0-395 in. determine the coefficient of 
contraction. Also calculate the weight of water discharged.in 
10 min. assuming the head of water above the orifice remains 
constant. [1 ft. 3 of water weighs 02 1 lb.] (U.L-A.l.) 

49 State Bernoulli's theorem for the flow of a perfect incom¬ 
pressible fluid. Establish a formula for the theoretical discharge 
of water through a Venturi meter placed in a horizontal pipe-line. 

A Venturi meter is 0 in. diameter at the entrance and 2 in. 
diameter at the throat. The difference in pressure between the 
entrance and the throat is equivalent to 4•;» in. of mercury. 
Determine the discharge, in gallons per minute, assuming no 
frictional losses. Density of water 02 4 lb./ft. , 1L gal. ° f 
weighs 10 lb. and the specific gravity of mercury is 13 0. (U.E.C.l.) 

50 Define the terms: («) "limit of proportionality”, and (5) 

“TpUc usnd'foi^thc' foundation of a building is made from a 
cast-iron cylinder 12 in. outside diameter, thickness 1 in. I he 
inside of the cylinder is filled with concrete. 1ft he load carried >> 
the pile is 100 tons, find the stresses in the cast iron ami tin. 

C °[Young's modulus of elasticity for cast iron = 12 x l,) - 
per sq. in. Young's modulus of elasticity for concrete = 3 x 10 

lb. per sq. in.] 

51. Deduce expressions for the stresses produced in the 
longitudinal section (hoot) stress) and the transverse section 
(axial stress) of a thin cylindrical shell subjected to an internal 

PI A cylindrical shell 8 ft. internal diameter is constructed of mild 
steel plate 1 J in. thick and having an ultimate tensile stien^th 
of 20 8 tons/in. 3 It is subjected to an internal pressure of 180 
Ib./in. a gauge and the efficiency of the longitudinal joint. s .0 /0 . 
Determine the factor of safety used in designing the 

12* 
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in the punch during the piercing operation. Assume the modulus 
of elasticity for the material of the punch to be 30 x 10 s lb./in.- 

(U.E.l.) 

53. The sides of a step ladder weigh 10 lb. and 30 lb., are S ft. 
long and are joined at their centres by a rope 4 ft. long. The 

ladder rests on smooth ground. , 

Determine: (a) the tension in the rope, and (b) the magnitude 
and direction of the reaction at the hinge, when a man weighing 
120 lb. stands on the heavier side at a distance of 2 ft. down the 
ladder measured from the hinge. (U.E.l.) 

T (y Q 

54. Prove the relationship-y = -r—in connexion with simple 

torsion, where T is the torque which twists a solid, round shaft 
of length L through an angle 0. J is the polar second moment of 
area of the shaft section and G the modulus of rigidity of its 
material. 

Determine the maximum allowable horse-power which can be 
transmitted by a (>-in. diameter, solid shaft running at 210 r.p.m., 
when the maximum permissible shear stress is S.000 lb. per sq. in. 
The shaft carries a coupling having six bolts on a 10 J-in. diameter 
pitch circle. 1 )etermine the diameter of the bolts if the maximum 
shear stress in the bolts must not exceed 01 tons per sq. in. 

(N.C.T.E.C.) 

55. Determine the external diameter of a hollow shaft required 
to transmit 10,000 h.p. at 50 r.p.m. if the maximum allowable 
shear stress is 3 tons/in., and the internal diameter is 0*5 of the 
external diameter. 

What will be the angular deflexion of the shaft in degrees in a 
length of 10 ft. while the horse-power is being transmitted? 
[Modulus of rigidity = 12,000,000 lb./in. 2 ] (N.C.T.E.C.) 

5th A circular shaft is subject to pure torsion. Establish a 
relationship between the angle of twist and the shear stress 
produced. 

A shaft of 3-0 in. diameter when transmitting a torque twists 
through an angle of 3*1 over a length of S ft. and the maximum 
shear stress induced in the shaft is 10.000 lb./in. 2 Determine the 
modulus of rigidity of the material of the shaft. 

What will be the shear stress induced in the shaft at a radius 
of 10 in.? (U.L.C.I.) 

57. A steel bar, 1*25 in. by 0*20 in. rectangular cross-section 
and S ft. long is laid symmetrically on two knife-edges at the same 
level 5 ft. apart, with the 1*25 in. dimension horizontal. A load 
of W lb. is hung at each end. 

Sketch the bending moment diagram for the bar and show 
that the portion of the bar between the supports bends to form 
a circular arc. Determine the radius of this circular arc and the 
value «>f W if the maximum stress due to bending is not to exceed 
S.ouo lb./in. 2 The modulus of elasticity of the material of the 
bar is 13,200 tons/in. 2 (U.L.C.I.) 
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58. A horizontal beam ABC. 30 ft, long, is simply supported at 
the points A and B. The beam carries a uniformly distil but. d 
load of 1 ton/ft, between A and B and a concentrated load of W 
tons at C. AB = 20 ft.; BC = 10 ft. Determine the value of 
W if the bending moment at the centre of the beam is to be zero. 

Using this value of W sketch (not necessarily to scale) tin- 
shear force and bending moment diagrams for the beam and 
determine the position and magnitude of the maximum bending 
moment on the beam. (U.e.e.i.j 

59. The external diameter of a hollow shaft is equal to twice 
the internal diameter. When transmitting 1,000 h.p. at a speed 
of 150 rev./min. the angle of twist of the shaft must not exceed 1 
over a length of 20 times the external diameter. Determine the 
required internal diameter if the modulus of rigidity of the 

material of the shaft is 5,500 tons/in.* „ . 

Also calculate the maximum shear stress induced in the mat* i lal 

of the shaft when transmitting the above power. (U.E.C.l.) 

00. The floor of a room is supported on timber joists spaced 

3 ft. apart, centre to centre, each being I> ft . long betwe<?J 1 . s VA* P a ° 
The floor load, including the weight of the flooi, is 240 lb./ft. and 
the^oistsare 10 in. deep by 1 in. thick. The I in. edge is horizontal. 
1 Determine the value of L if the maximum stress produced in 

the beam <lue to bending is 1,000 lb./m. , t i o in 

What will be the maximum stress produced at a depth of - in. 
from the top face of the above beam? te .i^.v .i.j 

01. A hollow shaft is 0 in. external and 3 in. internal diameter 
respectively and rotates at. 180 rev./mm. Determine («) the 

that can bn tran»n..tt«d by the sm f t .f 

the maximum shear stress m the material isi »t to ^ceed 8,000 
lb /in * ( b) the angle of twist over a length of 20 ft. when tin 
shaft is transmitting the maximum horse-power, ^e modulus 
of rigidity of the material is 12 x 10 lb./m. 

oo'rtd lt h i£ Z en^ 

(including its weight) of »t ttDi mk**^^'* 5 im 

by 1 in., tho total 1 doj,th of tte «- » - ^ 

SS'S 1 "S&r&ho 1 - w If tb. is 

material of the beam due to bending is not to cxc 
lb./in. 2 

03 A horizontal beam ABCD, 30 ft. long, is simply supported 
. the points B and C. The beam carries a u.nformly distnbuted 
ail of 1 ton/ft. over the whole length. AB - 4 ffc, CD t. 


at 

sllb nijear force and bonding 

m ^3y C *caIculatnf determfnc *t 1 le^ioints between'the support*of 
zero bending moment anil the maximum value of the 
moment between the supports. 
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64. A horizontal lever 5 ft. long is made of solid steel bar of 
circular section. A vertical force of 75 lb. is applied at one end 
whilst the other end is held rigid. Determine the required 
minimum diameter of the bar if the ultimate tensile strength of 
the steel is 29 0 tons/in. 2 and a factor of safety of 8 is used for 
bending stress produced. 

.-Also determine the radius of curvature to which the loaded 
bar will bend at the section just outside the support. Modulus 
of elasticity of the steel is 13,000 tons/in. 2 (U.L.C.I.) 

65. The angle of twist of a solid shaft is not to exceed 1° over 
a length equal to 20 times the diameter of the shaft and the 
modulus of rigidity of the material is 11-5 x 10 s lb./in. 1 

Determine (a) the maximum shear stress produced in the 
material of the shaft. (6) the required diameter of the shaft to 
transmit 200 h.p. at 240 rev./min. (U.L.C.I.) 

66. A uniform shaft weighing 40 lb./ft. is supported in bearings 
7 ft. apart and carries a flywheel weighing 490 lb. at a distance of 
3 ft. from one bearing. Sketch the shear force diagram and 
determine the position and magnitude of the maximum bending 
moment in the shaft when it is stationary. 

If the shaft rotates at ISO rev./min. and the centre of gravity 
of the tlywheel is 0-3 in. from the axis of the shaft, determine 
the maximum forces on the two bearings. (U.L.C.I.) 

07. A beam ABCD is 35 ft. long and is simply supported at 
13 and C. The dimensions AB, BC and CD being 5. 20 and 10 ft. 
respectively. The beam is loaded throughout its length by a 
uniformly distributed load of 0-7 ton per foot and a concentrated 
load of 5 tons placed midway between the supports. Draw to 
scale the shearing force and bending moment diagram for the 
beam. (U.E.T.) 

68. Establish the formula — = for a beam subjected to 
simple bending. 

Determine the maximum uniformly distributed load a simply 
supported timber beam, 15 in. deep by 10 in. broad, cnn carry 
over a span of 10 ft. if the maximum permissible bending stress is 
300 lb. in. 3 (U.E.I.) 

09. A hollow shaft having internal and external diameters of 
2 and 3-5 in. respectively, transmits 2,000 h.p. when revolving at 
2.000 r.p.m. The shaft is connected to another shaft by a simple 
flange coupling having eight bolts on a pitch circle of 7 in. diameter. 
Determine the minimum permissible diameter these bolts may 
possess, if the shear stress in the bolts is not to exceed 7.500 lb. in. 3 

Calculate the maximum shear stress in the shaft under normal 
working conditions. (U.E.I.) 

70. Explain carefully the meaning of the term second moment 
of urea ami state the units in which it may be measured. A steel 
pipe 4 in. external diameter and 4 in. thick is used as a beam to 
span a distance of 8 ft. («) Calculate the greatest central point 
load the pipe can carry if the longitudinal stress in the material is 
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not to exceed 8 ton in.’ (6) Compare the strength of this> bemn 
with that of a solid rod of the same cross-sectional area. (U.E.i.) 

71. Prove the formula qlr = T/J = G8/L for a circular shaft 

and state clearly the meaning of each of the symbols Q 

H'he omneller shaft of a car is in the form of a hollow tuDe _ n . 
diameter and 1 in. thick. Determine the maximum shear stress m 
the tube when the shaft transmits <0 horsepower at a speed ,^ 

4,000 rev./min. . ' " , 

72. A beam AB, 20 ft, long is freely s u PIJ>*ted at its| ends 
A and B. It carries a uniformly spread load of 2ton ft. fi n A 
the centre C, and also a concentrated load of J- tons at 

B. («) Sketch the shear force and V‘‘ ,u . lin ^ i “° ,n V/ State the 
and insert on the diagrams the principal '• lhus - . l bt ( y E .I.) 
position and value of the maximum bending moment. ( 

73. A steel beam 12 ft, long rests symmetrically on suppoits 

8 ft. apart, and carries equal loads, \\ ’ C ",^‘ ck \[ we |, 5 in. 

of I section having ‘ ^^^^i.^'d^I the maximum allowable 
thick and an overall depth 01 14 2 rlI1 ; no j n tons, 

longitudinal stress in the beam is J va i[ lo „f \V. 

the greatest permissible value of W. < ) . . the centre 

calculate the height of the beam above the . 11 • (U.E.I.) 

of the span. Assume E = 13,500 ton/m.* (U 

74. A hollow propeller shaft transmits 2..>0i» JV**is two- 

speed of 120 rev./min. The internal dmn e «* .llowible shear 

thirds of the external diameter, and t 1 l . M ' l ! ia , x in .s 

stress in the material of the shaft is . f( 1 ( /,) ti„- 

Determine («) the external diameter «»1 the shall . ami ^ > 

angle of twist over a length of 10 ft, if the shear moi u s } 

lb./in . 2 

75. A beam ABCD is simply supported at B; «"d f j' ;l '.p,',. 

and the overhanging parts AB and o * f (ons ft. run 

beam carries a uniformly distributed ■ i. a „i of i) tons at D. 
between A and C and there is a concent. ^ vdUu dm l diapi . aIMS . 
Draw to scale the shearing force and bendin* mo (E .m E .l .) 

76. A rolled steel joist of I section has the following dimensions. 

Ton flange 0 in. wide X 1 in. «leep. 

Bottom flange 1 in. wide x 1 in. deep. 

Web i 111 • wlcle x 1 1 1 1 

It is used as a beam freely supported ” l ! '‘, lt Jj 4 n t each 

an 12 ft. There is a concentrated load ' f fl . 

two points, one point being 2 ft. and the other point u 

from the left-hand support. Rtw , ss the beam and also 

Calculate the maximum bending stit»s in loaded 

determine the radius of curvature at the coin. 

b<i young’8 Modulus of Elasticity for material = 13, ' I0 ( e.M?K.&’.) 
sq. in. 


8 pan 
of 
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77. The maximum shear stress in a hollow shaft 5 in. external 
diameter and 3 in. internal diameter is 4 tons per sq. in. when it 
is transmitting 320 h.p. Calculate the angle of twist on a 2 ft. 
length of the shaft and the speed of the shaft for the above 
conditions. 

Modulus of Rigidity of shaft material = 12 x 10* lb. per sq. in. 

(E.M.E.U.) 

78. A beam 18 ft. long rests on two supports 10 ft. apart and 

overhangs the right-hand support by 3 ft. There is a concentrated 
load of 0 tons at the left-hand end and concentrated loads of 8 
tons at 9 ft. and 12 ft. from the left-hand end. In addition each 
overhanging portion of the beam carries a uniformly distributed 
load of 1 ton per ft. run. Draw to scale the bending moment 
and shear force diagrams. (E.M.E.U.) 

79. Prove the relationship which exists between the shear 
stress and the corresponding angle of twist of a round bar in 
torsion. 

A solid steel shaft. 2 in. diameter is subjected to torsion and the 
maximum shear stress induced is 4 tons per sq. in. 

Calculate the angle of twist per foot length of the shaft if the 
modulus of rigidity of the shaft material is 5.200 tons per sq. in. 

(E.M.E.U.) 

80. A beam of T section is used as a horizontal cantilever with 

the Hang© uppermost. The flange is 8 in. wide and 2 in. deep, 
and the web is 2 in. wide and 10 in. deep. If the cantilever carries 
a downward distributed load of 1 ton-ft. over its whole length, 
calculate the maximum length if the maximum stresses due to 
bending are not to exceed 5 tons per sq. in. in tension and 8 tons 
per sq. in. in compression. (]£ M.E.U.) 


ANSWERS TO APPENDIX II (page 349) 

1. 10-9 h.p.; 0 0259?/. 

2 . («) 41 •(>;» ni.p.li. 20° \\ . of N.; (b) 41 miles; (c) 10-25 min. 

?' flrad-/sec. ; (5) IS ft./sec.; (c) 32-25 ft./sec. at 70° to BC. 

4. ()-2ol ft./sec.*; 28 93 ft./sec. 

5 . («) 190-5 Lb.-ft.; (b) 33,530 ft.-Lb.; (r) 24 sec. 

6 . (a) 41-50 ft.-Lb.-. (5) 27-4 lb. 

1‘ ( 1 ,] 21 Ui ra<1 - sec. 9 ; (c) 1-48 sec. 

in' r pm * 9 - 7 n in.: 59-8 sec. 

*?• 1" ' { k) « s <U *« rc ‘ e s <*c.*; (<•) 104-2 ton-ft. 

JJ* (Eastward); («) 239-1 ft.-lb.; (b) 0-021 ft.-lb. 

12 . lo-ol 2 ;> in.; lS-Oo rad. sec . 2 13. 5004 ft. 

14. 5S3.300 ft.-lb.; 14,582 lb. 15. 393-3 sec.; 4,097 rev. 



ANSWERS 


3G3 


16. 150 r.p.m.; 137,400 ft.-lb. 

17. (a) 12 037 ft./sec.; ( b) 7*525 ft./sec.; (c) 4*22 ft.-lb.; (d) 
0-8787 ft.; ( e ) 8-75 lb. 18. 732,300 ft.-lb.; 010 lb. 

19. («) 3*21 ft./sec.; (6) 1-78 ft./sec.; (c) 25 lb. 

20. 8(37-4 lb.-ft.; 981,000 ft.-lb.; 2,513,000 lb.-ft. 2 rad./sec.; 
1,502 lb.-ft. 

21. 1,002 lb.; 2,000 lb.; 2.205 lb. 22. 2,914 lb.-ft.; 10-Oa li.p. 
23. (a) 87-3 lb.-ft. sec. 2 ; (6) 172,300 ft.-lb. 24. 02-24 r.p.m.; 44'. 
25. 2-319 in. 26. 909 r.p.m. 27. 37-40 in.; (5111 lb. 

28. 82 m.p.h.; 13° 40'. 29. 1,919 lb./in. 2 30. 8-71 r.p.m. 

31. 19-34 m.p.h. 32. 21 *19 m.p.h. 33. 52-98 m.p.h.; 2-072 in. 

34. 17-00 lb.; 21-00 lb.; 38-3 r.p.m. 

35. (a) 70*03/min.; (b) 20-84 ft./sec.; (c) 0-1305 sec. 

36. («) 95-48/min.; (6) 1-803 ft.; (c) 18*03 ft./sec.; ( d) 111*0 lb. 

37. 119-7 r.p.m.; 8-353 ft./sec. 38. 0 9928 lb./in.; 19/9 in. 
39. 17,500 lb.; 15,210 lb.; 19-04 ft./sec. 40. 39-laO in. 

41. 0-3907 sec.; 10-04 in./sec. 

42. 245-2 lb.; 122-0 lb.; 18-13 ft./sec. 

43. 4-597 lb. 44. 40,440 lb.; 4-005 ft_. 45. 8 /74 cu. in. 

46. Lower bolt 4,750 lb.; upper bolt 4,250 lb. 

47. («) 22-2 ft./sec.; (b) 725-0 gal./min.; (r) 02-21 ft.-Lb. lb. 

48. 5-92 in.; 0 0241; 409*5 lb. 49. 148 9 gal./mm. 

50. Cast iron 03-77 tons (1-845 ton/in. 2 ); concrete 30 23 tons 


(0-401 ton/in. 2 ). 

51.0-004. 52. 1 in.; 0-3100 in.-tons. 

63. 03*5 Lb.; on light side 80 8 Lb. inclined 52 to vertical. 

54. 1,292 li.p.; 0*97 in. 55. 21-08 in.; 0-3;>40 . 

56. 11-82 x 10« lb./in. 2 ; 0,007 lb./in.* 57. 300-0 in ; 3- 1 0 1 Lb. 
58. 5 tons; 50 ton-ft. (at 14). 59. 3*754 in.; a.391 Lb./in. 

60. 7*80 ft.; 000 Lb./in. 2 61. 908 4 li.p.; 3-0ab . 


62. 2*34 tons. 

63. 0-883 ft. from 14.; 1*883 ft. from C; 3/ 12 > ton-ft. 

64. 1*708 in.; 258*0 ft. 65. 5,017 Lb./in. 2 ; 3 /0 in. 

66 . R a = 497*2 Lb.; Un = 407-9 Lb 68. /.,() Lb./ft 
69. 0-018 in.; 8,379 Lb./in. 2 70. <«) 1-132 tons; < b) 2-302 
71. 1,090 Lb./in. 8 72. 01 ton-ft., 8 ft. from A. 

73. 12-9375 tons; 0 128 in. 74. 9-70 in.; 1 083 . 

76. 0-448 tou/in.*; 9,317 in. 77. 0-4100 ; 10a 1 r.p.m. 
79. 0 530°. 80. 9*217 ft. 


run. 
t imt*s, 



ANSWERS TO EXAMPLES 


Examples I (p. 20) 

1. 350,000 ft.-lb. ; 800,000 ft.-lb. 

2. 1,300,000 ft.-lb. 3. 5340 in.-lb. 

4. 39,390 lb.-in. 6. 90-6 r.p.m. 

6. 374-6° ; 0-482 second. 


Examples II (p. 63) 

1. Tension 21-08 lb. ; pressure 33-4 lb. ; 19-7° to vertical. 

2. 0-1236. 3. 30°. 

4. 15-3 lb. at hinge ; 8-25 lb. at free end. 

5. 3950 lb. at A ; 2954 lb. at C. 

6 . 11-2 lb. cutting AD 2-1 in. from A, inclined 19-3° to DA. 

7. 4-3 tons ; 3-46 tons ; 40-7° to horizontal. 

8 . 8-2 tons compression ; 4-39 tons tension ; 4 tons tension. 

9. 8-78 tons tension ; 25-6 tons compression ; 21-2 tons tension. 

10. 7-70 lb. ; 10-25 lb. ; 8-26 lb. 

11. P = 3584 lb. ; 3985 1b.; 1905 1b. 

13. 17-7 tons left ; 11-3 tons right. 

14. 21-0 lb. ; 134° clockwise. 

15. 2-52 in. from outside of flange. 

16. 3 07 in. 17. 1188 ft.-lb. 

18. 75,600 ft.-lb. 19. 2510 ft.-lb. 


Examples III (p. 

1. 103-4 lb. 2. 

3. («) 40-5 li.p. ; (6) 5-1 h.p. 4. 

5. 125-7. 6. 9 8 tons. 7. 

8. 18,095 lb. 9. 

10. (</) 48 per cent. ; (6) 52 per cent. ; 

11. P =0-09 +0-072W. 12. 

13. sin 6 ; T/(2Z sin 0). 


93) 

79-3 lb. 

39-6 lb. 

4-0 tons. 

6750 r.p.m. 

(c) 53 per cent. 

26 lb. ; 4-90 ft./sec.». 


Examples IN (p. 110) 

1. 4-5, 14-0 and 11-4 ft. per sec. 3. 0-84 and 0-68 ft./(sec.)*. 

4. 77-3 ft. ; 2-9 sec. 

5. 24 ft./sec. ; 71-05° forward; 25-6 ft./sec. at -71-10° to 

horizontal ; 146 ft./sec.* at 34° to vertical. 

6. Radial w r r ; tangential ar ; resultant rVw r +a r inclined 

tan -1 (a/<u*) to the radius. 

7. 3-07 ft./sec. ; 1-31 radian/sec. ; 012 lb.-ft. 
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ANSWERS TO EXAMPLES 
~P tamp i.es V (p. 150) 

I'. 23 * 44 ‘ft./sec. ; 255,000 lb. 4. 1005 ft./sec. 

?: lb ': 

9. 2-132 lb. (force) ft.-sec.* or 68 00 lb. (mass) ft. , 0 S3 in. 

10. 140-8 revs. 11 * 7 <1 ,n ' 

12. Acceleration 
W 

W_. 

1!: looiloo f£lb. ; (a) 2138 ft. i (6) 1009 ft. 

lo~ 994:?Tb.-ft‘ b ' ‘ 6220 lb ' I’- 

18! 7-6 ft.-lb. ; (O) 6-38 ft./sec. ; (5) 5 5G ft./sec. 


,Q roV Q 11« «’ J 1 

deration ?(W, — W,)/(Wi+W, +W^ 1 / r,) 5 

■ 1 (2w,-w 1 fc , /' ,, )/(Wi+;ji+5J»f a ( r , * 

,(2W, +W,k > lr*)l(\V 1 +W, + « ,A:-/r ). 


Examples VI (p. 18**) 


2. 2072 ft. 

4. 20 m.p.h. 

6 . 0 - 1 °. 

58-0 m.p.h. 

9. 1015 m.p.h 


1. 11-85 m.p.h. 

3. 4-25 in. 

6. 47° to horizontal. 

7. 15-83 tons ; 0 17 tons ; o-4 in. ; 

8. 15 m.p.h. : 8-33 ft. 

10. 1-835 ft. ; 43-8 and 35-78 r.p.m. 

11. 132-7 r.p.m. ; 133-9 and 131 4 r.p.m. 

12. 163-2 r.p.m. ; 150-3 r.p.m. 

13. 4-0 lb. at 195-8° to first mass. 

14. 43-2 lb. (near), 28-8 lb. (far). 

15. 210 lb. (near), 144 lb. (far). „„ nk 

16. 127 lb., 240-8° from near, towards far cr. 

17. 143*7 ft./sec. 

Examples VII (p. 217) 


8-33 ft, 


2. 0-75 in. 
4. 153-3. 


1. 0-855, 1-60, 1-81 ft./sec. 

3. 1054, 827, 1474 lb. 

6. 0-342 second. 

7. 1*103 second ; 07-3 It./(sec.) . deceleration ; 

8. 2-2 ft. ; 11-4 ft./sec. ; 220-8 ft./fscc-)^^ ^ 

9. 1599 lb.-ft. l2 31-23. 

11. 125-5. 

13*. 1 -728*ft. ; 25-90. , b 

14. 38-33 and 35-08 ft./sec. ; 7-79 and 0 ^8 w> 

15. 29-82 ft./sec. ; 7-93NV ; 19-34 ft./sec. , 

10. 1-034 second. 


2113 lb 


1. 2021 lb. ; 3-714 ft. 
8. 0-0 ; 7-78. 

6. 0*593. 


Examples VIII (p. -38) 

2. 2353 lb. ; 3 ft. 4 in. 
4. 1*08 in. 

0. 2° 45'. 
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APPLIED MECHANICS 


1 . 

3 . 

5. 

7. 

9. 

11 . 

13. 

15. 

17. 


1 . 

3. 

5 . 

7. 

9. 


4. 

5. 
7. 
9. 


1 . 

2 . 

3. 

4. 
6 . 
8 . 

10 . 

11 . 

13. 

16. 

18. 

20 . 

22 . 


Examples IX 

33,600 lb. 

1301 lb. ; 1-94 h.p. ; 20-7 gal. 
338 cu. ft. 

71-8 ft./sec. ; 1488 lb. per sq. ft 
19,640 gal. per hr. 

87-38 gal./min. 

2 08 in. 

423 lb. ; 868 lb. 

146-9 ft./sec. ; 72-2 per cent. 

Examples X 

0-00776 in. ; 0-00097. 
16,300,000 lb. per sq. in. 

0-376 in. ; 2-94. 

0-307 ton ; 0-74 in. 

0-04 in. 


(p. 273) 

2. 153-2 gal. 

4. 20-8 amp. ; 4-16 pence. 
6. 0-257 in. 

8. 613 lb. per sq. ft. 

10. 18-95 ft. 

12. 3-21 in. 

14. 632 ft. ; 20-19 ft./sec. 
16. 953 lb. ; 1620 lb. 

18. 1613 lb./min. ; 2-19. 

(p. 289) 

2. 29,450,000 lb. per sq. in 
4. 164 lb. 

6. 0-0318 in. 

8. 8640 lb. per sq. in. 


Examples XI (p. 309) 


3820 lb. 40-9° to vertical, at A 
48° ; 134-5 lb. 

4-06 ft. 

12 lb. 


; 1443 lb. vertical at 

8. 3-24 in. 

10. 63 ft. 



Examples XII (p. 346) 


20 tons ; 50 ton-ft. ; 14 tons. 


158 ton-ft. ; 

2050 ton-ft. 

8 ton-ft. ; 0 ft. from left end 
11 -75 ft. from A. 

4-0 ton-ft. ; 0-6 ton-ft. 

4 8 tons per sq. in. 

15 025 tons ; 7-812 tons. 

1470 lb. per sq. in. ; 009-5 
131 in. 14. 12 ft. 

7 tons per sq. in. 

6091 lb. per sq. in. 

4 11 in. ; 2-23°. 

5304 lb. per sq. in. ; 1-012 


ft. 


9-75 ton-ft. 

5. 32 and 40 ton-ft. 

7. 13 ton-ft. 

9. 217-5 ton-in. 

12. 3-33 in. 

15. 3-27 to 1. 
17. 21,750 lb.-in. 

19. 42.420 lb.-in.; 3*05°. 
21. 9900 lb. per sq. in. 
23. 6-80 in. and 4-12 in. 



MATHEMATICAL CONSTANTS 


Constant 

Number 

Log 

Reciprocal 

Log reciprocal 

w 

81410 

0*4972 

0 3183 

1 5029 

w/4 

0-7854 

1*8951 

1 2732 

0 1049 


PHYSICAL CONSTANTS 


Constant 


Acceleration due to gravity (g) ft. per *tc .^per 
Acceleration due to gravity ( Q) cm. P« r iec - P er 
Density of air at N.T.P. In lb. per cu. ft. 
Volume of air at N.T.P. In cu. ft. per lb 
Density of water at 00* P. In lb. per cu. ft. 
Density of water at 00 # F. In lb. per gallon 
Specific heat of air at constant volume . 



No. 

Log. 


32 2 

1 6070 

• • • 

a A a 

081 

2 0917 

- 

0 (*807 

2 0009 

. • 

12 39 

1 0931 


62 4 

1*7052 

• • 

10 0 

1 (RK>0 

• • 

a • 

0 1091 

1 2283 


CONVERSION FACTORS 


To convert 


Radians to degrees • 
Metres to Inches 
Miles per hour to ft. per sec 
Pounds to kilograms 
Pounds (force) to dynes 
Horse-power to ft.-lb. per 
min. 

Horse-power to ft.-lb. per 
sec. 

Horse-power to kilowatts 
B.Th.U. to lb. C.H.U. 
B.Th.U. to gram-calories 
Therms to B.Th.U. . 
Foot-pounds to B.Th.U. 
H.p.-hours to B.Th.U. 
kWh. to B.Th.U. 
kWh. to therms 
Foot-pounds to Joules 
Joules to ergs . 

Joules to gram-calories 



67*2978 
80 8704 
1*4087 
0 4580 
445.000 


88.000 


650 
0*740 
0 6660 
262 0 
100.000 
0 001285 
2646 
8,409 
0 03409 
1-3602 
10 T 

0 2392 


Log | 

Reciprocal 

Ix>g 

reciprocal 

1-7581 

1 6052 
OHM 

1 6667 

6 6484 

0 0176 

0 0264 

0 0810 

2 2040 

2 247 x 10- # 

2 2418 

2 4048 

1 6337 

0 3433 

0 3510 

4-6185 

8 031 xlO- 1 

6 4816 

2 7404 
f-8727 

1 7448 

2 4014 

0 001816 
1*341 

l 600 

0 003906 

S 2600 

0 1273 

0 2553 

3 6080 

t /\A 

6 00 

5-1000 

8-4057 

8 6320 

2 5326 

0 1323 

7 00 
1-3788 

0 00001 

778 0 

0 0003920 

0 0002034 
20 34 

0 7374 
io- T 

4 18 

6 00 

2 8910 

4 6043 

4 4075 
1-4076 

I 8077 

7 00 

0 0212 







TRIGONOMETRICAL FUNCTIONS 
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LOGARITHMS 



0 

D 

2 

oi 

10 

0000 

0043 

0086 

0128 

11 

0414 

0453 

0492 

0531 




0170 


0569 


5 


0212 I 0253 


1210792 I 0828 0864 0899 


13 1139 1173 1206 1239 


14 1461 I 1492 1523 1553 


1511761 I 1790 1818 1847 


181 2041 I 2068 2095 2123 


17 I 2304 I 2330 2355 2380 


060710645 


093410969 


1271 


1004 


130311335 


1584 1 1614 1 1G44 


187511903 


2148 




240512430 


1931 


2201 


2455 



181 2553 



2625 2648 


2672 I 2095 


8 


0294 0334 


0683 0719 


1038 1072 


1367 1399 


1673 1703 


1959 1987 


2227 2253 


2480 2504 


2718 2742 




2788 I 2810 2833 2856 I 2878 


20 I3010 


3075 


211 3222 3 
3424 3 
3617 3 
3802 3 


I’-’-l 


3838 


3979 1 3997 4014 


4150 4166 4183 42 
4314 4330 4346 43 
4472 4487 4502 
4624 4C39 



I 2900 I 2923 


309g| 31181 3139 


24 
22 
11 
3892 



2945 


3160 


3305 

3560 

3747 

3927 


2967 


3181 


3385 

3579 


(1'X f •! 

mm 


4005 I 1082 I 4099 


4232 

4393 

4548 

4698 



265 
425 
579 
4 728 


3945 


4116 


281 

440 


I 4 

0374 I 4 


4 

0755 4 


3 

1106 13 


3 

1430 3 


3 

1732 3 


3 

2014 I 3 


3 

2279 1 3 


3 

2529 2 


|3 

27651 2 


2989 1 2 


3201 


2 
2 
.2 

3962 I 2 


4133 12 


298 2 
45C 2 
609 2 


2 3 


9 13 17 21 

8 12 16 20 


8 12 15 19 

7 11 15 19 


7 11 14 18 

7 10 14 17 


7 10 13 1 

7 10 12 16 


6 9 12 15 

C 9 12 15 


6 9 11 14 

5 8 11 14 


5 8 11 14 

5 8 10 13 


5 8 10 13 

5 7 10 12 


6 7 9 12 

5 7 9 11 


4 7 9 11 

4 6 8 11 


4 0 8 10 
4 C 8 10 
4 6 7 9 
4 5 7 



4771 ] 4786 4800 4814 4829 I 4843 I 4857 I 4871 I 4886 


4900 


4928 4942 
5065 5079 
5198 5211 

5315 15328 5340 I 5353 


4997 

5132 

5263 

5391 


5441 1 5453 54C5 5478 I 5490 I 5502 I 6514 


5663 5575 5587 5599 5G11 6623 
6682 5694 5705 5717 5729 5740 
5798 5809 5821 5832 5843 5855 
691] 5922 6933 5944 6955 6966 



3 


5527 


5539 


5658 


3 4 0 
3 4 5 
3 4 5 
3 4 5 


5551 I l 2 4 5 




6977 


6021 1 6031 6012 6053 C0G4 I 6075 I 6085 I 6096 


9 


6107 


6128 6138 0149 
6232 6243 6263 
6335 6345 6356 
6435 6444 6454 



6170 

6274 

6375 

6174 


180 

281 

385 

484 


6191 

6294 

G395 

6493 



62 

63 

64 
6513 




5670 1 
5786 1 
6899 1 
6010 1 


6117 


6222 

6325 

6425 

6522 


2 4 5 
2 3 5 
2 3 5 
2 3 4 


65321 6542 6551 65G1 6571 | 65801 G590 6599 6G09 6618 



6646 6G56 
6739 6749 
6830 6839 
6920 6928 


6G84 

6776 

6866 

6955 


6928 6937 6946 

6990 I 6998 I 7007 I 7016 7o24 70331 7042 


6693 
6785 
6875 
6 


1 
1 

6981 11 





2 3 4 

2 3 4 

3 3 4 

3 3 4 


7050 I 7059 | 7067 



6 7 8 9 


26 30 34 38 
24 28 32 37 


23 27 31 35 
22 26 30 33 


21 25 28 32 
20 24 27 31 


20 23 26 30 
19 22 25 29 


18 21 24 28 
17 20 23 26 


17 20 23 26 
16 19 22 25 


16 19 22 24 
15 18 21 23 


15 18 20 23 
15 17 19 22 


14 16 19 21 
14 1C 18 21 


13 16 18 20 
13 15 17 19 


8 11 13 15 17 19 


12 14 16 18 
12 14 15 17 
11 13 15 17 
11 12 14 16 


10 12 14 15 


10 11 13 15 
9 11 13 14 
9 11 12 14 
9 10 12 13 


9 10 11 13 


8 10 11 13 
8 9 11 13 
8 9 10 12 
8 9 10 11 


7 9 10 11 


7 8 10 11 

7 8 9 10 

7 8 9 10 

7 8 9 10 


6 8 9 10 


6 7 8 9 
6 7 8 9 
6 7 8 9 
6 7 8 9 


C 7 8 9 


6 7 7 8 
5 6 7 8 
5 6 7 8 
5 6 7 8 


6 7 8 





































































































































































































































LOGARITHMS 



2 3 4 5 6 


711 

720 

728 

7364 


55 74041 7412 7419 7427 7435 7443 745 


561 7492 74 
571 7559 75 
7634 76 
691 7709 7716 


97 7505 7513 
574 7582 7589 
649 7657 7664 
23 7731 7738 


5 6 7 8 

5 6 7 7 

5 6 6 7 

6 6 6 7 


5 5 6 7 
5 5 6 7 


601 77821 7789 7796 7803 7810 7916 


61 7853 

62 7924 

63 7993 

64 8002 



m 


7868 7875 7882 7889 
7938 7945 7952 7959 
8007 8014 8021 8029 
8075 8082 8089 8096 



651812918136 8142 8149 I 8156 I 8162 I 8169 


661 8195 8202 8209 8215 8222 82 

671 8261 8267 8274 8230 8287 82 

8325 8331 8338 8344 8361 8 

8388 8395 8401 3407 8414 8 


70 8451 8157 8463 8170 8476 8482 84S3 

- — "■ - ™ ■ - • — — - 

71 8513 8519 8525 8531 8537 8513 9519 

72 8573 8579 8585 8591 8397 8003 

73 8033 8(139 8045 8051 8057 8003 

74 8C92 8098 8704 8710 8710 




75| 8761 | 8750 8702 8708 8774 | 8779 | 8785 


1 


78 880 

77 880 

78 892 
78 897 




8820 8825 | 8 
8876 8882 
8927 18932 8938 
82 8987 8993 


8998 I 9004 I 9009 


9030 9042 9047 9053 I 9058 I 9063 


9090 9090 9101 9106 
9113 9149 9164 9159 
9196 9201 9206 9212 
3192 48 9263 9258 9263 


929419299 9304 9309 9316 



9350 9355 9360 9365 

1 9400 9405 9410 9116 
9450 9456 9460 9465 
9499 9604 9609 9513 


9542 19647 9652 9557 9662 


9590 9596 9600 9606 
9638 9643 PG47 9652 
9686 9689 969 4 9699 
9731 9736 9741 


9777 1 9782 9786 9791 9796 


„, 9823 9827 9832 9836 98 
971 9868 9872 9877 9881 98 
9912 9917 9921 992 



8461 98 
8901 98 
9 

9978 


3 3 4 4 


3 

























































































































































































ANTILOGS 



0 

1 

2 

3 

•00 

1000 

1002 

1005 

1007 

•01 

1023 

1026 

1028 

1030 

•02 

1047 

1050 

1052 

1054 

-03 

1072 

1074 

1076 

1079 

•04 

1096 

1099 

1102 

1104 

*05 

1122 

1125 

1127 

1130 

•08 

1148 

1151 

1153 

1156 

-07 

1175 

1178 

1180 

1183 

•09 

1202 

1205 

120S 

1211 

•09 

1230 

1233 

1236 

1239 

•10 

1259 

1262 

1265 

1268 

•11 

1288 

1291 

1294 

1297 
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Acceleration, 3, 13 
Angle of friction, 67 
Angular acceleration, 3, 13 

— momentum, 14 

— velocity, 2 
Appendix, 348 

Archimedes, principle of, 234 
Atwood’s machine, 132 

Balance, Itoberval, 86 
Balancing, 176 
Ball bearings, 76 
Barometer 222, 223 
Beams, 309 
—, stresses in, 333 
Bearings, ball and roller, 76 

— cylindrical, 74 
Bending, elastic, 325 
Bending moment, 311, 313 
-diagrams, 313 

— stress, 333 
Bernoullis theorem, 259 
Bow's notation, 43 
Buoyancy, 231 

Calculus notation, 12 
Centre of gravity, 52 

-pressure, 226 

Centrifugal force, 159 

— governor, 161, 170 

— stress, 1S6 
Centripetal force, 159 
Centroid, 6, 52 
Chains, loaded, 301 
Circular motion, 101, 159 
Coefficient of contraction, 253 
-discharge, 253 

-friction, 67 

-velocity, 253 

Component forces, 19 
Compound pendulum, 208 
Compressive stress, 277 
Conditions of equilibrium, 24, 46 
Conical pendulum. 160 
Conservation of energy, 138 

-momentum, 130 

Couple, 23 

Crank and connecting rod motion 
197 

Crank effort diagram, 203 
Curve, motion on, 103 
Cylindrical shell, 287 


D'Alembert’s principle. 120, 126 

159 

Deceleration, 3 
Density, 230 
Discharge, of orifice, 252 
Ductility, 281 

Efficiency of machines, 78 

-screw, 72 

Elastic bending, 325 

— law, 283 

— modulus, 283 

— strain, 278 

— strain-energy, 10, 194 
Elasticity, 279 
Energy, 138, 256 

— conservation of, 138 
—, kinetic, 11, 139 
-of rotation, 11, 12, 139 

— potential, 9, 10, 138 
Equilibrant, 24, 47 
Equilibrium, condition of, 24, 46 

— stability of, 57 

Factor of safety, 286 
Flotation, 231 
Fluid pressure, 220 
Flywheels, 134, 154 
Force, 5, 13 
—, pump, 250 
Forces, parallel, 48 
—, resolution and composition, 19 
—» polygon of, 17 

— reduction of, 23 
Frames, 291, 297 
Friction, 67 

— angle of, 78 

— circle, 74 

— coefficient of, 67 

— in pipes, 263 

— of machines, 78 

— of screw, 72 
Funicular polygon, 43, 322 

Oovernor, centrifugal, 161, 170 
Gravity, acceleration of, 4 

— centre of, 6, 62 
Gyration, radius of, 7, 318 

Harmonic motion, 190 
Head of water, 222, 250 
Hollow shafts, 343 
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Hooke's Law, 283 
Hydraulic press, 242 
Hydraulics, 220, 240 
Hydrostatics, 220 

Ideal machine, 83 
Impulse, 5, 13, 119 
Inclined plane, 60, 70, 84, 125 
Inertia, 3, 8, 133, 145 
— moment of, 6, 7,14,119, 348 
Instantaneous centre, 109 

Jet, force of, 208 

Kinematics, 95 
Kinetic energy, 11, 139 
-of water, 2.56 


Plastic strain, 281 
Polygon, funicular, 43 

— of forces, 17 
Potential energy, 9 
Pound, unit of force, 4 
Poundal, 5 

Power, 12 

Press, hydraulic, 242 
Pressure, centre of, 226 
—. fluid, 220 

— on submerged surfaces. 223 
Principle of Archimedes, 234 

— of D'Alembert, 120, 120, 159 

— of moments, 22 

— of work, 83, 174 
Pump force, 250 

— suction or lift, 240 


Laws of motion, 118 

-friction, 07 

Lift pump, 2 46 
Link, motion of, 107 

— polygon, 43 
Liquids, 220 

Machines, 78 
—, ideal, 83 
Maw, 3, 119 

Mechanical advantage, 79 
Mechanisms, 113 
Mercury barometer, 223 
Metacentre, 234 
Metacentric height, 230 
Method of sections, 31 
Modulus of elasticity, 283 

-section, 331 

Moment of a force, 5, 50 

-inertia, 0. 227, 333, 348 

-momentum, 8, 119 

Moment of resistance, 329 
Moments, principle of, 22 
Momentum, 5, 130 
Motion, laws of, 118 

— of a link, 107 

— simple harmonic, 190 

Neutral axis, 320, 328 

— equilibrium, 58 

Orifices, flow from, 252 
Oscillation, Chap. VII 

Parallel forces, 48 
Pclton wheel, 271 
Pendulum, compound, 208 
— # conical, 100 
—, simple, 207 

-equivalent, 208 

Pipes, friction in, 263 
Piston motion, 107 


Radius of gyration, 7, 348 
Rapson'8 slide, 01 
Reaction, 130 
Reciprocating motion, 197 
Reduction of forces, 23 
Relative motion, 16 
— velocity, 105 
Resolution of forces, 19 
Koberval balance, 86 
Roller bearing, 77 
Rolling body, 145 
Roofs, 297 

Rotation, 119, 133, 139 
Rotational inertia, 8, 133 
Rough incline, motion on, 70 


Safety, factor of, 236 
Screw friction, 72 
Shaft, torsion of, 337, 341 
Shearing force, 31 1 

-diagram, 313 

Shear strain, 279 

— stress, 277 

Simple equivalent pendulum, 26* 

— harmonic motion, 190 

— pendulum, 207 
Smooth bodies, 27 
Specific gravity. 230 
Spring, vibration, 193 
Stability of equilibrium, 57 

-floating body, 234 

Statics, 22 

Strain, 278 
Stress, 276 

— centrifugal, 186 

— diagram, 292 
Stress-strain graph, 284 
Stretch of wire, 280 
Structures, 291 
Suction pump, 246 
Superelevation of rail, ids 
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Tensile, strain, 279 
Tension, 270 
Thin shells, 287 

Three forces, equilibrium of, 35 
Toggle joint, 89, 114 
Torque, 5, 9 
Torsion, 337 

Torsional oscillation, 205 
Twist, 338 

Twisting moment, 341 

Ultimate strength, 281, 280 
Uniform circular motion, 104, 159 
Unstable equilibrium, 69 

Vectors, 14 
Velocity, 1, 12 

— angular, 2 

— diagrams, 108, 114 

— ratio. 78, 113 


Velocity, relative, 105 
Venturi water meter, 202 
Vertical circle, motion in, 210 
Vibration of spring, 193 
Virtual slope, hydraulic, 205 

Water in motion, 252 

— flow in pipes, 203 

— head and energy, 250 

— jet, 208 
Wheel and axle, 84 
Wheeled vehicles, 103 
Wind loads, 298 
Winding problems, 133 
Work, 8 

— in lifting, 01 

—, principle of, 83. 174 

Young's modulus, 283 



r 



